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BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


THE SEATTLE MEETING OF THE SAN FRANCISCO 
SECTION. 


A SPECIAL meeting of the San Francisco Section of the 
American Mathematical Society was held at Seattle, on 
Thursday and Friday mornings, June 17-18, in connection 
with the meetings of the Pacific division of the American 
Association for the Advancement of Science. Professor 
Blichfeldt, chairman of the Section, presided at the Thursday 
morning session, Professor Moritz temporarily filling the 
chair during the presentation of Professor Blichfeldt’s paper. 
At the Friday morning session Professor Moritz presided. 
In the absence of Professor Bernstein, Professor Bell acted 
as temporary secretary. 

The attendance included the following twelve members of 
the Society: 

Professor E. T. Bell, Professor H. F. Blichfeldt, Professor 
A. F. Carpenter, Professor E. C. Colpitts, Professor G. 1. 
Gavett, Dr. G. F. McEwen, Professor W. E. Milne, Professor 
R. E. Moritz, Professor L. I. Neikirk, Dr. L. L. Smail, Dr. A. 
R. Williams, Professor R. M. Winger. 

The following papers were presented at this meeting: 

(1) Professor W. F. Duranp: “Some points of contact 
between mathematics and applied science.” 

(2) Professor H. F. Butcarenpr: “On the approximate 
representation of irrational numbers, and the theory of 
geometry of numbers.” 

» (3) Professor E. T. BELL: “An arithmetical dual of Kum- 
mer’s quartic surface.” 

(4) Dr. T. H. Gronwazz: “On the Minkowski volume and 
surface theory.” 

(5) Professor A. F. Carpenter: “ Congruences associated 
with a ruled surface.” 
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(6) Professor FLORIAN CAsorı: “Moritz Cantor, the his- 
torian of mathematics.” 

(7) Professor L. I. NEIKIRK: “The functional variable. 
Second and higher derivatives.” 

(8) Dr. L. L. Smart: “Notes on some points in the theory 
of summable series.” i 

(9) Dr. L. L. Smarr: “Bibliography of the theory of sum- 
mable series.” l 

(10) Professor E. T. BELL: f An image in four dimensional 
lattice space of the theory of the elliptic theta functions.” 

(11) Professor E. T. BELL: “Certain arithmetical cons2- 
quences of the equation of three terms in elliptic functions.” 

(12) Professor E. T. BELL: “Systems of higher determinaze 
equations.” 

(13) Professor W. E. Mune: “ Infinite systems of vectors.” 

Professor Durand was ‘introduced by Professor Blichfeldt. 
In the absence of the authors, Dr. Gronwall’s paper was read 
by title and Professor Cajori’s was read by Professor Blich- 
feldt. Professor Bell’s last three papers were also read ky 
title. Abstracts of the papers follow below. 


1. Professor Durarid’s paper first discusses the types of 
problem that arise in applied science with especial reference 
to their mathematical requirements, and suggests certain 
lines for the classification of such problems. Following this 
general view of the subject, menticn is made of some specific 
problems for the treatment of which adequate mathematical 
means are still lacking. This section of the paper is intended 
to suggest to mathematicians neecs for the further develop- 
ment of mathematical methods and means of analysis in 
order to treat adequately actual problems that arise in various 
fields of applied science. 


2. Professor Blichfeldt discusses certain fundamental the- 
orems in the geometry of numbers, after which the approx- 
imate solution in integers of a system of linear equations is 
taken up, in particular of the system x, + a; — titii + 5, 
=0 (i = 1, 2, ---, n). The results of Kronecker, Hermize 
and Minkowski are compared, and a recent theorem on this 
system by the author is stated. 


3. If Eisa homogeneous algebraic equation in 2, y, 2, %, 
it represents a surface S when the variables are point coordi- 
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nates; if the variables are interpreted arithmetically, E can 
be made to represent a system S’ of theorems concerning 
integers. When S implies S’ and S’ implies S, Professor 
Bell calls S, 8’ arithmetical duals of each other, and determines 
an S’ for Kummer’s S, such that all the geometrical properties 
of S imply and are implied by systems of arithmetical the- 
orems, which in turn may be interpreted in terms of lattice 
configurations lying upon two concentric spheres in space of 
sixteen dimensions. 


5. Paul Serret* has proved the theorem “the double-ratio 
of the four points in which any generator of a ruled surface 
intersects four fixed asymptotic curves is constant.” Analo- 
gously, any four directrix curves of a ruled surface which 
cut all the generators in four points of constant double-ratio 
may be called a Serret set. Let Cy Ca C,, C, be any four 
directrix curves of a ruled surface S, P, Pa P,, P, the points. 
where they cut any generator g, and Ty, Ta Ta, T, the tangents 
to C,, Ca Ca, ©, at these points. Typ T: T, determine a 
quadric K6. Professor Carpenter’s paper proves that T, 
will lie upon Kô and be a ruling of the same kind as Ty, T,, T, 
if and only if C,, De C,, C, constitute a Serret set, and that 
there is a one-parameter family of such quadrics Kô associated 
with each generator g of S. The generator g belongs to one 
regulus of each quadric Kê. The paper next considers one of 
the quadrics K@ whose equation is invariant in form. One 
of these quadrics is associated with each generator of S, and 
this family of quadrics gives rise to two congruences A; and A; 
whose properties are investigated. 


6. Professor Cajori gives a biographical sketch of Moritz 
Cantor and an estimate of his work as a historian. 


7. Volterra and others have given implicit definitions for a 
function of a line and its first derivative. Professor Neikirk, 
following the method of one of his previous papers, gives 
explicit definitions of second and higher derivatives. Among 
other results, he gives the following classification of functions 
of a functional variable: (1) THe first derivative is a point 
function. The second derivatives are zero or infinite. For 
functions of this class the methods of this paper may be 


*P, Serret, Théorie nouvelle géométrique et mécanique des Lignes à 
double Courbure, Paris, Bachelier, 1860. j 
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used to derive the second variation as used :n the calculus of 
variations. (2) The first derivative is a function of a func- 
tional variable. The second derivatives are the results of 
repeated operations. (3) The first derivative is a mixed, 
point and functional variable, functicn. The second deriva- 
tives are the results of the repeated operations except for 
the case Fia, which is infinite. ` 


8. In Dr. Smail’s first paper a number of minor gaps in the 
systematic treatment of the theory of summable divergent 
series are filled in, and new proofs of some familiar theorems 
are given. 


9. Dr. Smail’s second paper gives a bibliography of the 
theory of summable series. 


10. In this paper Professor Bell proves eleven geometrical 
theorems concerning point configurations upon a sphere in 
lattice space of four dimensions which imply, and are implied 
by, the theory of the elliptic theta functions. 


11. Extending Liouville’s theorems in the fifth of his 
memoirs on general formulas useful in the theory of numbers, 
Professor Bell shows that similar general formulas exist for a 


` pair of bilinear forms each in four variables, and finds a com- 


plete set of 57 such formulas. 


12. Professor Bell shows in this paper by two detailed 
examples how the general formulas of the' kind given in the 
preceding paper may be used to derive information concerning 
the number of solutions of certain systems of indeterminate 
equations of any degree. 


13. In this paper Professor Milne shows that corresponding 
to every infinite set of vectors of finite norm in infinitely many 
dimensions there exists an infinite set of constants A, (à = 1, 
2, --.) with the following properties: The necessary and 
en condition that (a) the system be orthogonal is that 

=1 for every i; (b) the system have an adjoint is that 1>0 
a every d: (c) the system be essentially linearly dependent 13 
that À; = 0 for some i. Applications are made to infinite 
matrices and to infinite sets of linear equations. 

E. T. BELL, 
Acting Secretary of the Section. 
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NOTE. ON A GENERALIZATION OF A THEOREM 
à OF BAIRE. 


BY PROFESSOR D. W. CHITTENDEN. 


(Read before the American Mathematical Society September 8, 1920.) 


Iris the purpose of this note to call attention to the following 
generalization of a celebrated theorem of Baire: 

THEoREM: Let P be a perfect set in a complete, separable, 
metric space S.* Then a necessary and sufficient condition 
that a function defined on P be of class 1 in the Baire classifica- 
tion of functions is that the function be at most point-wise 
discontinuous on every perfect subset of P. 

The necessity of the condition has been established by 
Hausdorff.t 

A satisfactory proof of this theorem can be obtained from 
& proof given by Vallée-Poussin{ for the corresponding theorem 
in space of n dimensions by making appropriate changes in 
terminology, since Vallée-Poussin makes no essential use of 
the special properties of space of n dimensions in his argument. 


The methods to be followed in generalizing this proof of Vallée- ` 


Poussin are sufficiently indicated in the treatise of Hausdorff 
already cited and in the memoirs of Fréchet.§ 

There is, however, one point which requires special con- 
sideration. Vallée-Poussin introduces an auxiliary function 
with the following definition: If M is a point of S; Hy, Hs, 

, H, are. closed sets such that no two have a common 
epit; 51, da, e 5, are the respective distances of H, 
Hs, ---, Ha from M: and gu, a, -- +) n are constants; then 


* See Hausdorff, Grundzüge der, Mengenlehre, Veit und Co., ERC 
1914, pp. 211, 315. The word “vollständig” is here translated ‘ 

plete. "A Hier set ec a generalisation of the theorem of Cauchy 
in the sense o Wee SE points du calcul fonctionnel,” 


alermo, vol. 22 (1906), pp. 1-74. 
. ge Joe, el Ds aoe 


ae Fonctions d’Ensemble, Classes de Baire, 
Gauthier- ‘les. Paris, 1916, pp. 105-125. 
$ As an example of the app. ication of the theory of transfinite ordinal 
numbers in the present situation, see Fréchet, “Les ensembles abstraits 
et le calcul fonctionnel,” Rendiconti del Circolo "Matem. di Palermo, vol. 30 
(1910), pp. 5-10. 
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(M) = a1/ô1 + aslds + + CHER 
á 1/81 + 1/68 F --- + Lôn 


except when M is in H,; then o(M) = a; (i = 1,2,3, ---,n)* _ 

The function ¢(M) is continuous in space of n dimensions. 
I wish to show that it is continuous-in the space S. It is 
sufficient to show that the distance 6 of a poinz M from a closed 
set H is a continuous function of M, vanishing on H. 

Let (A, B) denote the distance between two points A, B 
of the metric space S. Then we have the following funda- 
mental property of distance: P A, B, C are any three points 


of S, 


If H is a closed set the distance (M, X), where X is in A, 
bas a minimum 6 at a point Xo. We call 5 = (M, Xo) the 
oe from M to H. Let M’ be any other point of H, and 
= (M’, X’) be the corresponding cistance from H. Then 

we have 


ô = TM, Xo) < (M, Xo’) S (M, M”) + W, Zi 
<S (M, MN) + 6". 


Similarly, A < ô+ (M, M". Therefare.|5— 5’| <2(M, M), 
: and the continuity of ô is established. 


Univarsrry op Iowa, 
Iowa Crry, Iowa. 
February 28 28, 1920. 


CERTAIN ITERATIVE CHARACTERISTICS OF 
BILINEAR OPERATIONS. 


BY DR. NORBERT WIENER. 


Introduction. 


In'a recent paperf the author has developed the necessa; 
and sufficient condition that a bilinear operation in two vari- 
ables should generate by iteration all rational operations with 

* Vallée-Poussin, doc. cit. s | 

Hausdorff, loc. cit., p. af" Boe also Fréchet, “Les notions de limite 


distance,” Transactions Amer. Math. Sec, val. 19 (1918), p. 54. 
me Annals of Mathematics, vol. 21, No. 3 (March, 1620), pp. 157-165. 





H 


1920.] CHARACTERISTICS OF BILINEAR OPERATIONS. 7 


rational coefficients. This is a particular case of the general 
problem of determining just what operations any given bi- 
linear operation will generate by iteration. While the com- 
plete solution of this problem is still to be accomplished, it is 
the purpose of this paper to develop methods of' attack 
which will yield; in particular, an important necessary condi- 
tion that each of two operations generate the other by iteration. 


Definitions. 
A bilinear operation is an operation g(a, y) of the form 


Ag + Box + Coy + Dery 
Es + Feet Giy + Hen 


In this paper the coefficients will be supposed to be rational, 
‚© will be considered a proper value and argument for a 
` bilinear operation, and if (zı, yı) is indeterminate as it 
‚stands, it shall be given the value lm (a, y) if this is 
“determinate. en 

A bilinear operation will be said to be reduced if Ay, 
By + Cy, Dy, Ey, Fo + Go, and H, form a relatively prime 
set of integers. 

A, is defined as 











Ap BEC De 
E, Fet Gs H, 
Ay D||Be + Cy Dy 
Eg Fet Qs He 











The following definitions are made: 
Jelu, gi Age? + (By + Gate + Dar, 
Kelu, 0) = Eye + (Fy + G,)uo + Ayu’, 
_L, = wy — uK4. 
We shall term the roots of Ly(u, 1) = 0, rte, r2(¢), ra(e). 
‚We shall call a root of Lia, 1) = 0 free if it is not a simul- 


taneous solution of J,(u, 1) = 0 and of Ky(u, 1) = 0. D 


A4 +0, and tel + rale) + relo), rlo) + rse), e will be 
said to be general,‘ otherwise. speciel. Clearly if ¢ is general 
ri, Ys, and rs are all free. ; 
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An iterative field is a set of functicns of n variables which 
is closed with respect to the following operations: 

(1) permutation of any two arguments; 

(2) substitution of two identical arguments for two different 
arguments; 

(3) substitution of a function of the set for any argument. 

Two operations are said to be iteratively equivalent if any 
iterative field containing either contains the other. 

An iterative characteristic of an operation is a property 
which belongs to all opérations iteratively equivalent to that 
operation. 

Theorems. 


I. The free roots of Ly(u, 1) = 0 constitute iterative char- 
acteristics of oe, 

For L,(u, 1) = 0 is equivalent to p'u, u) = u, unless wis a 
simultaneous root of J (u, 1) = 0 and of K,(u, 1) = 0. Now, 
(u, u) = u is a property of e invariant under iteration. Ir 
is a root of Lat, 1) = 0 that is not free, them in general 
g(r, T) = r is not significant and determinate. If this latter 
equation is significant, let us subject our number system to a 
linear transformation that changes r to ©. It may readily 
be seen that two operations will retain their iterative relation- 
ships unchanged under such transformations, that roots of 
L;(u, 1) = 0 will remain roots, and that free roots will remain 
free. © will then become a d of the form A+ Ba + Cy. 
This operation can only be iteratively equivalent to operations 
of its own sort, for all of which © is a root that is not free. 
This completes the proof of our theorem. Asa corollary we 
obtain 

IT. No general bilinear operation is equivalent to any special. 
` bilinear operation. ` 

III. If © and d are reduced equivalent general bilinear opera- 
tions, then 

ER = Ay, 


Be + C,—E,= By + Cy — Be 
Fi +6, — Di = Fi + G — Dy, 
H, = Hy. É 


Lemma 1. If p is reduced, u and v can be chosen relatively 
prime in such a manner that J(u, v) ie prime to K,(u, 0). 
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' Proof. Let N be the H.C.F. of Ay, By + Cy, and Dy. 
Let M be the product of all prime factors in A, but not in N. 
Let P be the product of all the primes in M, but not in A, 
nor in Dy. Let Q be the product of all primes in M and A. 
but not in D,. Let R be the product of all primes in M and 
D,, but not in Ay. Let 8 be the product of all primes in N, 
but neither in E nor in Hy. Let T be the product of all 
primes in N and E,, but not in Hy. Let U be the product 
of all primes in N and Hy, but not in E,. Let u = PRSU, 
v= QT. We get as a result that J, is prime to M, while K, 
is prime to N. Now, it may readily be shown that any factor 
common to Jẹ, and Ky belongs to Ay. Since, however, any 
prime factor of As belongs either to M or to N, it is either prime 
to J, or to K,y.* 

Lemma 2. If a and b are any two numbers not both containing 
a prime p and if c and d, e and f, are couples of the same sort, 
while 
ad — be = 0 (mod p*), af — be = 0 (mod p*), 
then 
i cf — de = 0 (mod p*). 
This lemma, whose prọof is immediate, enables us to classify 
fractions into sets modulo p*. We shall say tbat 
a/b = c/d (mod pt) 
if 
ad — be = 0 (mod p*) 
while a and b do not contain p in common, nor do c and d. 
Lemma 3. If ujo and w/z are in their lowest terms, and 
ujv = w/z (mod p*), 
then ie p is any bilinear operation such that 
o(u/o, u/v) = ujv (mod p*), 
it follows that , ' : 
(w/a, w/z) = w/a (mod p*). 
The proof of lemma 3 offers no difficulty. 
* Combining lemmas 2 and 3, it is at once clear that the 
equation 
eQulo, u/s) = ujv (mod p*) 
for a given ujv and p* is an iterative characteristic of e. 
* Cf. Mathews, Theory of Numbers, vol. 1, p. 132. 
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We are now ina position to take up the proof of Theorem III. 
Clearly (ujv, ujv) is equal to J,(u, v)/Ky(u, ai. Let u and 
v be two numbers such that J,(u, ai and K,(u, v) are prime 
to one another. By lemma 1, such numbers exist. Then to 
say that 

Ja (u, v)/Ky(u, v) = ufo (mod p*) 


is equivalent to saying ` 
L;(u, v) = 0 (mad p*), 


or det p* is a factor of Ly(u,v). If 6 ‘s iteratively equivalent 
to y, clearly we must have S 


L,(u, al = 0 (mod p*). 


That is, every prime power that divides Lẹ must also divide 
' Ly, or in other words, Ly is a factor of Lẹ for a particular 
set of values of u and v. However, since by Theorem I the 
equations Ly(u, 1)=0 and L,(u, 1) = 0 have the same 
three distinct roots, Ly is a constant multip- e of Ly. Hence 
L, is always a factor of L,. Likewise, L, is always a factor 
of Lẹ. Hence, apart from a possible difference of sign, Ly 
and L, are identical. This proves Theorem III. 


MASSACHUSETTS INSTITUTE oF TECHNOLOGY, 
April 16, 1920. 


NECESSARY AND SUFFICIENT CONLITIONS THAT 
A LINEAR TRANSFORMATION BE 
COMPLETELY CONTINUOUS. 


BY PROFESSOR CHARLES ALBERT FISCHER. 
(Read before the American Mathematical Scciety December 31, 1919.) 


A LARGE part of the Fredholm theory of integral equations 
has been derived for the equation 
h(a) = fle) + Tf), 


where T(f) is a completely continuous linear transformation.* 
It has also been proved that every linear transformation, that 











* F. Riesz, Acta Mathematica, vol. 41 (1918), pp. 71-98. 
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is, linear functional depending on a parameter, is equal to a 
Stieltjes integral of the form* 


o nn = Tags. 


In a former papert I have found a necessary and some suf- 
ficient conditions that a linear transformation be completely 
continuous, and thus proved that this part of the Fredholm 
theory applies to Stieltjes integral equations of certain types. 
In the present paper will be found conditions which are both 
necessary and sufficient. The Volterra theory of Stieltjes 
integral equations has been discussed by Evans in his Cam- 
bridge Colloquium Lectures, 1916. 


§1. Preliminary Theorems. 


A set of functions is said to be compact if every infinite 
sequence of them contains an infinite subsequence which is 
uniformly convergent, and a transformation is completely 
continuous if it changes every bounded set of functions into a 
compact set. 

The class [f(y)] will be composed of all functions defined 
on the interval (a, b) which can be approached by monotone 
sequences, beginning with the class of all continuous functions. 
The definition of the Stieltjes integral has been extended by 
Youngt to apply to such functions.. 

The function K(z, y) will be assumed to satisfy the equation 


(2) K(x, y) = K(z, y + 0). 


This will not affect the value of the integral (1), and when 
this equation is satisfied, V,K(a, y), that is, the variation 
of K'considered as a function of y, is the least upper bound 
of T(f)/max|f|.§ It follows that if V,K(z, y) is not bounded 
uniformly in z, the transformation (1) cannot be completely 
continuous, because in that case there would be a bounded 
set of f’s for which the set [T(f)] would not be bounded and 
therefore could not be compact. 


E GES Annales Scientifiques de Ecole Normale, ser. 3, vol. 31 (1914), 
pp. 
Type BULLETIN, voL N): p. 447. 
Young, Proc. London Math. Soctety, vol. 13 (1914), p. 109, or Daniell, 
Annals of Mathematics, vol. 19 (1018), p. 279. 
$Riesz, loo. cit., Annales; or Fischer, Annals of Mathematics, vol. 19 
(1917), pp. 38-40. 
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It will now be proved that when V,K is bounded uniformly, 
every sequence of x’s must contain a subsequence for which 
K(an, y) approaches a uniquely determined function of y 
when n becomes infinite. S 

The positive constants e, e, <- will be chosen so as to 


` approach zero as a limit, and it will be assumed that V,K\ 


< M. If there were a sequence of =’s no subset of which 
would make the limit of K(x,, y) unique, there would be no 
subset which would make the differerce between the largest 
and smallest limit points of K(x,, y) less than or equal to eı . 
uniformly in y, or else there would be such a subset which 
will be designated as 2, 23, ---. Then there would be 
no subset of the x®’s which would make the same difference 
less than & uniformly, or else there would 3e such a subse- 
quence, 1%, 2, ---. It would not be possible to proceed 
in this way and get an infinite number of sequences, x”, 
za, +--+, each a subset of the proceeding, and such that 
the difference between the largest and smallest limit points 
of K(2,‘, y) would always be less than €, because if this 
could be done the limit of K(2,“, y) would be unique. Con- 
sequently there would have to be a subset of the original 2’s, 
fi, Z ---, and a k> 0, such that no subsequence of the 
z’s could make the difference between the largest and smallest 
limit points of K(Z,, y) less than or equal to k uniformly in y. 

When a bounded set of functions is given there is always a 
subset of them that converges at any previously given denum- 
erable set of points.* It follows that there would be a non- 
denumerable set of values of y for which the difference between 
limit points of K(%,, y) would be greater tkan k, for a given 
sequence of the 2’s, since if there ware only a denumerable 
set of such vis, the subset of the Sie which made the above 
limit unique for these y’s would make the difference between 
limit points of K(&,, y) less than or equal to k for all values 
of y. 

A subset of the Ss could be taken such that K(&,, y) would 
converge at a dense set of via, and the other #’s dropped. 


‘ Then if yı were a point where two of its limit points differed 


by more than k, there would be two #’s whizh would make K* 
differ by more than k at yı, while tkey made it differ by an 
arbitrarily small amount at a point arbit-arily near to yı, 
and consequently V,K would be greater than 4/2 in the neigh- 


* Riess, loc. cit., Acta, p. 98. 
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borhood of yı for at least one “of these values of x. To state 
this more definitely, if a sequence ô, CA +++ were given, 
approaching zero, there would be a sequence of #’s which 
would satisfy the ‘inequalities’ 


a yı + ôn 
FaK En Y) |y, — A 
The other #’s could then be dropped. Similarly there would 
be a yz and a subset of the remaining Za which would have 
the same property with respect to ys, and the other 2’s could 
again be dropped. Proceeding in this way, the points yı, %2, 
“+, Yy (N > 2M/k) and a sequence of Za would be deter- 
mined which would satisfy the inequalities 


it Ôn i 
VR| E> 6222. 


>£ (n = 1,2,:-:). 


If n were then taken so large that the intervals (y; — 6, 
y: + ĉn) did not overlap, the inequalities 

PRE Z 2 PRO D >> M, 
Sand be satisfied. But this is contrary to the hypothesis 
that V,K<M. - 

This ‘completes the proof of the theorem: If Vy K is bounded 
uniformly in x, when a denumerable set of the x's is given, there 
must be a subsequence of them which makes K(x,, y) approach a 
unique limit as n becomes infinite. 

Tt will.now be proved that if a set of functions converges, 
the variation of the limiting function cannot be greater than 
the limit of the variations of any sequence of the given 
functions. i | 

If this were not the case there would be'a sequence e D), 
paly), «++, approaching a function p(y), and a k > 0, which 
would satisfy the inequalities 


Voy) >Vey+k nm=1,2,---). 


‘Then there would have to be a finite set of points y = a 
<4 <y2< +++ <yy =b, which would satisfy the in- 
E 


(3) > leya — oy) | > Ven) + à = w=1,2,-+-), 
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But if n is large enough the inequalities 


k 
Le (Di — en) | < iN {= 0, 1, 2, "ess N), 


would be satisfied, and consequently inequality (3) would 
imply that 


N-1 
Ze |en(Yr41) — ely) | > Ven(y), 
which is absurd. 


§ 2. Necessary and Sufficient Conditions. 

The following condition, which will be called condition A, 
will be proved to be necessary. Then a second condition, 
which will be called condition B, will be proved to be suf- 
ficient, and finally the two conditions will be proved to be 
equivalent. 

CONDITION 4. A necessary and suficient condition that the 
transformation (1) be completely continuous is that V,K(x, y) 
shall be bounded uniformly, and that uhen a sequence of x’s is 
chosen in such a way that K(x,, y) converges, the equation 


(4), limit HJ Eis, y) — limit Ei, y] = 0 
shall be satisfied. 


If this condition is not satisfied there must be a sequence 
of 2’s for which K(2,, y) converges, and a k> 0, which 
satisfy the inequalities 


(5) VK (tn, y) = limit K (ta, y)] > k. 


If the functions K(x,, y) — limit Kte., y) should also satisfy 
equations such as (2), there would be continuous functions 
fily), fa(y), --+, not greater than 1 in absolute value, which 
would satisfy the inequalities 
b 
f Fold Km, D — limit Klan D] > k 
(m = 1, 2, SE 


Since this is not necessarily the case, it will be proved instead 
that when +, is given there must be an m’ > m, and a con- 
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tinuous fm(y), such that |f.| < 1, and 

b 
© f MOLEK (ew 1) — limit Klen 11>. 
It follows from the last theorem in §.1, that when inequalities 
(5) are satisfied, when m is given there must be an n > m 
which satisfies the inequality 
Consequently there must be an f(y) which satisfies the 
inequality 

fad LE (am, y) 22 Kin, ail > k, 

and at least one of the points +, and +, can be used for tm, in 


inequality (6). 
The equation 


limit | JOB, d = f fand, limit Ke, 1) 


must be satisfied if f(y) is continuous.* Then when Lä) is 
given there must be a finite N such that 


| [aware y) — limit Eis, ai << (n2N). 





It will then be possible to select a sequence #1, E, ++ from 
the given ze, and a sequence of continuous f’s, which satisfy 
the inequalities, |f,| < 1, and 





k k 
f f.(y)d,LK(E;, y) — limit K(æ, ail | <& 


(à = 1, 2, CLR j=i+1Li+2, vee), 
and ‘ 


RR k 
f fia Kit, y) — limit Km y)] >> 


G = 1,2, +++). 


* This follows from the proof of Bray’s Theorem 3, Annals of Mathe- 
matics, ser. 2, vol. 20, pp. 180-181. 
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This implies that either 

1/k k k 
[so — LO MEI: »\>2(5-8)-3 





or else 
EN 
"6! 





| f LA) — Fly), limit K(œn, y) 


In either case there must be some value of x for which 
-_ k 
ITED- TA > 


i @=1,2,..;Jj=ı+1t:+23,.--.), 


and the transformation cannot be Completely continuous. 
Therefore condition A is necessary. 

Conprrion B. A necessary and sufficient condition that the 
transformation (1) be completely continuous, is that when an 
e > 0 is chosen there must be a finite number of points Eu, Ex, 
--+, En, such that to every x in (a, b) there corresponds a E, which 
satisfies the inequality 
(7) | HJ Ets, y) = Kes, al <e 


If this condition is satisfied, and a decreasing sequence 
uer: is taken approaching zero, the £'s corresponding to 
all the gë can be arranged in one denumerable sequence. 
Every bounded set of f’s must have a subset such that the ` 
‚functions 


ae TG) Aiden aLL), 
| 


will converge at the denumerable set of points &, &, =. 
This subset will now be proved uniformly convergent on the 
whole interval (a, b). 

If an e> 0 is chosen there must be a finite N such that to 
every x on (a; b) there will correspond a E, (t < N), which 
satisfies inequality (7). Then if N’ is sc large that the ih- 

' equalities 
ap — limit w(&)|<¢ GSN; nz NM, 


` 
H ‘ H 
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are satisfied, the inequalities 
, lge) — Ed] < maxl|f|-VCK@, y) — KE, W] 


(n= 1, 2, ---), 
and inequality (7) will imply that. 


| gn(a) — Suel) s SE + Ie 
(n > N’; m= IA. 


Consequently these g’s must be uniformly convergent, and 
the transformation must be completely continuous. 

If condition B is not satisfied there must be an e> 0 and 
an infinite sequence of «’s such that 


DJ Ets Y) — Kan „12 € (m + n). 


It follows from the principal theorem of the first section, 
that if V,K is bounded uniformly, a subset of these ca must 
make K(r,, y) convergent. As no subset of them can satisfy 
equation (4), condition A cannot be satisfied. Therefore 
when A is satisfied B must be, and since A is necessary and B 
sufficient, B must be necessary and A sufficient also. 


TRINITY COLLEGE, 
HARTFORD, Conn. 


ON THE. RELATION OF THE ROOTS AND POLES 
OF A RATIONAL FUNCTION TO THE- 
ROOTS OF ITS DERIVATIVE. 


BY MR. BEN-ZION LINFIELD. 
(Read before the American Mathematical Society December 30, 1919.) 


1. F. Lucas, Journal de l'Ecole polytechnique, 1879, gave a 
mechanical proof of the following theorem: 

The roots of the derivative of a cubic are the foci of the maximum 
ellipse inscribed in the triangle unoge nn are the roots of the 

cubic. 
“ Professor Maxime Böcher gave a nie proof of this 
theorem, Annals of- Mathematics, volume 7, page 70, 1892. 
Here he made observations on the general theorem concerning 
the polynomial of nth degree and asked the question, ‘ Could 


` 
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not the first of these propositions be brought into connection 
with the focal properties of the higher plane curves? ” Other 
demonstrations of Lucas’s theorem have been given, but the 
writer is not aware of Professor Bécher’s question having 
been answered. It is the object of this note to answer this 
question by the following: 

2. TEkoREM. The roots of the derivatine of ‘the, rational 
function 


JO = Up a" 


are the multiple roots df f(z) to one lower order and the foc of 
a curve of class n — 1 which touches each segment 2,2; D + 3, 
= 1, 2, -+-, n) at a point dividing ii in the ratio of u: to p; 
3. Let 

a=ut+ytw (i=1,2,:::,n) 
be the line equation of the point P; = Ge y:), where z; = 2; 
+ y, V — 1 are the roots and poles of the rational function 
fe): Then, 
(1) I = aa * "On = 0 


is the line equation of the n points 23, yi. 
| = att 
(2) ein, v, w) = Dubs = 
imi ` HCH 


is the tangential (line) equation of a curve of class n — 1 
tangent to the segments P,P;. 

The point of contact of an arbitrary tangent to (2) whose 
coordinates are u, v, w, is given by equations 


ZE 
| de de Se 
ðu ðv dw 





Also from (2) 
= zum + a a a? 


Er 
ðe ô 

1 os = (uY: + HY) da 0a, H 
ee 


= (ut u) 32 = Sc 
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Therefore the coordinates of the point SE contact of the 
tangent (u, v, w) with (2) are 


yu Zu; + Sgr, 
Zi, + ws) PI/da,00; 

y= (u: + Ky) Uda ða, 
Zu: + u;)9/11/80,00; 


Let the tangent (u, v, w) coincide with the tangent through 
the two points P, and P, Then ' 


FI 


0a,0a; 





=0 (whent+p,j +49), 


since & = 0, ag = 0 and ay or ag occurs in each of these 
second derivatives except 0°I[/da,0a,. Hence the coordinates 
of the point of contact of (2) with P,P, are 


X= Hen + Bota. Y= Bar + Ua 


ba F Bp kat Kr 
. dividing the segment P,P, in the ratio py : ua. 
4. The foci of the curve o(u, v, w) = 0 are the roots of 
the polynomial o(— 1, — V= 1, 2)* wheres = x + a 1. 
Thus in (2) 
Qi = 8 — Sé mn Di 
Also 
$ a II (z gei ai) 
et Led Lais I EE 


But the derivative of f(z) can be written 


Il (z — z) 
ro = D at Das, 
which establishes the theorem, $ 2, as enunciated. 
5. The present note is an abstract presenting the central 
theorem of a paper wherein the general curve = 0 of class 


* Salmon, Higher Plane Curves, 3d ed., § 141; also Emch, this BULLE- 
TIN, vol. 25, pp. 157-161. 
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n— 1 is discussed and methods evolved for drawing it. 

We go no further here than to notice the interesting case 

when n = 3, of which the theorem of Lucas is a particular 

case. B 
6. When n = 3 the roots of the derivative of 


3 
fe) = He al 
3 
are the roots of [| (z — z,)"*? and the foci of 
1 


p = Lis + Hais + psaras = 0. 


The curve is clearly of the setond class anc therefore a conic. 
The center z, is given by 


or 


_ Ga + Gala + (us + Bzz + Gun + plës 
Zi + pe + us) 


When the powers (u) are positive the conic ¢ = 0 touches 
the sides of the triangle zı, z2, zs internally, and is therefore 
an ellipse inscribed in the triangle; the point of contact divides 
each side in the ratio of the powers of the vertices. If 
Hi = ka = u = 1, f(z) becomes a cubic and the conic touches 
the sides of the triangle at their midpoints, which i is Lucas’s 
case. 

When each power is not positive, it is oa necessary to 
consider one as being negative, for changing the signs of all 
the powers does not effect 9 = 0. 

D m + ue + u = 0, the conic is a parabola, the center 
being at infinity. It follows from a well-known theorem, 
the focus of a parabola touching the three sides of a triangle 
lies on the circumcircle of the triangle, that in this case the 
roots of the derivative of f(z) lie on a circle through the roots 
of f(z). 

A conic is clearly an ellipse or hyperkola according as.it 
passes through a point between or not b2tween two parallel 
tangents, respectively. 

The tangents parallel to the sides of th2 triangle are easily 
found, since the center is known and the point of touch on a 


1920. ] MORITZ CANTOR. 21 


side. Let the side 2:29 be the z-axis. The equation of the 
tangent parallel to this axis is 


ya lai + ua 
m F mF min 


with similar equations of the tangents parallel to the other 
two sides. Let us be negative. The points of contact with 
the sides 2123 and 2323 lie between the z-axis and the parallel 
tangent or outside them according as 


Bit wat us = 0, | 


and the conic is accordingly an ellipse or hyperbola. 

Hence if all the powers be positive ¢ = 0 is an ellipse. If 
one of the powers be negative it is an ellipse, parabola or 
hyperbola according as their sum is less than, equal to or 
greater than zero. If two of the powers be negative it is an 
ellipse, parabola or hyperbola according as their sum is 
greater than, equal to or less than zero. In particular if 
pa + us = 0 the side 2123 is an asymptote. If: = u = — us 
the sides 2123 and 22; are asymptotes. If in addition the 
triangle 212223 is isosceles having its vertex at zs, the circle having 
.æ for its center and passing through a and zs passes through 
the foci of e = 0, for the altitude and half base of this triangle 
are the major and minor axes respectively. 


UNIVERSITY OF VIRGINIA, 
May 1, 1919. 


MORITZ CANTOR, THE HISTORIAN OF 
MATHEMATICS. 


Re E 


(Read before the San Francisco Section of the American Mathematical 
Society June 17, 1920.) 


Proressor Moritz Cantor died at Heidelberg on April 10, 
. 1920, in his ninety-first year, three days after the death of 
his only son. Considering his own long career and that of 
many other mathematicians, he could well remark on his 
‚eightieth birthday, “Die Mathematik gehört nicht gerade zu 
den ungesunden Handwerken.”* His literary activity ex- 


Seed 
* Felix Muller, Der Mathematische Sternenhimmel des Jahres 1811, 
Leipzig und Berlin, 1911, p. 7. 
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tended over a very long period, from 1851 to 1908. He.has 
been known for many years as the leading writer of his time 
on the general. history of mathematics. In the nineteenth 
century, his Vorlesungen über Geschichte der Mathematik 
came to be regarded as the fullest and the most reliable general 
source of historical information on our scence. Before his 
time the outstanding historian of mathematics had been the 
Frenchman, J. E. Montucla, whose history appeared in 1758 
in two volumes, and in 1799-1802 in four volumes (completed 
with the cooperation of the astronomer J. J. Lalande). Moritz 
Cantor is the Montucla of the ninetesnth century. 

Cantor was born in Mannheim on August 23, 1829. In 
1848 he attended the University of Heidelberg and later 
studied at Göttingen under K. F. Gauss and W. Weber.*: 
In the fall of 1851 he took his doctorate at Heidelberg, pre- 
senting a thesis “Ueber ein wenig gebrauchtes Koordinaten- 
system,” which as yet disclosed no interest in that field of 
research which later he cultivated so assiduously. Curtze 
adds: “Before he came to devote himself wholly to an aca- 
demic career—a state’s examination he never took—he went 
to Berlin for study, where he attended especially the lectures 
of Lejeune-Dirichlet.” We have seen nothing to indicate 
that Cantor had been in contact with, or had been influenced 
by, the Heidelberg privat-docent and Lyceum professor. 
Arthur Arneth, the author of the Geschichte der reinen 
Mathematik, Stuttgart, 1852. Of three or more articles 
which Cantor prepared in the next few years, only one short 
paper of a dozen pages is historical, viz., “Ueber die Ein- 
führung unserer Ziffern,” 1856, published in the Zeitschrift 
für Mathematik und Physik. What was the circumstance 
that induced him to choose the history of mathematics as 
his life work? The present writer visited him on May 2, 
1915, and, in the course of conversation, asked him this very 
question. He replied that he prepared a paper on Ramus, 
Stifel and Cardan,t which he read at a scientific meeting a: 





* For facts of his early life we depend upon an article by Maximilian 
cree in Bibliotheca Mathematica, ser. 3, vol. 1, Leipzig, 1900, pp. 227- 


T See M. Cantor's sketch of Arneth in the Allgemeine Deutsche Bio- 
graphie, Leipzig, 1875. ; 
The article is “Petrus Ramus, Michael Stifel, Hieronymus Cardanus, 
drei mathematische Charakterbilder aus dem 16. Jehrhun ert,” Zeitschrift 
fur Mathematik und Physik, vol. 2, 1857, pr. 353-367. 


1920. ] 7 MORITZ CANTOR. 23 
Bonn and which was so well received that he felt encouraged 
to’ continue in historical work. Thus, a little praise proved 
in his case a deciding factor. Perhaps this experience led 
him later in life to deal leniently with the shortcomings of 
young writers and to show generous appreciation of any merit 
he was able to discover. Soon after, Cantor went to Paris 
and there met Michel Chasles and Joseph Bertrand. Chasles 
had published in 1837 his Apergu Historique and enjoyed 
wide celebrity as the historian of geometry. He paid much 
attention to the young German and secured the publication 
in the Comptes Rendue of ‚a historical note prepared by the 
latter. Cantor prided himself on the command that he 
acquired of the French language. He told the writer that 
- after delivering an address in French at the ‚Mathematical 
Congress of 1900 in Paris, two Frenchmen came up and asked 
him to decide a bet: One Frenchman arguing that no foreigner 
could learn to speak French so well; the other claiming that 
Cantor was a German living in Germany. 

It was in 1863 that Cantor’s first important historical 
book appeared, his Mathematische Beiträge zum Kulturleben 
der Völker, which attracted wide attention, and was both 
praised and criticized. It championed an oft-repeated but 
seldom realized ideal in the writing of the history of our 
science, namely, the exhibition of the place of mathematics 
in the cultural life of a people and in the intercourse between 
nations. In this book, and in the first, and part of the second, 
volumes of the Vorlesungen, Cantor kept this goal in view. 
In the discussion of arithmetic and the history of our numerals, 
as given in his Beiträge, Cantor was influenced not only 
by the French writers M. Chasles, A. J. H. Vincent, and 
Henri Martin, but also by the early papers of the German G. 
Friedlein. Later Cantor was in frequent correspondence with 
the great French historian, Paul Tannery. : 

‘In 1864 Maximilian Curtze of the gymnasium of Thorn 
sought the assistance of Cantor in the interpretation of pass- 
ages in a medieval manuscript. Thus began a friendship 
which continued unbroken until the death of Curtze in 
- 1908. , 

Having been privat-docent at Heidelberg since -1853, 
Cantor advanced in 1863 to the position of professor extra- 
ordinary of mathematics. Probably about this time he began 
to give lectures on the'históry of mathematics. These lecture 
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courses extended sometimes over a period of three semesters.* 
According to Curtze, among those atteriding Cantor’s léc- 
tures was Siegmund Günther, who is well-known as a his- 
torian of science. f 

For the next ten or twelve years Can-or’s publications 
were mainly historical. We make special mention of his 
Euklid und sein Jahrhundert (1867) and his Die Römischen 
Agrimensoren (1875). These served as preliminary re- 
„searches for his great work, the Vorlesungen über Geschichte 
der Mathematik, the first volume of which appeared in 1880 
when he was over fifty years of age. His previous studies, 
extending over a period of a quarter of a century, had been 
preparatory for this standard work. In entering upon this 
gigantic task he showed a predilection far remote from that 
of Paul Tannery. Cantor was writing a general history, 
while Tannery preferred to exercise his gerius in elucidating 
special fields and special periods. A second edition of this 
first volume appesred'in 1894, a third in 1907. Twelve years 
elapsed between the first and secord volumes of the Vor- 
lesungen. This second volume (1892) carried the history 
from the year 1200 to the year 1668, when Leibniz and Newton 
were just entering upon their great careers of discovery. A 
second edition of the second volume appeared in 1899. Dur- 
ing the years 1864-1898 were published successive parts of 
the third volume which carries the history down to 1758, 
the time of the rise of Lagrange in the mathematical firma- 
ment. A second edition was brought out in 1901. These 
three great volumes enjoyed an enthusiastic reception. In 
1898 Professor George A. Gibson of Glasgow only moderately 
expressed the feeling of his time when he said: “That the 
labour involved in collecting material and in reducing it to 
shape would be great, Mr. Cantor doubtless knew well; 
but in all probability his most liberal estimate of the demands 
likely to be made upon his energies has been far exceeded; 
in any case, one can readily understand th2 feelings of satis- 
faction with which he writes the preface =o the concluding 
volume. It hardly requires to be stated that this history is 
certain to remain for many years tke standard work on the 


* Zeitschrift fur Mathematischen und Naturwissenachafilichen Unterricht 
(Schotten), vol. 43, Leipzig und Berlin, 1912, p. 526. 
Bibliotheca Mathamaitca, ser. 3, vol. 1, p. boo. 
Proceedings of the Edinburgh Mathematical Society, vol. 17, 1898, p. 9. 
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subject with which it deals; in completeness, in accuracy, 
in clearness of arrangement, it stands unrivalled, and for the: 
period which it covers is bound to be a permanent work of 
reference.” 

A great historian must be a judge and not an advocate. 
In'this respect Cantor can be assigned a high place. In 
very few instances, if any, does, national bias disclose itself. 
In this regard it would be difficult to name a historian of 
science who ranks above him. 

At the time of the completion of the third volume, Cantor 
was sixty-nine years old. He knew that he was not equal 
to the task of preparing a fourth volume. On the other 
hand, the publishers and the mathematical public desired a 
continuation of the history. Finally, in 1904, at the Congress 
in Heidelberg, the plan was matured of bringing out a fourth 
volume on the cooperative plan. Nine men of different 
countries (V. Bobynin, A. v. Braunmühl, F. Cajori, S. Günther, 
V. Kommerell, G..Loria, E. Netto, G. Vivanti, C. R. Wallner) 
were selected to write certain parts under the direction of 
Cantor as editor-in-cħief. Each colaborator was made 
responsible for his part. As far as possible each man was 
expected to follow the mode of presentation adopted in the 
previous volumes. Thə men were cautioned not to permit 
themselves to be dominated by preconceived ideas relating 
to the subjects or men treated in the history.* The fourth 
volume carried the history to 1799, the year of Gauss’ doctor- 
dissertation. 

It is the fate of a scientific man to be succeeded by others 
who carry his researches to a higher degree of perfection. 
Fraunhofer mapped the solar spectrum. His work was 
improved by E. Bequerel in France and J. W. Draper in 
America, Both of whom used photography. Still greater 
perfection was introduced subsequently by A. Angström, 
H. Rowland, and others. Moritz Cantor had a similar 
experience. “The twentieth century set new standards. High 
as his Vorlesungen towered above other general histories of 
mathematics (such as those of J. E. Montucla, C. Bossut 
(1802), A. G. Kästner (1796-1800), J. H. M. Poppe (1828), 
A. Arneth (1852), F. Hoefer (1874), M. Marie (1883-1888)), 
it came to be criticized with great severity for lack of accuracy 





* For further details see Jahresbericht der deutschen Mathematiker- 
Vereinigung, vol. 13 (1904), pp. 475-478. 
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in minute details. It became evident that the erection of a 
great and faultless architectural structure must be preceded 
by the painstaking labors of the quarryman. Gustav En- 
eström, the editor of the Bibliotheca Matkematica, devoted 
much of his time for fifteen years to recording corrections to 
the first three volumes of Cantor’s Vorlesungen. The Her- 
culean efforts of Cantor and the extrenely penetrating 
criticisms of Eneström clearly point out two _essons to scholars 
of today: (1) The need of a more accurate general history of 
mathematics, prepared on -the scale of that of Cantor’s 
Vorlesungen and embracing the historical researches of the : 
last twenty years; (2) the impossibility of this task for any 
one man. A history of the desired size and accuracy can be 
secured only by the cooperative effort of many specialists. 
The mode of preparation of Cantor’s fourth volume points 
the direction to future success. 

The prodigious literary activity of Moritz Cantor can be 
seen also on examination of the volumes of the Zeitschrift 
für Mathematik und Physik for the years 1856-1898, and 
the volumes of Allgemeine Deutsche Biographie. The mere 
enumeration of the titles of his book reviews and of his articles 
fills twenty-six pages.* 

As previously stated, the présent writer on May 2, 1915, 
visited Cantor at Heïdelberg, who was then in his eighty- 
sixth year. Almost complete blindness had compelled him 
to stop research. He said he could see the general outline 
of a person’s body, but could not make out the features. 
He could move about in his house without 'assistance. His 
hearing was still good and his mind fairly clear. Neither of 
us touched’ upon war issues, except that he once referred to 
me as coming from a nominally neutral country. Later in 
the day I met his son and daughter, who were free in ex- 
pressing to me the hope that the United States would soon 
come to observe real neutrality. Cantor made- inquiries 
about certain American and English mathematicians and 
spoke of special historical researches then in progress in 
Germany. It was at his guggestion, he said, that K. Bopp 
undertook the study of Gregory St. Vincent. 


*See M. Curtze “Verzeichnis der mathematisshen Werke, Abhand- 
lun mgen und Recensionen des Hofrat Professor ) Dr. Morits Cantor, ” in 
Abhandlungen sur Geschichte der Mathematik, Neuntes Heft, Leipzig, 
1899, pp. 625-650. 


z 
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He spoke of Siegmund Günther as one of his pupils, and of 
the late A. v. Braunmühl as an indirect pupil. The former, 
he said, had offered himself for service in the war, but was 
too old to fight. Cantor spoke in high praise of Hermann 
Hankel, and declared that his early death had been a great 
loss to 'mathematics; would that he had lived long enough 
to have completed his history of mathematics! Hankel, he 
said, was excellent not only in subject matter but also in the 
style of presentation. He spoke of his own labors as those of a 
hewer of timber who with a big axe and with powerful strokes 
roughly cut the timber to proper form and dimension, but 
left it for those who follow him to dress, polish and finish. 
When mention was made of Zeno’s arguments on motion, 
Cantor referred to Paul Tannery’s brilliant discussion of that 
subject. He spoke of Caspar Wessel’s noted paper on imag- 
inaries as having been completely neglected for about a cen- 
tury, notwithstanding the fact that Wessel’s name as well as 

. the title of his paper were given in so prominent a publication 
as Poggendorff’s Handwörterbuch; H. G. Zeuthen discovered 
Wessel by accident. Cantor was much surprised that the 
name Oughtred was pronounced in England “ootred,” and 
said he could not recall for the moment another English 
word in which “ough” was pronounced “oo.” He referred 
to the mathematical precocity of his young grandson who ` 
spoke of the cellar as “minus 1. Stock.” He said that in 
1900 he discontinued the Abhandlungen’ zur Geschichte der 
Mathematik ‚as a department of the Zeitschrift für Mathe- 
matik und Physik; nevertheless, only: recently, a Vienna 
scientist had sent him a book for review therein. 

He remembered Simon Newcomb at a Congress in Paris 
delivering an address in the French language when all Germans 
would have preferred to hear him speak English. At the 

` Congress in Rome an Englishman arose, he said, to thank 
the King and the Italian mathematicians for the royal re- ` 
ception accorded to members of the Congress. ‘The one who 
made reply for the Italian government declared his great 
admiration for the language of William Shakespeare, yet had 
to confess that his insufficient command of that language 
prevented him from following the Englishman’s speech. 
friend nudged the Italian speaker and called his attention 

_ to the fact that the Englishman’s speech had been delivered 

in the Italian language. In speaking of Georg Cantor, who 
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had shortly before celebrated his seventieth birthday, he said 
that Georg Cantor’s ancestors, as well as his own, came 
originally from Denmark, that, although he thought he and 
Georg Cantor were distantly related, the later did not agree 
with him. After a dinner which was served in the garden in 
the open, the writer, having been ‘told that it was Cantor’s 
habit to lie down after the mid-day meal, departed. 
UNIVERSITY OF CALIFORNIA, 


SHORTER NOTICES. 


Les Spectres numériques. By MicheL Prerzovircn, with a 
preface.by Emite Borex. Paris, Gauthier-Villars, 1919. 
Tue “spectral method” of Professor Petrovitch will be 

understood through an example taken from the last chapter 

of his monograph. 
Let it be required to determine the coefficients in the 
development of (1 + 2)°. We have 


(1.01) = 1.061520150601, 


and the binomial coefficients sought appear in the decimal 
above, some of the coefficients being separated by zeros. 

It is clear that a similar method can be used to determine 
any finite set of positive integers, if the integers are the 
coefficients in the development of a known rational integral 
function, and that‘ generalizations to infinite sequences of 
integers are possible. 

Professor Petrovitch calls the decimel above a ‘spectrum ” 
of the function (1 + 2)°, comparing the binomial coefficients to 
the colored portions of the spectrum, and zhe zeros to the 
dark portions. The book, up to the last chapter, is given up 
to a discussion of methods for associating “spectra” with 
different classes of functions. 

In spite of the amiable preface of Borel, nothing will be 
found in the work to make one feel that the author has a 
point of view which is likely to lead to fruitful developments. 
Professor Petrovitch has certain speculations, but they are 
not of enough merit to warrant this address to the mathe- 
matical public. 


1920. ] SHORTER NOTICES. ” 29 


Throughout the bock are scattered references to results of 
contemporary.analysts, and these contribute a certain amount 
of animation to the text, although the theorems quoted lead 
only to trivial conclusions in regard to the matter in hand. 
The style of the book is sufficiently elegant, and would be 
worthy of a more valuable scientific production. es 


La Part des Croyants dans les Progrès de la Science au XIX" 
Siècle. By ANTONIN Eymmv. Première partie: Dans les 
sciences exactes. Troisième édition. Paris, Perrin et Cie., 
1920. ii-+ 272 pp. Price 5 francs. ` 
Tris little volume of entertaining but not particularly 

scientific summer reading is of interest to the mathematician 
chiefly because of the biographical material contained in the 
first chapter. It had its inception in connection with an 
anecdote which is often told of a verbal encounter in the 
Chamber of Deputies some thirty years ago. M. Charles 
Dupuy, speaking as rapporteur de l’Instruction publique, 
had spoken of the fatal anæmia of the facultés catholiques 
which, when they entered upon scientific studies, reached at 
last a stage where their faith called out, “Tu n’iras pas plus 
loin.” The remark, so the official journal of the day records, 
was hailed with cries of approval from the Right, at which 
manifestation an opponent exclaimed, “As if there had never 
been any Christian scholars!” To this M. Dupuy replied, 
amid laughter, that it would be an interesting thing to see the’ 
list. 

What M. Eymieu proposed for himself some five years ago, 
when the first edition appeared, was to meet the challenge 
and to show that it was those of religious faith who made the 
greatest contributions to the exact sciences in the nineteenth 
century. He admits, however, that it is an impossibility 
to prepare a complete catalogue of scientists and of their 
religious beliefs, and so he sets about to furnish a brief list, 
limited to the greatest contributors to mathematics, astronomy 
physics, and chemistry. ` 

“In mathematics M. Eymieu has selected the names of 

Gauss, Cauchy, Poincaré, Lagrange, Abel, Galois, Riemann, 

Weierstrass, and Hermite as representing the great research 

scholars—“les grand initiateurs,” of whom, as he says, 

“de l’aveu de tous les bons juges, trois . . . dominent son 
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histoire,” namely, Gauss, Cauchy, and Paincaré. It is of 
interest to observe that two out of these three who are said 
to have dominated the mathematical history of the century 
are French. Of the nine great leaders, four are also of the 
‚author’s nationality, or five if we count Lagrange, who spent 
the latter part of his life in Paris and who was of French 
' extraction; three are German, and one is a Norwegian. Out 
of the nine, the author proves to bis satisfaction that five and 
probably six were religious men, that two (Lagrange and 
Galois) had no interest in religion, and thaz there remains a 
doubt as to the position of Poincaré. The two leading mathe- 
matical astronomers he takes to have been French, namely, 
Laplace and Leverrier, and each he claims to have been pos- 
sessed of undoubted religious faith. 

What is chiefly interesting in the work is that which the 
French call the “causerie” in which the author indulges. It is 
his gossip, his anecdotes about men, and his happy method 
of quoting interesting passages from speakers like Poincaré, 
Arago, and Bertrand that make the book readable. Such a 
human touch is seen in his quotation from that troublesome 
young Bolshevik, Galois, who was too advanced even for a 
France that claimed to stand for the most progressive thought 
of a century ago. The incident is well known, but is always 
interesting when one considers the sudden closing up of a 
life that was mentally brilliant and physically and morally a 
failure. The night before the duel in which he met his death 
he wrote to his republican patriots: “Je meurs victime d’une 
infäme coquette et de deux dupes de cette coquette. C’est 
dans un misérable cancan que s’eteint ma vie... . / Adieu, 
javais bien de la vie pour le bien public.” 

M. Eymieu has been more successful in his selection of the 
nine great Jeaders, however open to criticism this may be, 
than in his choice of other great mathematicians who were 
distinctly religious in their faith. It is with some surprise 
that, among these “grands mathématiciens qui furent aussi: 
de grands croyants,” one finds that Boncompagni’s name 
“leads all the rest.” Boncompagni was a great man, and a 
great historian of mathematics, but he was not a great mathe- 
matician. The second name in the minor list is that of Joseph 
Bayma “que les journaux américains, en annongant sa mort, 
‘proclamaient ‘le géant des mathématiques,’”—after which 
statement it is quite unnecessary, at least for purposes of 
review, to examine the list any further. 


` 
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The fact is that M. Eymieu has done his cause no good in 
the eyes of a scientific reader. His selections of men have not, 
in general, been made with care; indeed, they have not been 
made with ordinary knowledge. He has not scientifically 
gone to work to secure his information, as witness his uncertain 
results concerning the faith of Simon Newcomb. He has 
simply set about to sup»ort the belief of the uneducated or the 
half educated man of his own religious faith. It cannot be 
expected that he should have done for the dead what Professor 
Leuba did with respect to the religious beliefs of living sci- 
entists, but no one who has worked in the history of mathe- 
matics can fail to see that a much strongér case could have 
been made, and legitimately made, if the author had studied 
the problem with greater care. 

It is evident to everyone that the most difficult thing to 
weigh in a scientific balance is the religious belief of mankind. 
The reasons are equally evident. One thing is clear, how- 
ever,—that the study cf the exact sciences no more tends to 
lessen this religious faith than the study of commerce, of 
civics, of sociology, or even of theology. The history of the 
exact sciences offers abundant illustrations of this fact, and 
evidence of a more convincing kind than that which M. 
Eymieu has adduced. Indeed, it would be a strange and 
inexplicable thing if scientific investigation should fail to show 
that mathematics, that branch of knowledge which is con- 
tinually in touch with the infinite and is continually revealing 
the mysteries of the eternal, should fail to foster religious 
faith to an extent not reached by the other subjects of human 
study. j Davin EUGENE SMITH. 


The Early Mathematical Manuscripts of Leibniz. By J. M. 

Camp. Chicago, 1920. iv + 238 pp. 

Tms important work consists of translations of various 
Latin manuscripts of Leibniz found by Dr. Cv I. Gerhardt 
in the Royal Library of Hanover about seventy-five years ago. 
These manuscripts were published by Dr. Gerhardt as parts 
of three works which he wrote on the origin of the differential 
and integral calculus,* and have long been known in their 

* Historia et Origo Calouli Differentialis, a Q. G. Leibnisio conscripta, 
Hanover, 1846. ae 

Die Entdeckung der Differentialrechnung durch Leibniz, Halle, 1848. 
Die Geschichte der böheren Analysis; erste Abtheilung: Die Ent- 
deckung der höheren Analysis, Halle, 1855. 


“ 
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Latin form to scholars who cared to consult these sources. 
There is no denying the fact, however, that the present gener- 
ation of students in this country has not been trained to look 
upon Latin as a medium of intellectual exchange, and even 
in England it is undoubtedly true that the language has lost 
enough of its former prestige to make a tzanslation of such 
material as the early- manuscripts of Leibniz a great con- 
venience to anyone who is interested in the subjects treated. 
For this reason there can be no question as to the value of 
this work and as to the renewed interest which it will awaken 
in the problem of the actual contribution of Leibniz to the 
revealing of the laws of the calculus and to the invention of a 
convenient symbolism. 

The first document translated is the Historia et Origo, 
which Gerhardt published in 1846. This article is written 
in the third person, in the style which American readers have 
recently seen in the autobiography ot Henry Adams, and was 
probably intended for anonymous publication. The story 
is here told, in popular fashion, of the steps which led Leibniz 
to his discovery. His disturbance over the publication of the 
Commercium Epistolicum in 1712, a publication which every- 
one who has examined it must admit is not a judicial docu- 
ment, seemed to him to require an answer. For this reason 
he proceeded to relate the incidents of his early publication, 
at the age of twenty, of the De Arte Combinatoria (1666); 
of his interest at the same time in general questions of analysis, 
including the theory of finite differences; of his visit ta 
London at the age of twenty-six; of his acquaintance with 
Huyghens; and of the gradual development of his ideas of the 
calculus. He summarizes his case against the British school 
in the following words: 

“Since therefcre his opponents, neither from the Com- 
mercium Epistolicum that they have published, nor from any 
other source, brought forward the slightest bit of evidence 
whereby it might be established thaz his rival used the differ- 
ential calculus before it was published by our friend;* there- 
fore all accusations that were brought against him by these 
persons may be treated with contempt as beside the question.’' 

The second body of translated material consists of several 
manuscripts of the period 1673-1680. These relate to various 
topics bearing upon the calculus. For example, on November 


* That is, by Leibniz himself. 
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1, 1675, he treats of moments about axes, giving none of the new 
symbols, omn. being still used instead of f. Ten days later 
(November 11), the symbol S is used, x/d and dz are stated 
to be interchangeable, differentials of the second order are 
rejected, the problem is solved of finding a curve such that 
the rectangle contained by the subnormal and ordinate’ is 
constant, and Barrow’s form of the differential triangle is used. 
Ten days later still, November 21, he speaks of a new kind 
of trigonometry of indivisibles, in which reference the editor 
finds the influence of both Pascal and Barrow. In June, 1676, 
he writes that “the true general method of tangents is by 
means of differences.” In the following month (July, 1676) 
he writes, partly in Latin and partly in French, on the inverse 
method of tangents, and in November of the same year he 
sets forth a number of the basic laws for differentiation and 
‘integration. In July, 1677, however, he shows no evidence 
of ability to differentiate logarithmic, exponential, or trigono- 
metric functions, but by 1680 he seems to have been in pos- 
session of the general theory which he published in the Acta 
Eruditorum in 1684. 

This brief summary will serve to give some idea of the 
material awaiting the further study of scholars;—further 
study, because the world will not be inclined to accept as satis- 
factory the study given by either Dr. Gerhardt or Mr. Child. 
Dr. Gerhardt was a careful student, but he is shown by Mr. 
Child not to have been altogether judicial in his statements. 
As to the editor of the present work, two questions will occur 
to any reader who carefully examines his contribution. In the 
first place, has he approached the subject with the unpreju- 
diced mind of a searcher after truth? Mr. Child has himself 
answered this question (page 229): 

“T therefore set out with the determination to break down, 
if possible, the credibility of Leibniz as a witness in his own 
defense, when it came to unimportant details; then to show 
that he had opportunities for obtaining everything necessary 
to the development of the calculus, that he could not be ex- 
pected to supply for himself by original work, without having 
need to know anything of the work of Newton; then to show 
that these sources of information were set out in a form far 
more suitable to the requirements of Leibniz than the work 
of Newton; finally, to clinch the matter, that the analogy of 
Leibniz’s work was so close to these sources, that it was idle 

„~ to suppose that he made use of any other sources.” 


H 
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It is impossible to read this confession of prejudice without 
being conscious 07 a slight feeling of, or akin to, that of amuse- 
ment in Mr. Child’s strictures upon Gerhardt: 

“Never surely did any man have such a glorious oppor- 
tunity as Gerhardt, in the whole history cf scientific contro- 
versies; surely there never was an advocaze who left himself 
so open to the attacks of the opponents.” 

It is to be regretted that Mr. Child repeats so often his 
ideas of ‘the dependence of Leibniz upon Barrow. This 
repetition is partly due no doubt to the “act that the book 
is made up of essays that appeared from time to time in 
The Monist, little effort having been made to unify the presen- 
tation of the matter when, combined in book form. It is also 
to be regretted that a more restrained style was not possible, 
since such a style would have carried much greater conviction 
than the one adopted. Probably the best approach to a 
perfect description of the working of a kuman mind in the 
reaching of a mathematical discovery is that given by Lord 
Moulton in his address at the Napier celebration at Edin- 
burgh in 1914. There the trained intellect of a mathe- 
matician and an eminent jurist concentrated on giving a 
clear analysis of the development of a great idea, and the 
result of the analysis was a masterpiece,—delightful i in style, 
free from any apparent bias, and convincirg in its conclusions. 

It is too much to expect, however, that we can all be Lord 
Moultons. Perhaps it is more human to find ourselves 
influenced by Carlyle as we see him in his thoroughly biased 
essay on Cromwell. But the reader will soon find that with 
all of Mr. Child’s evident scholarship end painstaking re- 
search, and in spite of all our indebtedness to him for his 
excellent translation and the information which he often gives 
us, in the matter of style he is not particularly fortunate. 
Illustrations like the following will tend to convince the 
reader, however generous may be his inclinations, that the 
work was not carefully revised before publication: 

“Does not this silence on the part of Tschirnhaus, the 
personal friend of Leibniz, rather tend to make Leibniz’s plea, 
that his opponents had had the shrewdness to wait till Tschirn- 
haus, among others, was dead, recoil on his own head, in that 
he has done the very same thing?” (Page 29.) 

“The work of Descartes, looked at at about the same 
time as Clavius, that is, while he was still a youth, ‘seemed 
to be more intricate.’” (Page 37.) 
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“This, without either proof or figure, is a hopeless muddle. 
. . . Goodness knows what the use of it was supposed to be 
in this form!” (Page 61.) 

“Neither Gerhardt nor Weissenborn tried to get to the 
bottom of these manuscripts, being content with simply 

‘skimming the cream.’” (Page 74.) 

“Thus what is generally considered to be a muddle turns 
out to be quite correct. The muddle is not with Leibniz, it 
is with the transcriber.” (Page 81.) 

“This is of course nonsense.” (Page 97.) 

“I cannot get out of my head the suggestion that . . . 27 
(Page 110.) 

“Is Leibniz trying to draw a red herring across the trail, 
the real trail that leads to Barrow’s a and e?” (Page 128.) 

Unfortunately, there are a large number of similar instances 
that will strike the reader’s attention as he studies the pages 
of the book. 

It is a rather low type of criticism that looks only for the 
misprints and inconsequential slips of the pen in the work 
of an author. When Mr. Childs remarks that “there is of 
course the usual misprint (in Gerhardt’s work) that one is 
becoming accustomed to,” he tempts the reader, however, to 
recall various instances of a similar kind in the work under 
review. Without wishing to call attention to these mis- 
prints in detail, the point may be illustrated by the cases of 
15 for 16 (page 31), the period for a comma on page 74 (line 5), 
the absence of an interrogation point after the question in the 
note on page 101, and the date 1874 for 1674 as’ that of the 
second edition of Barrow (page 13). 

That the book is a valuable LEE to the history of 
mathematics, however, is evident to anyone who gives its 
pages even a casual reading. 

Davm ES SMITH. 


An Enquiry Concerning the Principles of Natural Knowledge. 
© . By A. N. Warrenzap. Cambridge University Press, 1919. 

.xii + 200 pp. 

THE aim of this work is to illustrate the principles of natural 
knowledge by an examination of the data and the experiential 
laws fundamental for physical science. The modern theory 
of relativity has opened the possibility of a new answer to 
the question as to how space is rooted in experience and has 
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brought to light a new world of thought as to the relations of 
space and time to the ultimate data of perceptual knowledge. 
“The present work is largely concerned with providing a 
physical basis for the more modern views which have thus 
emerged. The whole investigation is based on the principle 
that the scientific concepts of space and time are the first 
outcome of the simplest generalizations from experience, and 
that they are not to be looked for at the tail end of a welter 
of differential equations.” 

Three main streams of thought—the scientific, the mathe- 
matical, and the philosophical—are relevant to the theme of 
the enquiry. About half the book is given to parts I and II 
on the traditions of science and the data of science respectively. 
In part III on the method of extensive abstraction we have a 
philosophical and postulational treatment of the space-time 
manifold; and this is employed in part IV to yield a theory of 
objects. The fundamental assumption elaborated “is that 
the ultimate facts of nature, in terms of which all physical 
and biological explanation must be expressed, are events 
connected by their spatio-temporal relations, and that these 
relations are in the main reducible to the property of events 
that they contain (or extend over) other events which are 
parts of them.” 

R. D. CARMICHAEL. 


Differential Equations. By H. BATEMAN. Longmans, Green 
and Company, London and New York, 1918. xii + 306 pp. 
“Te subject of Differential Equations has grown so rapidly 

in recent years that it is difficult to do justice to all branches 

of the subject in a single volume.” So reads the opening 
sentence of the preface to the book under review. The state- 
ment is literally true; but it is nevertheless of such form that 
its connotation may be misleading to the learner. One who 
is not acquainted with the subject of differential equations 
may justly conclude from this sentence that it is possible, 
though indeed difficult, to do justice to all branches of the 
subject in a single volume. And yet it is probable that Bo 

one who knows the field would be willing to maintain such a 

judgment. It is in fact true that it would be difficult to do 

justice to all branches of the subject in ten volumes of the 
size of the one under consideration. 
In the second sentence of his preface the author indicates 
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the purpose of his book in the following language: “In writing 
this book I have endeavored to supply some elementary 
material suitable for the needs of students who are studying 
the subject for the first time, and also some more advanced 
work which may be useful to men who are interested more in 
physical mathematics than in the developments of differential 
geometry and the theory of functions.” 

From this it will be seen that the author in his single exposi- 
tion seeks to serve two rather different purposes. In so far 
as these purposes diverge there is an evident possibility that 
the provision for one will interfere with the best provision for 
the other. It seems to the reviewer, in fact, that the more 
advanced matter has been provided in such way as to interfere 
with the usefulness of the book to students who are studying 
the subject for the first time. There does not appear to be a 
sufficient indication (even with the help of the preface) as to 
what parts of the book are best suited to the needs of the 
beginner. It is-not clearly apparent, indeed, that the author 
himself had in mind a definite separation of material for 
serving the two purposes named. Moreover, the exposition 
from time to time assumes on the. part of the reader a range 
- of mathematical knowledge which is not the common posses- 
sion of students pursuing the subject for the first time. A 
similar statement may also be made relative to those who are 
interested primarily in physical mathematics. 

These considerations may lead to the fear that the usefulness 
of the book has not been increased by the attempt to serve 
simultaneously two distinct purposes which are not so inti- 
mately bound together as to justify this plan of treatment 
without a more distinct separation and indication of parts 
to serve these purposes. 

Occasionally the rhetorical relations within a sentence might 
be improved. Greater care in proofreading would have 
resulted in the avoidance of several minor blemishes. But so 
far as the reviewer has observed these defects are not likely 
to cause the reader serious inconvenience. 

Having said these things, let us turn now to matters which 
it is more pleasant to dwell upon. Even a rapid examination 
of the contents of the volume will bring out the fact that it 
contains a considerable amount of useful material not easily 
accessible elsewhere, and indeed some new material in Chapters 
VII and VIII. 
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Chapter II (pages 17-59) on integrating factors contains a 
rather wide range of useful and interesting matter, a part of 
which one would hardly expect to find under the title given. 
Further elementary methods of solution are treated in Chapter 
III (pages 60-86) under the heading transformations. In Chap- 
ter V (pages 103-115) we have a brief treatment of differential 
equations with particular solutions of a specified type. Some 
rather interesting results are obtained by starting from this 
elementary point of view, results which it would probably 
be more difficult to secure by any other method. They have 
to do especially with the algebraic integrals of certain im- 
portant equations. Chapters VI to XI bear the following 
titles: partial differential equations, total differential equa- 
tions, partial differential equations of the second order, 
integration in series, the solution of linear differential equations 
by means of definite integrals, the mechanical integration of 
differential equations. 

Chapter VIII (pages 169-222) on partial differential equaions 
of the second order will be found particularly rich in material 
with an appeal to those who are interested primarily in physical 
mathematics. Here one finds a considerable treatment of the 
equation of wave propagation in three dimensions, of the 
Maxwell equations, of the electron equations, of Laplace’s 
equation, and of the equation of the conduction of heat. 

The chapter on solutions by means of definite integrals 
contains a useful summary of material, a part of which is not 
so conveniently found elsewhere so far as the reviewer is 
aware. 

Those who give instruction to elementary classes in differ- 
ential equations will find in this book of Bateman’s a useful 
source of supplementary material of the nature both of addi- 
tional topics for special report by members of the class and of 
problems to furnish a variation from those in the basic text. 
' Some of the problems here included are rather unusual in. 
character (as for instance 2 and 6 and 17 of the miscellaneous 
examples) and hence are of value to the instructor who wishes 
to introduce greater variety. 

R. D. CARMICHAEL., 
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NOTES. 


THE concluding (June) number of ‘the Annals of Mathe- 
matics contains the following papers: ‘Algebraic surfaces, 
their cycles and integrals, by S. Lerscherz; “The potential 
of ring-shaped disks,” by E. P. Apams; “Total differentia- 
bility. A correction,’ by E. J. Townsend; “Existence 
theorem for the non-self-adjoint linear system of the second 
order,” by H. J. ETTLINGER; “Motion in a resisting medium,” 
by J. K. Warrremore; “Cohtinuous matrices, algebraic 
correspondences, and closure,” by A. A. Bennett; “Urn 
schemata as a basis for the development of correlation theory,” 
by H. L. Ha: “On pseudo-resolvents of linear integral 
equations in general analysis,” by T. H. HILDEBRANDT. 


THE following advanced courses in mathematics are offered 
at the Italian universities during the academic year. 1920-1921: 


University oF BoLoana.—By Professor P. BURGATTI:.- 
Principles of celestial mechanics; figures of equilibrium of 
rotating fluid masses; problems of cogmogony, three hours.— 
By Professor L. Donati: Elementary and general relativity, 
three hours.—By Professor F. Enriquzs: Elementary mathe- 
matics in the light of higher concepts. History of the ideas; 
criticism; problems, three hours.—By Professor S. PINCHERLE: 
Analytic functions; integral analytic functions; ordinary differ- 
ential equations from Lie’s standpoint, three hours. 


UNIVERSITY oF CATANIA.—By Professor M. Crporra: 
Theory of groups of finite order with applications, four hours.— 
By Professor G. Scorza: Enumerative geometry; theory of 
invariants, five hours.—By Professor : Mathematical 
physics, three hours. 





UNIVERSITY or GENOA.—By Professor G. Lorra: Infinites- 
imal geometry of common space and of hyperspaces, three 
hours. —By Professor C. Severin: Theory of analytic func- 
tions, four hours.—By Professor O. Tenons: Elementary 
theories of electricity and magnetism, three hours. 


UNIVERSITY OF Messına.—By Professor P. ‘CaLapso: 
Functions of a complex variable and elliptic functions, four 
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hours.—By Professor G. GIAMBELLI: Singularities of algebraic 
curves; introduction to the geometry on an algebraic curve, 
four hours.—By Professor O. Lazzarino: Vector operations 
and functions; fields of force; principles of electrostatics and 
of the statics of elastic bodies, four hours. 


UNIVERSITY op Nartes.—By Professor F. Amopeo: History 
of mathematics: the century of Galileo Galilei, three hours.— 
By Professor A" Der Re: Analytic theory of heat, four and 
one-half hours.—By- Professor R. Marcotoneo: Electrody- 
namics; theory of Lorentz; optical applications, three hours.— 
By Professor D. Monrrsano: Geometry of straight lines and 
of conics in the ordinary spaces, six hours.—By Professor E. 
Pascaz: Abelian integrals and functions, three hours. 


University op Papua.—By Professor U. AMALDI: Contact 
transformations and canonical systems, four hours.—By 
Professor F. p’Arcais: Monogenic functions; gamma and 
elliptic functions, four hours.—By Professor P. GAzzANIGA: 
Theory of numbers, three hours.—By Professor G. Ricci: 
Methods of absolute differential calculus, with applications 
to the theory of elasticity, four hours.—By Professor F. 
SEVERI: Calculus of probabilities, four hours.—By Professor 
A. Tonoto: Partial differential equations of the first order, 
three hours. | 


UÜniveRsITY OF PALERMO.—By Professor G. BAGNERA: 
Complex variables and integral analytie functions; elliptic 
functions, three hours.—By Professor M. DE Francais: 
À study of the real parts of algebraic entities, three hours.— 
By Professor M. GEBB1A: Vector fields, electro- and magneto- 
statics, four and one-half hours.—By Professor A. SIGNORINI: 
Theory of relativity, three hours.—By Professor V. STRAZZERI: 
Riemann surfaces; algebraic curves; abelian integrals, three 
hours. 


University: oF Pavıa.—By Professor L. BERZOLARI: 
Abelian integrals, three hours —By Professor U. Cisoxri: 
Relativity; Einstein’s mechanics, three hours. —By Professor 
F. GeRBALDI: Functions of a complex variable and elliptic 
functions, three hours.—By Professor F. Srprrant: Plane and 
twisted curves; principles of the theory of surfaces and con- 
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gruences of rays, three hours.—By Professor G. VIVANTI: 
Theory of functions of a real variable; Lebesgue integrals, 
three hours. : 


University op Pısa.—By Professor G. ARMELLINI: Celes- 
tial mechanics, three hours. —By Professor E. BERTINI: 
Projective geometry of hyperspaces, three hours.—By Pro- 
fessor L. Bancar: Functions of a complex variable; algebraic 
numbers and analytical arithmetic, three hours.—By Pro- 
fessor G. A. Macar: Analytical dynamics; equilibrium and 
vibration of elastic bodies; elastic theory of light, four and 
one-half hours. : 


University oF Rome.—By Professor G. Bisconcmt: 
Geometrie applications of the calculus, three hours.—By 
Professor E. Bomprant: Continuous groups of transformations, 
three hours.—By Professor F. CANTELLI: Mathematical 
statistics, three hours; Actuarial mathematics, three hours.— 
By Professor G. CAsteLnuovo: Complex variables and alge- 
braic functions, three hours.—By Professor U. CRUDELI: 
Introduction to advanced theories of electricity and mag- 
netism, three hours.—By Professor T. Levi-Crvrra: Absolute 
differential calculus with applications, three hours.—By 
Professor A. PERNA: Complements of mathematical analysis, 
three hours.—By Professor L. Sra: Differential equations 
-of dynamics, three hours.—By Professor V. VOLTERRA: 
General relativity, three hours; Differential equations of 
mathematical physics, three hours. 


UNrversITY oF Turin.—By Professor T. Boaato: Hydro- 
dynamics, three hours.—By Professor G. Pont: Differential 
geometry and continuous groups, with special reference to 
the groups of motions and of conformal and projective trans- 
formations.—By Professor C. SEGRE: Geometry of differential 
equations, three hours.—By Professor C. SOMIGLIANA: 
Theory of oscillations and electromagnetic optics, three 
hours.—By Professor G. Toezrarri: Projective differential 

geometry, three hours. 


The following courses are announced in American univer- 
sities for the academic year 1920-1921, in addition to those 
listed in previous numbers of the BULLETIN. 
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University op ILLINots.—By Professor E. J. TOWNSEND: 
Complex variables, three hours; Differential equations, three 
hours.—By Professor G. A. Mister: Theory of groups 
(introductory course), three hours; Theory of equations, 
three hours (first term).—By Professor J. B. SHaw: Vector 
methods, three hours.—By Professor A. B. COBLE; Algebraic 
and abelian functions, three hours.—By Professor R. D. 
CARMICHAEL: Linear difference equations, three hours.— 
By Professor A. EmcH: Geometric transformations, three 
hours (first term); Geometry in a complex field, three hours 
. (second term).—By Professor A. R. CRATHORNE: Theory of 
statistics, three hours.—By Professor G. E. Wann. Theory 
of numbers, three hours.—By Professor H. BLUMBERG: 
Theory of aggregates, three hours (second term).—By Pro- 
fessor E. B. Leg: History of mathematics, two hours 
(second term). 


Yate Universiry.—By Professor E. W. Brown: Differen- 
tial equations, three hours (second term); Advanced mechanics, 
three hours.—By Professor J. Prerront: Theory of functions 
of real variables, two hours; Theory of functions of a complex 
variable, three hours.—By Professor W. R. LoneLeY: Theory 
of differential equations, two hours.—By Professor E. J. 
Mixes: Advanced calculus, three hours (first term); Dif- 
ferential geometry, two hours.—By Professor J. I. TRACEY: 
Modern and differential geometry, three hours; Analytic 
geometry, two hours.—By Professor J. K. WEITTEMORE: 
Advanced differential geometry, two hours.—By Dr. W. L. 
Crum: Mechanics, three hours.—By Mr. J. S. MIKESH: 
History of mathematics, two hours.—By Dr. J. M. STETSON: 
Higher algebra, two hours. 


Tur class of sciences of the Belgian academy announces the 
following subjects for prize memoirs for 1921: (1) a contri- 
bution to the study of the properties of analytic functions 
that do not take certain values in a given domain; (2) a con- 
tribution to the study of birational transformation ina space 
of more than two dimensions. 


THE adjudicators of the Hopkins prize of the Cambridge 


philosophical society have made the following awards: for 
the period 1903-06, to Dr. W. BURNSIDE, of Pembroke College, 


{ 
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for investigations in mathematical science; for the period 
1906-09, to Professor G. H. Bryan, of Peterhouse, for investi- 
‘gations in mathematical physics, including aerodynamic 
stability; and for the period 1909-12, to Mr. T. R. Wıuson, 
of Sidney Sussex College, for investigations in physics, in- 
cluding the paths of radio-active particles. 


Proressor H. Happen, of the University of Tübingen, has 
been appointed to a professorship at the Breslau technical 
school. 


Ar the University of Münster, Professor R. Courant, of 
the University of Göttingen, has been appointed professor of 
mathematics. Associate professor H. Konen has been pro- 
moted to a full professorship of theoretical physics. 


Ar the University of Kiel, Dr. O. Togpzrrz has been pro- 
moted to a full professorship of mathematics, and Dr. E. 
MADELUNG to a full professorship of theoretical physics. 
Professor H. June has resigned, to accept an appointment as 
professor of mathematics at the University of Halle. 


Tag Braunschweig technical school has conferred the honor- 
ary degree of doctor of engineering on Professor H. LORENZ, 
of the Danzig technical school.. 


At the University of Rostock, associate professor R. 
WEBER, of the department of applied mathematics and physics, 
has been promoted to an honorary professorship; Dr. O. 
Haupt, of the Karlsruhe technical school, has been appointed 
at a professorship; Professor O. STAUDE has received the 
honorary degree of doctor of engineering from the technical 
school of Darmstadt. . 


Associate professor R. WEITZENBÖCK, of the German 
-technical school at Prague, has been promoted to a full 
professorship of mathematics. 


H 


Tue following persons have recently been admitted as 
privat-docents in German technical schools and universities: 
Dr. A. BARUCE, in mathematics, in the department of mines 
at the Berlin technical school; Dr. J. DEUxES, in mathematics, 
at the University of Göttingen; Dr. A. LANDE, in theoretical 
physics, at the University of Frankfurt a. M. 
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Dr. A. CHATELET has been appointed professor of mathe- 
matics at the University of Lille. - 


Dr. BovziGAnD has been appointed maître de conférences 
in mathematics at the University of Rennes. 


AT Cambridge University, Mr. J. E. LITTLEwoon, of 
Trinity College, has been appointed Cayley lecturer in mathe- 
matics, and Mr. J. H. Grace, of Peterhouse, has been reap- 
pointed University lecturer in mathematics. 


Prorsssor L. E. Dickson, of the University of Chicago, 
has been elected correspondent of the Faris academy of 
sciences, in the section of geometry, as successor to Professor 
E. CossERAT, elected non-resident member. 


At the University of Texas, assistant professor R. L. 
Moore, of the University of Pennsylvania, has been appointed 
associate professor of pure mathematics. Associate professor 
Jzssıe M. Jacogs, of Rockland College, has been appointed 
instructor in pure mathematics and assistant professor J. N. 
Mine, of the Texas agricultural and mechanical college, 
has been appointed adjunct professor of applied mathematics. 


Yare University has conferred the honorary degree of 
master of arts on Professor H. E. Hawxzs, dean of Columbia 
College. ; 


Dr. Dantet BUCHANAN, professor of astrcnomy and mathe- 
matics at Queen’s University, Kingston, Ontario, has been 
appointed proféssor of mathematics and head of tlie depart- 
ment at the University of British Columbia. At Queen’s 
University, assistant professor C. F. Gummer has been pro- 
moted to an associate professorship, and Dr. Norman MILLER 
to an assistant professorship of mathematics; Mr. A. Woops 
has resigned, to accept a lecturership at Western University, 
London, Ontario. 


PROFESSOR S. LEFSCHETZ, of the University of Kansas, has 
been granted leave of absence for the.year 1920-1921. He 
will.spend the first term at the University of Paris, and the 
second at Padua and Bologna. 


\ 
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ASSISTANT professor E. G. Brut, of Dartmouth College, 
has been promoted to a full professorship of mathematics. 


Dr. J. W. CAMPBELL, of the State University of Iowa, has 
been appointed assistant professor of mathematics at the 
University of Alberta. 


Miss GERTRUDE SMITH, of Vassar College, has been pro- 
moted to an assistant professorship of mathematics. - 


Dr. J. R. Kume, of the University of Illinois, has been 
appointed assistant professor of mathematics at the University 
of Pennsylvania. 

Dr. L. R. Forn, of Harvard University, has been appointed 


` assistant professor of mathematics at Rice Institute. 


At Elmira College, Miss Mary Surra, of Beloit College, 
-has been appointed head of the department of mathematics, 
and Miss Francis W. Wriacut, of Brown University, has been 
appointed instructor. i 


ASSISTANT professor A. C. Mappox, of the Oklahoma 
Agricultural and Mechanical College, has been appointed 
professor of mathematics at the Louisiana State Normal 
School at Natchitoches. 


Mr. F. H. Murray and Dr. J. L. Warsa have been ap- 
pointed Sheldon Fellows by Harvard University, and expect 
to spend the coming year studying in Paris. 


Proressor Ipa Barney, of Meredith College, has been 
appointed assistant professor of mathematics at Smith 
College. 


ASSISTANT professor Louisa M. Wessrex, of Hunter 
College, has been promoted to an associate PORC of 
mathematics. 

I 

Dr. C. A. Larsant died May 5, 1920, at the age of seventy- 

nine years. He was founder of the Intermédiare des Mathé- 


H 
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maticiens, one of the founders of l’Enseignement Mathé- 
matique, and an editor of the Nouvelles Annales de Mathé- 


matiques. ` 
Miss Mary A. COLPITTS, instructor in mathematics at the 
University of Wisconsin, died July 11, 1920. ‘ 


© NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Anrens (W.). Mathematiker-Anekdoten. 2te, stark veränderte Auflage. ` 
(Mathematisch-physikalische Bibliothek, Nr. 18.) Leipzig, Teubner, 
1920., 42 pp. M. 1.40 


BArTHRL (E.). Polargeometrie. Berlin, Leonhard Simion Nachfolger, 
1919. ‘ \ M. 4.50 


CHINI (M.). Esercizi di calcolo infinitesimale. 3a edizione. Livorno, ` 
Giusti, 1920. 8vo. 10 + 300 pp. L. 8.50 

EncyKkLoPipie der mathematischen Wissenschaften. Band II 3, Heft 3: 
L. Lichtenstein, Neuere Entwicklung der Potentialtheorie. Kon- 
forme Abbildung. Leipzig, Teubner, 1919. M. 7.60 


Faroxn (R.). See Parry (J.). 
LICAETENSTEIN (L.). See ENcyKLOPADI. 


Lucker (P.). Einführung in die a 2 2ter Teil: Die ee 
als Rechenmaschine. Leipzig, Teubner, 1 


Muissner (O.). Wahrscheinlichkeitarechoung. Ites Bändchen: Grund- 
lehren. 2tes Bändchen: Anwendungen. Leipzig, EE 
+ 1.00 


Mur (T.). The theory of determinants in the historical order of develop- 
ment. Volume 3: The period: 1861 to 1880. London, Ma 
1920. 26 + 503 pp. 


Pason (M.). Mathematik und Logik. 4 Abhandlungen. Leipaig, fm 


Parry (J.). Höhere Mathematik fur Ingenieure. Autorisierte deutsche 
Lee EE R. Fricke und F. Süchting. 3te KE ipzig, 


Pracaıo (H. T. H.). An elementary treatise on differential SE Be 
their applications. London, Bell, 1920. 12s. 


PINCHERLE D.h Lezioni di calcolo infinitesimale dettate nella R. Uni- 
versità di Bologna e redatte per uso degli studenti. 2a edizione 
riveduta. Bologna, Zanichelli, 1920. 8vo. .8 +7856 pp. L. 40.00 


Rimmann (B.). See Weser (H.). 


Le 
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Sacro (W. W.). A theo of the mechanism of survival: the fourth 
dimension and its applications. London, Kegan Paul and Companys 


1920. 196 pp. 
Sronex (J.). Calculus for engineering students. New, York, Pitman, 
1920. 12mo. 140 pp. $1.35 


Stcurme (F.). See Purry (J.). 


Waser (H.). Die pine einge n der mathematischen 
Physik. Nach Riemanns Vorlesungen bear bearbsitet. lter Band. 6te 
Auflage. Braunschweig, 1919. S M. 14.00 


I. ELEMENTARY MATHEMATICS. 
» Crantz (P.). Arithmetik und ra zum Selbstunterricht. 2ter Teil: 


Gleichungen. bte Auflage. ipzig, 1919. M. 1.75 


Crusri (B. I o Pormes (A.). Esercizi e problemi di aritmetica, geo- 
metria, a uso delle scuole medie inferiori. Roma, tıp. del 
Genio civie, CR 8vo. 192 pp. - L. 4.25 


Froumenty (M.). See Pamir (P.). 


GERLACH (A.). Von schönen Rechenstunden. 4te vermehrte Auflage. 
Leipzig, Quelle und Meyer, 1919. Geb. M. 8.00 


Panizza (F.). Aritmetica pratica. 4a edizione; riveduta e corretta. 
(Manuali Hoepli.) Milano, Hoepli, 1920. 24mo. 9 + 191 PP: A 


Panir (P.) et -Froumunty (M.). Cours de géométrie. Tome 1. 2e 
edition. Paris, Dunod, 1920. 12mo. 8 + 272 pp. Fr. 9.75 


Sorusrar (A). See Crnarı (B. I.). 


I. APPLIED MATHEMATICS. 


Anamrseaca (A.). Das Relativitätsprinsip leichtfasslich entwickelt. 
(Mathematisch-physikalische Bibliothek, Nr. = ) Leipzig, Teubner, 
1920. 57 pp. 

Barstow (L.). Applied aerodynamics. Tondon, Longmans, 1920. 
12 + 5866 pp. ‘ ` H 328. 

BRENDEL (M.). See Rus: (F.). 

Brose (H. L.). See Scaricx (M.). 

‚Brown (Œ. W.). Tables of the motion of the moon. Prepared with the 
assistance of H.*B. Hedrick. Six sections. New Haven, Yale Uni-. 

versity Press (printed by the Cambridge University Press), 1919. 

13 + 140 + 89 + 223 + 99 + 56 + 102 pp. $20.00 
Derne (M. X et" 'SOUBRIER (M.). Les lois fondamentales de l’&lectrotech- 
*nique. Paris, Dunod, 1920. 8vo. 768 pp. Cartonné. Fr. 34.50 


Dupuis (A) et Lomsarn (J.). Cours de dessin industriel. Tome 3. 


` 


_  , 2eédition, nouveau tirage. Paris, Dunod, 1919. S Fr. 9.00 
Emsteın (A.). Ueber die spezielle. und. die allgemeine Relativitäts- 


theorie. 4te Auflage. Braunschweig, 1919. M. 2.80 
— See Lorentz (H. A.). $ 
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Ewine (J. A.). Thermodynamics for engineers. Cambridge, University 
Press, 1920. 308. 


Gauss (C. F.). See Krier (F.). 
Henrick (H. B.). See Brown (E. W.). 


Huwsetina (R.). Kleine Sternkunde. Stuttgart, Kosmos, a 
1919. 109 Pp. Geh. 


HIRScHAUER (.). L’aviation de transport. L’évolution de con- 
struction de 1907 à 1919 et la réalisation des avions de transport 
L’utilısation économique des appareils. Paris, Dunod, 1919. 233 
pp. + 3 cartes. | Fr, 33.00 


Kew (F.), Beenpez (M.) und Schresınger (L.). Materalien fur eine 
wissenschaftliche Biographie von Gauss. eft 7: Ueber die astro- 
nomischen Arbeiten von Gauss. iter Abschnitt: Theoretische 
Astronomie, von M. Brendel. Leipzig, Teubner, 1919. M. 6.00 


LiNDEMANN (F. A.). See Soxziox (M.). 

Lomparp (J.). See Dupuis (A.). 

Lorentz (H. A.), sera (A.) und Mmeowskı (Hi. Das Relativitäts- 
prinzip. _3te, verbesserte Auflage. Leipzig, Teubner, 1920. 146 pp. 

Mıskowskı (H.). See Lorentz (H. A.). 


NIEMoLLER (M.). Zur Bewegung eines Punktes auf Rotationsflächen bei 
Wirkung eines auf der Rotatıonsachse gelegenen Anziehungszentrums. 
(Dissertation.) Halle, 1919. 


RANELLETTI (C.). Elementi di geometria descrittzva,’ ad uso dei rr. 
istituti teonici. 2a edizione. (Manuali Hoepl.) Milano, Hoepli, 
1920. 24mo. 12 + 197 pp. con 2 tavole. L. 4 


SCHEFFERS (G.). Lehrbuch der Mathematik fur Studierende der SN 
wissenschaften und der Technik. 4te verbesserte Auflage. Berlin, 
Vereinigung wissenschaftlicher Verleger (Walter Je Gruyter) BR Ge 


SCHLESINGER (L.). See Kum @Œ.). ý 


ScHLick (M.). Space and time in contempo: hysics. Rendered into 
Enghsh by H. L. Brose. Introduction by À indemann. Oxford, 
University Press, 1920. 68. 6d. 

SOoUBRIER (M.). See Deprez (M.). 

Taoason (G. P.). Applied aerodynamics. London, Hodder and Stough- 
ton, 1920. 20 + 292 pp. 428. 


VALENTINER (S.). Die Grundlagen der Quantentheorie in elementarer 
Darstellung. 2te, erweiterte Auflage. Braunschweig, 1919. M. 3.60 


H 
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THE TWENTY-SEVENTH SUMMER MEETING OF 
THE AMERICAN MATHEMATICAL SOCIETY. 


THE twenty-seventh summer meeting and ninth colloquium 
of the Society were held at the University of Chicago on 
September 7-11, following the summer meeting of the Mathe- 
matical Association of America, which was held on Monday, 
September 6. The sessions of Tuesday and of Wednesday 
forenoon were devoted to the reading of papers; the col- 
loquium opened on Wednesday afternoon. 

The members of the Society and their guests found excellent 
arrangements for their entertainment at Hitchcock and 
Beecher Halls, and at the Quadrangle Club. The Club was 
very graciously put at the disposal of the members for meals 
and for use as a social center. On Friday afternoon visits 
were made under the guidance of Professor Slaught to Ida 
Noyes Hall and to Harper Memorial Library. 

At the joint dinner of the two organizations, one hundred 
and sixteen persons were present. Professor Slaught, retiring 
president of the Mathematical Association, presided at the 
after-dinner speaking, which was participated in by several of 
those present, to the edification of all the listeners. 

The meetings of the Society were attended by more than 
one hundred and twenty persons, among whom were the fol- 
lowing ninety-nine members of the Society: 

Professor R. C. Archibald, Professor G. N. Armstrong, 
Professor I. A. Barnett, Professor Suzan R. Benedict, Pro- 
fessor A. A. Bennett, Professor -G. D. Birkhoff, Professor 
G. A. Bliss, Professor R. L. Borger, Professor J. W. Brad- 
shaw, Professor W. C. Brenke, Professor W. H. Bussey, Pro- 
fessor W. D. Cairns, Professor J. W. Campbell, Professor A. 
L. Candy, Professor E. W. Chittenden, Professor C. E. Com- 
stock, Professor A. R. Crathorne, Dr. G. H. Cresse, Professor 
D. R. Curtiss, Professor H. H. Dalaker, Professor S. C. 
Davisson, Professor E. L. Dodd, Professor L. W. Dowling, 
Professor Arnold Dresden, Professor Otto Dunkel, Professor 
M. D. Earle, Professor Arnold Emch, Professor G. C. Evans, 
Professor H. S. Everett, Professor Peter Field, Professor 
B., F. Finkel, Professor L. R. Ford, Professor W. B. Ford, 
Professor M. G. Gaba, Professor W. H. Garrett, Professor 
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D. C. Gillespie, Professor R. E. Gilman, Dr. T. H. Gronwall, 
Professor C. F. Gummer, Professor W. L. Eart, Professor M. 
W. Haskell, Professor Olive C. Hazlett, Professor E. R. Hed- 
rick, Professor T. H. Hildebrandt, Professor L. A. Hopkins, 
Professor W. A. Hurwitz, Professor [tunham Jackson, Mr. D. 
C. Kazarinoff, Professor S. D. Killam, Professor H. W.' Kuhn, 
Professor Gillie A. Larew, Professor Flora E. LeStourgeon, 
Professor A. C. Lunn, Professor E. B. Lytle, Professor R. B. 
McClenon, Professor J. V. McKelvey, Professor T. E. Mason, 
Professor Helen A. Merrill, Professar Bessie J. Miller, Pro- 
fessor W. L. Miser, Professor ‘C. N. Moore, Professor E. H. 
Moore, Professor E. J. Moulton, Professor F. R. Moulton, 
Professor A. L. Nelson, Professor Anna H. Palmié, Pro- 
fessor Anna J. Pell, Dr. T. A. Pierce, Professor A. D. Pitcher, 
Professor S. E. Rasor, Professor R. G. D. Richardson, Pro- 
fessor H. L. Rietz, Professor Maria M. Roberts, Professor 
W. H. Roever, Professor Oscar Schmiedel, Dr. Caroline 
E. Seely, Professor E. W. Sheldon, Dr. W. G. Simon, Pro- 
fessor E. D Skinner, Professor H. E. Slaught, Mr. H. L. 
Smith, Professor E. B. Stouffer, Professor ©. E. Stromquist, 
Professor K. D. Swartzel, Professor E. J. Townsend, Professor 
A..L. Underhill, Professor E. B. Van Vleck, Professor Oswald 
Veblen, Dr. J. H. Weaver, Professor W. P. Webber, Mr. F. M. 
Weida, Professor Mary E. Wells, Professor W. D. A. Westfall, 
Professor Marion B. White, Professor C. E. Wilder, Professor 
F. B. Wiley, Professor C. H. Yeaton, Professor J. W. Young, 
Professor J. W. A. Young. 

Vice-President R. G. D. Richardson presided at the meetings 
of Tuesday and Wednesday forenoons; Professor Haskell pre- 
sided on Tuesday afternoon. 

Upon the recommendation of the Council the Society 
adopted the following amendments to the By-Laws: 

1. By-Law II, section 2, is amended by changing the words 
“five dollars” to “six dollars,” so that the amended section 
reads “The annual dues shall be six dollars payable on the 

. first of January, etc.” Adopted unanimously. 

2. By-Law II, section 3, is amended by changing the words 
“fifty dollars” to “seventy-five dollars,” so that the amended 
section reads “On the payment of seventy-five dollars in 
one sum, any member of at least four years standing and not 
in arrears of dues may become a life member and shall there- 
after be exempt from all annual dues.” Adopted by a vote of 

"Ai to 2. 


} 
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3. By-Law IX, section 2.is amended by the addition of the 
sentence: “One member of the Committee of Publication shall 
be designated by the Council as Editor of the BULLETIN.” 
Adopted unanimously. 

.. The Council announced the election of the following persons 
to membership in the Society: Dr. R. F. Borden, Brown 
University; Dr. Tso Chiang, Nan Kai. College, Tientsin, 
China; Professor H. M. Dadourian, Trinity College, Hartford, 
Conn.; Dr. Jesse Douglas, Columbia University; Mr. Philip 
Franklin, Princeton University; Dr. C. F. Green, University 
of Illinois; Captain R. S: Hoar, Ordnance School, Aberdeen, 
Md.; Dr. Jessie M. Jacobs, University of Texas; Dr. E. L. 
Post, Princeton University; Professor C. D. Rice, Univer- 
sity of Texas; Mr. L. G. Simon, New York City; Professor 
J. E. Stocker, Lehigh University; Dr. Tsao-Shing Yang, 
Syracuse University. Twenty-two applications for member- 
ship in the Society were received. | 

. The following resolution was adopted unanimously: “The 
American Mathematical Society expresses to the department 
of mathematics of the University of Chicago its heartiest 
appreciation of the arrangements they have made for the 
twenty-seventh summer meeting of the Society and its grati- 
tude for their hospitality.” t 

Professor Hedrick spoke on behalf of the Committee on 
increase of membership and of sales of the Society’s publica- 
tions. A considerable number of new subscriptions to the 
Transactions were secured subsequently. 

Professor Bliss then offered the, following resolution, which 
was adopted unanimously: “The Society recommends for 
favorable consideration by the Council applications for mem- 
bership from advanced students and others interested in 
mathematics, whether engaged in teaching or not, when 
properly proposed by members of the Society.” N 

The following papers were read at this meeting: 

(1) Professor ArnoLp Emcu: “On the projective generation 
of cyclides.” 

(2) Dr. J. H. Weaver: “A generalization of the strophoid.” 

(8) Professor C. F. Gummer: “On the relative distribution 
of the real roots of two real polynomials.” 

(4) Professor A. A. Bennett: “The polyadic expansion of 
a number.” 

(5) Dr. J. L. Warsx: “On the location of the roots of the 
Jacobian of two binary forms.” 
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(6) Dr. J. L. Warsa: “On the transformation of convex 
point sets.” 

(7) Professor W. B. Forp: “On Kakeya’s minimum area 
problem.” . 

(8) Professor T. H. HILDEBRANDT: “On completely con- 
tinuous linear transformations.” 

(9) Professor ANNA J. PELL: “Integral equations in which 
the kernel is quadratic in the parameter.” 

(10) ‘Professor OLrvE C. Hazuerr: “Anniailators of modu- 
lar invariants.” 

(11) Professors VIRGIL SNYDER and F. R. Sarre: “Con- 
struction of multiple correspondences between two algebraic 
curves.” \ . 

(12) Professor Dunnam Jackson: “Note on a method of 
proof in the theory of Fourier’s series.” 

(13) Professor J. W. CAMPBELL: “On the drift of spinning 
projectiles.” 

(14) Professor W. L. Harr: “Functions cf infinitely many 
variables in Hilbert space.” 

(15) Professor D. C.. GILLESPIE: “A property of con- 
tinuity.” 

(16) Professor L. A. Hopkins: “Periodic orbits of type 
an, 

(17) Professor Dunnam Jackson: “Note on the median 
of a set. of numbers.” 

(18) Professor C. N. Moors: “An application to Weier- . 
strass’s function of the generalized derivative of type (C 1).” 
(19) Dr. L. R. Forp: “A method of graduating curves.” 

(20) Professor E. W. CHITTENDEN: “Note on a general- 
ization of a theorem of Baire.” 

(21) Professor E. W. CSITTENDEN: “On classes of functions 
defined in terms of relatively uniform convergence.” 

(22) Professor E. W. CHITTENDEN: “On the relation be- 
tween the Hilbert space and the calcul fonctionnel of Fréchet.” 

(23) Dr. J. L. Warsa: “A generalization of the Fourier 
cosine series.” | 

(24) Professor Dunxam Jackson: “Note on a class of 
polynomials of approximation.” s 

(25) Professor G. A. Minter: “Reciprocal subgroups of an 
„abelian group.” 

(26) Professors E. R. Hepricx, W. D. A. WESTFALL and 
Louis Ineoıp: “Characteristic lines of transformations.” 
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(27) Professor W. L. Hart: “Pseudo-differentiation of a 
summable function with respect to a parameter.” 

(28) Professor Epwarp Kasner: “Five notes on Einstein’s 
theory of gravitation.” \ 

(29) Professor Dunnam Jackson: “On the convergence 
of certain trigonometric approximations.” 

(30) Professor Dunnam Jackson: “Note on the Picard 
method of successive approximations.” 

(31) Professor OLıve C. Hastert: “A symbolic notation in 
the theory of formal modular invariants.” 

(32) Dr. T. H. Gronwatu: “On'the Fourier coefficients of 
a continuous function.” . 

(33) Dr. T. H. GRONWALL: “A sequence of polynomials 
connected with the nth roots of unity.” 

(34) Dr. T. H. Gronwatu: “Upper bounds for the coef- 
ficients in conformal mapping.” b 

The papers of Professors Snyder and Sharpe, Dr. Walsh, 
Professor Miller, Professor Kasner, Professor Chittenden’s 
first paper, Professor Jackson’s fifth paper and Dr. Gron- 
wall’s first and second papers were read by title. Abstracts 
of the papers numbered in accordance with the above list of 
titles are given below. 


1. Professor Emch shows how cyclides may be treated from 
the projective point of view. In the first place it is proved 
that every cyclide may be generated in an infinite number of 
ways by two projective pencils of spheres (of which one may 
degenerate into a pencil of planes). By this method of gener- 
ation many of the well-known properties of cyclides may 
easily be derived. It also leads to a generalized cyclide which 
may be called a quintic cyclide, whose definition is contained in 
the following theorem: 

The tangent planes of a quadric cone and an independent 
projective pencil of spheres generate a quintic cyclide with a 
finite circle as a double curve. This quintic degenerates into 
an ordinary general cyclide when the radical plane of the 
pencil of spheres coincides with the projectively corresponding 
tangent plane of the cone. 

ena, 8, y are linear quantics representing planes, P and Q 
quadratic quantics representing spheres, and A denotes a 
parameter, the cone of class 2 and the projective pencil’ of 
spheres have the form 


| ' a+ Pr+y7=0, P—rAQ=0, 
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N 


and the quintic cyclide is 
aP? + BPQ + y= 0. í 


2. Among the generalizations of the strcphoid given by 
Loria in his treatise Algebraische und transcendente ebene 
Kurven, the one by W. W. Johnson is as follows: Let there 
be two fixed points 4 and B and let two lines À and h make 
angles e and ç with the line AB such that 


men + nø =a (a = constant). 


Then if l and % intersect in P, the locus of P isa strophoid. 

Since æ is a constant there is associäted with the strophoid a 
a circle passing through A and B. Dr. Weaver has developed 
strophoids having associated with them the three conic 
sections in the same relation that the circle is associated with 
the strophoid of Johnson, and has proved a number of theorems 
on concurrence of lines and collinearity of points connected 
with the curves. 


3. The roots of a real polynomial which lie within a given 
interval on the real axis are divided into groups by the roots 
of a second real.polynomial. Professor Gummer shows how 
this distribution may be determined by a rational process. 
A generating function Z,P,(1 + #)**(1 fr is formed such 
that the coefficients of descending powers of t are the numbers 
in the successive groups from left to right. Two methods 
are given for the determination of the P’s, corresponding to 
the theorems of Sturm and Hermite for a single polynomial. 
Sylvester had given a method for the reduced arrangement in 
which pairs of roots of either polynomial occurring consecu- 
tively were omitted. 


4. In this paper Professor Bennett discusses the array 
consisting of all the p-adic expansions of a given integer, as 
p ranges through the sequence of primes. Far a given p, the 

‘p-adic coefficients constitute a row of the array and for a 
given n, as p varies, the coefficients of p” constitute a column. 
For every integer, positive or negative, there is an array, or 
polyadic expansion, while a polyadic expansion does not in 
general represent an actual integer. Sections of this array 
form the natural instruments in the study of numerical 
modular domains with a composite modulus. Subtraction 
and division are considered. : 
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5. An annular region is defined as a closed region of the 
plane bounded by two non-intersecting circles. Dr. Walsh 
proves that if three annular regions are respectively the en- 
velopes of three points 21, %, 33, then the envelope of the point 
z4 defined by the real constant cross ratio 

A= (21, Aa, 23, 24) 

is also an annular region. This result is applied in giving some 
geometric results concerning the location of the roots of the 
jacobian of two binary forms. 

` Tf fi and fs are binary forms of respective degrees pı and P, 
then the roots of the jacobian of band fa are the real foci of 
a certain curve of class pı + m — 1 which touches all the 
lines formed by joining the pairs of roots of fı and bm all 
possible ways. The curve has various other interesting 
properties. ` 


` 6. The chief purpose of Dr. Walsh’s note is to prove that 
a necessary and sufficient condition that a one-to-one point 
transformation of the plane or of space transform every convex 
point set into a convex point set is that it be a collineation. 


7. Kakeya’s problem in its simplest form is as follows: 
How should & line segment AB be turned end for end in a 
plane so as to sweep out a minimum area? Professor Ford 
shows that there are an infinite number of methods of attaining 
such a minimum area if it be assumed that, as the segment 
moves, the area generated nowhere returns into itself; but if 
it be assumed that it returns into itself exactly once in one 
or more regions, that is, if duplication be allowed, then there 
is no minimum. area attainable by. motions confined to the 
finite plane. , 


8. In a paper entitled “Lineare Funktionalgleichungen’* 
F. Riesz has discussed the linear integral equation in an elegant 
manner, which on account of its fundamental character seems 
destined to point the way to new and more general results in 
allied fields. In the first part of Professor Hildebrandt’s 
paper a simple general basis is provided in which the methods 
and results of Riesz are valid. The second part of the paper 
takes up a more detailed study of the inversion of the com- 


* Acia Mathematica, vol. 41 (1916), pp. 71-96, 
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pletely continuous transformation which leads to a generaliza- 
tion of the notion of the solution of adjoint homogenous inte- 
gral equations, and of pseudo-resolvents. 


9. Mrs. Pell considers the questions of the existence of 
solutions of linear integral equations in which the kernel has 
the form AK(z,s) + \L(x,s) and E and L satisfy certain 
conditions, and the expansion of arbitrary functions in terms 
of the solutions. 


10. In any theory of invariants, differential operators which 
annihilate invariants are useful in the computation of invari- 
ants and covariants, and are sometimes important in the 
development of the general theory. Professor Hazlett’s 
paper determines such annihilators for modular invariants. 
These operators are in some ways analogous to the well 
known Aronhold operators in the theory of classical invariants, 
but are very much more complicated, as might be expected. 
They are, in fact, of the general type anticipated by Professor 
Dickson in a paper published in 1907. 


11. It is well known (Hurwitz, Mathematische Annalen, 
volume 28) that algebraic correspondences between two alge- 
braic curves exist which require two auxiliery equations for 
their definition. The condition that two equations shall be 
required was found by Castelnuovo (Rendiconti dei Lincei, 
1906), but no illustrations have been given. The example 
, given by Amodeo (Annali, series 2, volume 20), cited by Castel- 
nuovo, of the intersection of two ruled surfaces in general 
position can be defined by one equation. The paper by Pro- 
fessors Snyder and Sharpe discusses this example, and gives 
various methods of constructing correspondences that require 
two equations for their definition. The paper will appear in 
the Transactions. 


12. Professor Jackson’s first paper will appear in a later 
number of the BULLETIN. 


13. Professor Campbell treats the problem of drift for the 
case in which initially the rotation of the projectile is entirely 
about the axis. He obtains a formula which exhibits quali- 
tatively the well-known characteristics of the phenomenon. 
An application to the British Mark VI gives results which are 
quantitatively consistent with observed values. 


D 
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14. In considering functions of infinitely many real variables 
(x1, %, Ts, . . . ), the case which is of most interest as viewed 
from the standpoint of the theory of integral equations and 
of more general functional equations is that in which it is 
supposed that 27, 2,? converges. In the present paper, 
Professor Hart assumes that the paints E= (ti, ta +) 
considered satisfy this condition. 

A function f(£) is said to be completely continuous at a point 
£ = (a, œ, ---) if the second of the following equations 
holds whenever the first does: 


OO o in a= 0; 
(2) lim fie, an +++) = Hau 9, ++). 


Professor Hart first proves certain general theorems, regarding 
completely continuous functions f(£), including a mean value 
theorem which gives, as a corollary, an expression for the 
differential of f(£). There is then considered the proof of the 


` existence of a continuous solution of the infinite system of 


equations 
(8) Silt, dus pe, ---) = 0 @= 1,2, ---), 


and the existence of a solution of the system of differential 
equations | 

dz; : 
(4) a ib Ti, Le, rer) a= 1, 2, zech 


In (3) and (4) the f; and g; are supposed to be completely 
continuous in their arguments. 


15. A continuous function f(x) has the property that 
between zı and a there is at least one value of x for which 
f(z) has any prescribed value between f(x) and f(x). This 
property, common to continuous functions, is possessed by 
some discontinuous functions. Professor Gillespie’s note is 
concerned with functions which have this property. Con- 
ditions which are sufficient to insure their continuity are ‘ 
developed; the character of the discontinuities that such a 
function may have is shown; and a function, having this 
property and having its set of points-of continuity and its 
set of points of discontinuity each everywhere dense, is 
constructed. 
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16. By combining the analytic processes of Poincaré with 
mechanical quadrature, Professor Hopkins has obtained a 
family of periodic orbits in the restricted problem of three 
bodies, which has significance in the study of the gap in the 
asteroids where the period would be one half the period of 
Jupiter, and in the consideration of Cassini’s gap in the rings - 
of Saturn. These orbits constitute an exceptional case in 
certain work of F. R. Moulton and are related to results of 
Poincaré, E. W. Brown and G. W. Hill. 


17. Professor Jackson’s second paper will appear in a later 
number of the BULLETIN. 


18. In this paper Professor Moore shows that under certain 
conditions Weierstrass’s function, f(x} = Za* cos b"rx, whose 
derivative in the ordinary sense fails to exist, has a generalized 
derivative of type (C1). The definition of such generalized 
derivatives has been given in two papers previously presented 
to the Society. (Cf. this BULLETIN, volume 25 (1919), 
pages 249 and 257.) ‘ 


19. In the smoothing of irregular curves based on original 
data a satisfactory combination of smoothness and faithfulness 
to the data is desired. Professor Ford considers the case of a 
function f(x), given for equidistant values of the argument 
x= 0,1, ---, m, and determines the graduated function 
y(x) by minimizing the sum 


2 Hua) — f(@)P + Ay}, 

where the weight M(x) is positive, and where n is the order of 
differences it is desired to make as small as possible. This 
leads to reasonably simple numerical methods, and, if M(x) 
is constant, the solution has the property, desirable in 
certain cases of graduation, that its moments, up to the 
(n — 1)th, about any point are the same as the corresponding 
moments of the ungraduated function. 


20. Professor Chittenden’s first paper appeared in fulk in 
the October number of the BULLETIN. 


21. Denote by Bo the class of all continuous functions de- 
fined on a limited perfect subset P of n-space; by B, the class 
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of all functions which do not belong to any class of order less 
than o and are limits of sequences of functions of class less 
than a. The theory of ‘the ordinal series of classes B, has 
been developed by Baire, Lebesgue and Vallée-Poussin. 
In terms of the relatively uniform convergence of E. H. Moore, 
Professor Chittenden has previously defined the corresponding 
series of classes R, and now reports on the results of further 
investigations. 

A set E is of type (a, a) at most if its characteristic function 
is of class B, at most. Denote by A, the class of all functions 
of class B, such that for every pair of numbers a, b the set 
E = [a < f < b] is of type (a, a) at most; and by F, the set 
‘of all functions of class B, which assume a limited number of 
distinct values. Then F,< A, and we have Fep < Rey 
< Aus + Ba while if a is of the second kind, then F, < R. 
< Aa B,. Necessary and sufficient conditions that a func- 
tion be of class R, are found; but, except in the case a <1, 
it has not been determined whether or not A, contains func- 
tions not in R,. The classes F, and A, are investigated, 
with results of interest in the general theory of the series of 
classes B,. 


22. It is well known that the points of the Hilbert space Q of 
infinitely many dimensions can be placed in one-to-one cor- 
respondence with the set % of all summable functions on an 
interval I, if we agree to identify functions of Q, which differ 
only on a set of points of measure zero. Fréchet has called 
attention to the fact that the subset e of Q which corresponds 
to the set of all continuous functions on I is not closed under 
the usual definition of distance for the Hilbert space and 
suggests the desirability of a definition of distance for that, 
space relative to which the set e will be closed. 

- Employing results of Féjer and the theory of convergence 
in mean, Professor Chittenden defines distance for the Hilbert 
space in terms of the coordinates of point and trigonometric 
functions so that limit in the Hilbert space becomes equivalent 
to uniform convergence on I, excepting a set of points of 
measure zero. When the functions considered are continuous 
this implies the continuity of the limit function and leads to 
the desired closure of the set ¢. 

The paper will be published in the Palermo Rendiconti. 
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23.* Dr. Walsh proves by use of the theory of infinitely many 
variables that if we consider the set of functions 


1 2 2 2 
= cos Aoz, = cos Az, = cos ex, = cos Ast, -+ (OSa<7), 


where 


Net + Qu — DIL 4Q — 298 + Qu — FE < 1 


and where i 
œo 
mn] 
axl 


converges, then there exists another set of functions {v,(x)} 
biorthogonal to that set. Moreover, for any function f(x) 
integrable in the sense of Lebesgue and with an integrable 
square, the two series 


i 2 E 
Zoo + a cos x + a cos 2x + ---, SEH f(x) cos ned, 
H 


b 2b 2 
ke an De tes, 
T kg T 


b= | fla)aa(a)de, 


have essentially the same convergence properties throughout 
the interval 0 < z < v. 


24. In a paper recently presented to the Society (see this 
BULLETIN, June, 1920, page 391) it was shown that if f(x) is a 
given continuous function in the intervala < x < b, n a given 
positive integer, and m a given real number greater than 1, 
there exists one and just one polynomial (x), of degree n or 
lower, which reduces to a minimum the value of the integral 


[re - oc nae. 


The purpose of Professor Jackson’s third paper is to establish 
the truth of the same proposition in the case that m = 1. 
The existence of at least one minimizing polynomial is proved 
in essentially the same way as before, the details of the argu- 
ment being somewhat simpler in the present case. The procf 
of uniqueness is considerably less direct, and appears to involve 
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elementary considerations of the measure of point sets. A 
notable difference between the two cases is that for m > 1 
the remainder corresponding to the polynomial of best approx- 
imation must change sign at least.n + 1 times in the interval, 
unless it vanishes identically, while for m = 1 the assertion is 
merely that the remainder must change sign at least n + 1 
times, or else vanish throughout a finite number or an enum- 
erable infinity of intervals contained in (a, b), and having at 
least a certain specified aggregate length. 


25. Any two subgroups of the group @ which have the 
property that the product of their orders is equal to the order 
of G have been called reciprocal subgroups of G. In the pre- 
sent paper Professor Miller confines his attention to reciprocal 
subgroups of abelian groups. Among the theorems proved are 
the following: If two reciprocal subgroups of any abelian 
group have only identity in common, the number of the 
conjugates of the one under the group of isomorphisms is 
equal to the number of the conjugates of the other under this 
group. Whenever an abelian group of order p”, p being a 
prime number, contains subgroups of the same order but of 
different types, then the number of the subgroups of one and 
of only one of these types is-of the form 1 + kp. The number 
of the subgroups of each of the other types is divisible by p. 
A necessary and sufficient condition that the number of the 
subgroups of a given type contained in such a group is a power 
of p is that the number of its independent generators of each 
order increased by the number of the larger independent gen- 
erators in the set is equal to the number of the independent 
generators of G whose orders are not less than this order. 


26. In this paper Professors Hedrick, Westfall, and Ingold 
- discuss the properties of a double orthogonal set of lines de- 
fined for any transformation that is not conformal by the 
property that their directions at each point are the directions 
of maximum and minimum stretching due to the transforma- 
tion. These lines were originally defined'by Tissot by & 
different property. _ It is shown that there always exists a 
transformation which corresponds to any preassigned set of 
‘such characteristic lines, and that the rate of stretching along 
one family may also be preassigned. Other properties are 
found and special cases are discussed. 
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27. Consider a function u(s, t), where a < s < band where t 
assumes all values in a measurable set E. Let us suppose that, 
for every value of s, u(s, t) becomes a function of ¢ which, 
together with its square u*(s, t), is summab.e in the Lebesgue 
sense in Æ. Professor Hart defines u,(so,!) as the pseudo- 
derivative function of u(s, t) with respect to 3 at the point 30 if 
it satisfies the condition s 


, im f = SCH 5 = 2. Ua(8cs ja = (. 


IE wiën t) exists, it is unique except for its values at a set of 
points ¢ of measure zero. If u,(s, D exists and if g(é) and. 
(g(t))? are summable, the function 


h(s) = T u(s, Ootd | 


has a derivative dh/ds. It is found that the Fourier constants 

[1(8), zial, -Jand [yıls), tel, ---]of u(s, t) and u,(s, t), re- 
spectively, relative to a complete, unitary orthogonal system 
-of functions [g:(t), geit), ---], satisfy the re ations 


dz,(s)/ds = y,(s) @=1, 2: +). 


Under suitable conditions regarding the summability of the 
function %(s, t) in the rectangle a <s <b, c <t <d, thereis 
given a generalization of the mean value theorem for the 
function u(s,t). After a few auxiliary results are established, 
the solution of a certain type of pseudo-differential functional 
equations is obtained by means of certain theorems regarding 
differential equations in infinitely many variables. 





H 


28. Professor Kasner’s notes all relate to four-dimensional 
riemannian manifolds ds? = Xg,,dz,dx; obeying Einstein’s ten 
gravitational equations R;; = 0, where the g’s are the ten 
potentials and the equations denote the’ vanishing of the 
so-called contracted Riemann-Christoffel tensor (which might 
appropriately be called the Einstein tensor). The main 
results follow: 

(1) It is known that if the paths of particles and light pulses 
can be regarded (in some coordinate system) as straight lines, 
then the ds? is necessarily equivalent to the euclidean form. 
The same result is here shown to follow i? the hypothesis is 
limited to particles alone, or to light pulses alone. 
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(2) Can two Einstein manifolds ever have the same light 
paths? This is shown to be impossible, at least in the case 
of approximately euclidean manifolds. Application to the 
one-body problem (solar gravitation): the Mercury effect 
could be predicted from the observed light deflection. 

(3) Approximately euclidean solutions which can be ex- 
pressed as the sum of four squares; in particular the quasi- 
conformal type A (dz + dæ? + dz) + Bde? (which includes 
the solar field) in explicit form. 

(4) If the coefficients of the four squares are functions of a 
single variable, the only exact (finite) solutions are certain 
exponentials or powers. 

(5) Discussion of the possible Einstein manifolds which can 
` be regarded as immersed in a flat space of 5 or 6 dimensions. 
The solar field appears in the latter case. 


29. This paper is concerned with the trigonometric sums 
Tanz) which furnish the closest approximation to a given 
continuous periodic function f(x), in the sense of the integral 
of the mth power of the absolute value of the error, for pre- 
scribed values of the exponent m and the order n of the sum. 
The question at issue is the convergence of 7,,(x) to the value 
f(x), when m is held fast (m 2 1) and n is allowed to become 
infinite. Professor Jackson shows that a-sufficient condition 
for uniform convergence is that limgog w(8)/ Vë "V5 = 0, where 
&(8) is the maximum of ite) — teil for |x’ — a | <ò. 
For m = 1, it is sufficient that f(x) have a continuous deriva- : 
tive. The proof makes use of Bernstein’s theorem on the 
derivative of a trigonometric sum. As the condition obtained 
is less general, even for large Values of m, than the well-known 
Lipschitz-Dini condition in the case of Fourier’s series, m = 2, 
the present results may be regarded as preliminary. 


30. In presenting the Picard existence proof for a differ- 
ential equation dy/dx = f(z, y), it is customary to assume 
that f is continuous, and satisfies a Lipschitz condition in y, 

- throughout a certain rectangle i in the zy-plane, and then to 
show that the successive approximations converge to a solu- 
tion of the differential equation throughout a sufficiently 
restricted interval of values of x. Professor Jackson points out 
that by extending the definition of f outside the rectangle, so 
that the ‘continuity conditions are maintained, but otherwise 
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arbitrarily, the process can be made to converge throughout 
the entire range of values of x originally considered. A func- 
tion is obtained which satisfies the original differential equa- 
tion as long as the x and y of the solution remain in the rectangle, 
whatever the behavior of the approximating Zunctions may be. 
This remark is rather obvious, but it is conspicuously omitted 
from standard treatments of the subject. It applies equally 
well to systems of n differential-equations in n unknown func- 
tions, and to regions that are not rectangular. 


31. Professor Hazlett’s second paper considers a symbolic 
notation for the modular invariants of a binary form with 
respect to the general Galois field GF [p*] of order p”. In 
the classic theory of algebraic invariants, a convenient sym- 
bolic notation is obtained: by expressing the binary form f of 
order n symbolically as a perfect nth power, f = a," = 8," 
= Ye" = +--+, where œs = at + ass, Bz = Ep + Bars, etc. 
Such a notation is not, however, practicable in the theory of 
modular invariants. If we express f as the product of n linear 
factors which are symbolically distinct, f = a8,---, we have 
a symbolic notation by the aid of which we can write down all 
modular invariants of f, both formal and otherwise. ' In fact 
every formal modular invariant can be expressed as a poly- 
nomial in a finite number of symbolic expressions which behave 
like invariants. This theorem is illustrated for the binary. 
cubic modulo 2 and the binary quadratic modulo 3. There 
is a systematic method by which any formal modular invariant . 
for these two special cases can be expressed in symbolic form, 
and the writer suspects that such is true in general. 


32. Given any real and single valued function (æ) which 
tends to infinity with x, Dr. Gronwall shows how to construct 
a function f(#) continuous for 0 < 0 < 2r and such that its 
Fourier coefficients an, bn (which have the well-known property 
that 2(a,? + bn?) converges) make the series 


L 
(a? + bm)e (ati) 
divergent. N . 


33. Dr. Gronwall considers a polynomial F(z) of degree 
n — 1 which does not exceed unity in absolute value at the 
nth roots of unity, so that |F(z)| < 1 for z = 1,e, &, ---, er) 
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colloquium to be held at Chicago in 1919. At the annual 
meeting of 1918 the Council authorized the postponement of 
the Chicago meeting until the summer of 1920. The courses 
of lectures were announced in the preliminary circular of May, 
1920, and printed syllabi were distributed at the meeting. 
The colloquium opened Wednesday afternoon, September 8, 
and continued until Saturday noon; three lectures were 
delivered on Thursday, and Friday, and two on each of the 
other days. At the close of each lecture opportunity for 
discussion was given, on points of that or previous lectures. 
The following ninety persons were in attendance, a number 
considerably exceeding that of any previous colloquium. 
Mr. E. S. Akeley, Professor R. C. Archibald, Professor G. 
N. Armstrong, Professor I. A. Barnett, Professor S. R. Bene- 
. dict, Professor A. A. Bennett, Professor G. D. Birkhoft, Pro- 
fessor G. A. Bliss, Professor R. L. Borger, Professor J. W. 
Bradshaw, Professor W. C. Brenke, Professor W. H. Bussey, 
Professor W. D. Cairns, Professor J. W. Campbell, Mr. F. E. 
Carr, Mr. W. E. Cederberg, Professor E. W. Chittenden, 
Professor A. R. Crathorne, Dr. G. H. Cresse, Professor D. R. 
Curtiss, Professor E. L. Dodd, Professor L. W. Dowling, 
Professor Arnold Dresden, Professor Otto Dunkel, Mr. J. D. 
Eshleman, Professor G. C. Evans, Professor H. S. Everett, 
Dr. L. R. Ford, Professor W. B. Ford, Professor M. G. Gaba, 
Professor D. C. Gillespie, Professor R. E. Gilman, Dr. T. H. 
_ Gronwall, Professor C. F. Gummer, Professor W. L. Hart, 
Professor M. W. Haskell, Professor Olive ©. Hazlett, Pro- 
fessor E. R. Hedrick, Professor T. H. Hildebrandt, Professor 
L. A. Hopkins, Professor W. A. Hurwitz, Professor Dunham 
Jackson, Mr. D. C. Kazarinoff, Miss Claribel Kendall, Pro- 
fessor S. D. Killam, Professor H. W. Kubn, Professor Gillie A. 
Larew, Professor Flora E. LeStourgeon, Mrs. Mayme I. Logs- 
don, Professor A. C. Lunn, Mr. C. C. MacDuffee, Professor 
Helen A. Merrill, Professor Bessie, I. Miller, Professor W. L. 
Miser, Professor C. N. Moore, Professor E. H. Moore, Pro- 
fessor E. J. Moulton, Professor F. R. Moulton, Professor A. L. 
Nelson, Mr. H. L. Olson, Miss Eleanor Pairman, Professor 
Anna H. Palmié, Professor Anna J. Pell, Dr. T. A. Pierce, 
Professor A. D. Pitcher, Professor S. E. Rasör, Professor 
R. G. D. Richardson, Professor H. L. Rietz, Professor W. H. 
Roever, Miss I. M. Schottenfels, Dr. Caroline Seely, Professor 
E. W. Sheldon, Dr. W. G. Simon, Professor E. B. Skinner, 
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Professor H. E. Slaught, Professor H. L. Smith, Professor 
C. E. Stromquist, Professor K. D. Swartzel, Dr. Bird M. 
Turner, Professor A. L. Underhill, Professor E. B. Van Vleck, 
Mr. J. H. Van Vleck, Professor Oswald Veblen, Professor W. 
P. Webber, Mr. F. M. Weida, Professor Mary E. Wells, Pro- 
fessor C. E. Wilder, Professor F. B. Wiley, Professor C. H. 
Yeaton, Professor J. W. A. Young. 

Two courses of five lectures each were given, as follows: 

I. Professor G. D. BirkHorr: “Dynamical systems.” 

II. Professor F. R. Mouron: “Topics from the theory of 
‚functions of infinitely many variables.” 

Abstracts of the lectures follow below. The lectures will 
be published later in full as Volume VI of the Colloquium Series. 


I. 


Lecrure I. Puysicat, FORMAL, AND COMPUTATIONAL 
Aspects OF DYNAMICAL SYSTEMS. 


N 


1. The conservation of energy; rates of doing work of 
external forces: 


df{oL ðL ; ` 
EE EE (@ = 1,2, +--+, n), 


2. Lagrangian systems; Ri= R= = Kc In 
ternal and external characterization. 

3. Variational form of equations under no external forces: 
df Ldi =.0. Change of variables. 

4. Equations of variation. 

5. Integrals linear or quadratic in the velocities. 


das à i d 
6. The Hamiltonian equations: >= 303 u = — ap, 


Their fundamental properties. Formal series. 
7. Methods of computation and their validity.- 
8. Relativistic dynamics. : 
9. Dissipative systems. 
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Lecture II. Tyres or Morons Such as PERIODIC ‘AND 
RECURRENT MOTIONS, AND MOTIONS 
ASYMPTOTIC TO THEM. 


'1. Existence of- periodic mötions; minimum and minimax 
methods; method. of analytic continuation; other methods. 

2. Hyperbolic periodic motions and their asymptotic 
motions. ; 

3. Stable elliptic periodic motions. 

4. Unstable elliptic periodic motions and their asymptotic 
motions. 

5. Recurrent motions and their asymptotic motions. 

6. Other types of motions. 

7. The extension in General Analysis. , 


Lecture III. INTERRELATION or Types or Momo WITH 
PARTICULAR REFERENCE TO INTEGRABILITY 
AND STABILITY. 


. Transitivity and intransitivity. 

. Distribution of periodie motions. 

. Distribution of recurrent and other spetial motions. 
. Criteria for various types of integrability. 

. Non-integrability of general case. 

. Criteria for various types of stability. 


Om on © RD m 


Lecrure IV. Tse PROBLEM oF THREE BODIES AND 
Its EXTENSION. 


1.. The equations of motion and the classical integrals. 

2. Regularization at double collision. 

3. Impossibility of triple collision if area constants are not 
all zero. ' 

4. Proof that for given area constants not all zero, and small 
initial mutual distances, the sum of the mutual distances 
becomes infinite. - 

5. Deduction of Sundman’s theorem on mutual distances as 
corollary. ' - 

6. Extension to more general law of force. 

7. Extension to case of n bodies. 


N 
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: \ 
LECTURE V. THE SIGNIFICANCE OF DYNAMICAL SYSTEMS FOR 
GENERAL SCIENTIFIC THOUGET. 


1. The dynamical model in physics. 

2. Modern cosmogony and dynamics. 

3. Dynamics and biological thought. 

4. Dynamics and philosophical speculation. 


; ĮI. 
LECTURE I. [NFINITE SYSTEMS OF LINEAR EQUATIONS. 


1. Completely reduced systems. Historical examples. 

2. The formal method of reduced systems. Historical 
examples. : 

3. Normal infinite determinants. The Hill-Poincaré form; 
the von Koch form. 
` 4, Infinite systems of linear equations having normal deter- 
minants and bounded right members. i 

5. Absolutely convergent infinite determinants. 

6. Infinite systems of linear equations having absolutely 
converging determinants and bounded right members. 

7. Infinite systems of linear equations having absolutely | 
converging determinants and coefficients analytic functions 
of a parameter. 

8. Irregular solutions of infinite systems of linear equations. 
Examples. í 

9. The general theory of Schmidt. "Solutions for which 


! e" 


Zle @>D. 


converges, including the limiting cases p = 1, p = ©. 
10. The method of successive approximations. 


LECTURE Il. On PROPERTIES OF FUNCTIONS OF 
INFINITELY Many VARIABLES. 


1. Hilbert space (H-space) and parallelepipedon space (P- 
space). The mutual independence of H-space and P-space. 

2. Definitions of limit points. Existence of a limit point 
in an infinite set of points. 

3. Types of continuity and relations among them. 

4. Convergent functions and uniformly convergent func- 
tions. ` 
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5. Independence of continuity and convergence. 

6. Representation of convergent functions by series. 

7. A continuous function of infinitely many variables in a 
closed P-space has a maximum and a minimum and all inter- 
mediate values. 

8. Definition of analytic functions of infinitely many 
variables. 

9. Definition of normal functions of infinitely many vari- 
ables. 

10. Finite operations on functions of infinitely many vari- 
ables. 

11. Limiting processes on functicns of infinitely many 
variables. 

12. The mean-value theorem for completely continuous 
functions having first derivatives. 

13. Taylor’s theorem for functions of infinitely many 
variables. i 


Lecture III. INFINITE Systems or ImMPLICIT FUNCTION 
EQUATIONS. 


` 1. Analytic solutions of reduced normal equations. 

2. Analytic continuation of the solutions. 

3. Solutions of normal equations having normal deter- 
minants of the coefficients of the linear terms of the dependent 
variables. 

4. Properties of the solutions of normal equations. 

5. Solution of reduced normal equations by the method of 
successive approximations. 

6. Extension of the solution to a boundary of the region of 
definition of the equations. 

7. Solutions of infinite systems of equations having con- 
tinuous first derivatives. 

8. Properties of the solutions. 

9. Extension of the solution to a boundary of the region of 
definition’ of the equations. 


LECTURE IV. INFINITE SYSTEMS oF DIFFERENTIAL | 
EQUATIONS. 


1. Analytic solutions of normal equations. 
2. Solution of normal equations by the method of successive 
approximations. 
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3. Solution of equations satisfying the Lipschitz condition 
by the method of successive approximations. 

4. Properties of the solutions. ` : 

5. Extension of the solution to a boundary of the region for 
which the equations are defined. 

6. Solution by the Cauchy-Lipschitz method. 

7. Solutions of infinite systems of linear differential equa- 
tions having constant coefficients. 

8. Solutions of infinite systems of linear differential equa- 
tions having periodic coefficients. 


LECTURE V. APPLICATIONS op FUNCTIONS OF INFINITELY 
> VARIABLES. , 

1. Hill’s problem of the motion of the lunar perigee. 

2. Solutions of linear differential equations in the vicinity 
of singular points. 

3. The determination of the moon’s variational orbit. 

4. Determination of periodic solutions of certain finite 
systems of differential equations. 

5. The dynamics of a certain type of infinite universe. 


At the close of the colloquium, Professor E. B. Van Vleck 
‘expressed the appreciation of those present for the excellence 
of the lectures, and ‘tendered the thanks of the American 
Mathematical Society to the University of Chicago for the 
generous provision it had made for the colloquium, and for 
the welfare of the participants. An appropriate reply was 
made by-Professor E. H. Moore. 

7 W. A. Horwitz. 


NOTE ON VELOCITY SYSTEMS IN CURVED 
SPACE OF N DIMENSIONS. 


BY PROFESSOR JOSEPH LIPEA. 
(Read before the American Mathematical Society April 24, 1920.) 
$1. Inirodustion. 


‘In a previous paper,” the author gave a complete geometric 
characterization of the families of curves (termed natural 


* “Natural families of curves in a general curved Cep: of n dimensions,” 
Trans. Amer. Math. Society, vol. 13 en pp. 77-95. We shall hereafter 


refer to this paper as “Natural f es. 
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families) defined as the extremals connected with variation 
problems of the form 


(1) J Fds = minimum, 


where F is any point function and ds is the element of arc in 
the space considered. Such a system consists of 2-9 
curves, one through each point in each direction. Among the 
dynamical systems whose determination leads to an integral 
of this form we may mention: (1) the trajectories in a con- 
servative field of force for a given constent of energy h, 
where F = VW + h, W being the work function (negative 
aleve (2) the brachistochrones under conservative forces, 

=1/vW+h,; (3) the forms of equilibrium of a homo- 
Se flexible, inextensible string acted on by conservative 
forces (general catenaries), F = W + h; the paths of light 
in an isotropic medium, F = », the variable index of refraction. 

The complete characteristic geometrical properties of a 
natural family in any curved space, Va, are:* 

(41) The locus of the centers of geodesic curvature of the 
oni curves which pass through any point of Vn is a euclidean 
space of n — 1 dimensions (8, A). 

(As) The osculating geodesic surfaces (Hal at any point 
of V, form a bundle of surfaces, i.e., all contein a fixed direc- 
tion (and hence the geodesic in that direztion) which is 
normal to the S,_1 of property A1. 

(B) The n directions at any point of V,, in which, as a‘ 
consequence of property A (i.e., Ay and 42), the osculating 
geodesic circles (circles of constant geodesic curvature) 
hyperosculate the curves of the given family, are mutually 
orthogonal. 

Now, property A alone completely characterizes a much 
wider class of curves, designated as a velocity system. We 
have pointed 'out several dynamical problems which lead to a 
system of curves characterized by properties 4 and B. It is 
the purpose of this note to point out a dynamical problem 
which leads to the more general system of curves characterized 
by property A alone. 

* “Natural families,” p. 78. 


ur was designated as a system of type (G) in “Natural famulies,”’ 


pp. 85-86. 
See the discussion of the problem for a euclidean space of 3 dimensions 
by E. Kasner, Princeton Colloquium Lectures, p. 42. 
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a § 2. Differential Equations of Velocity Systems. 


Let us express our problem analytically. If the element 
of arc length in a general curved space H, is given-by* 


(2) ds? = Zanda,der 


l 
and we use s as the parameter along our curves, the differ- 
ential equations of any natural system (characterized by 
properties A and B) are} = 
(8) "HL e | TXT = „ten (Ai — zizi’) 
mL eS) tT dr id A 
' : @= 1,2, >, n), 


where A;; denotes the minor of o, in the determinant a = |a,, | 
divided by a itself, and we have used the Christoffel symbols 


o lz Pr]-zuft) 
DRE) 


On the other hand, the differential equations of a velocity 
system (characterized by property A) aret 








© z” + Z | Bs | za = Z pilda — ae) 
' (à = 1,2, N), 


where the dia are arbitrary point functions. This system 
will reduce to a natural system if 


(6) . | pi = | dm (l= l, 2, rg n); 


i.e., the ¢’s are the partial derivatives with respect to x of a 
single function. This is the analytic equivalent of property B. 

* We write only Z4 and understand that the summation is to be carried 
out from 1 to n for each of the indicated subscripts. 

+ “Natural families,” p. 80. Throughout this paper, primes refer to 
total derivatives with respect to arc length s, while dots refer to total 
derivatives with respect to time t. 

1 “Natural families,” p. 85. 


H 
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§ 3. Dynamical Interpretation of Velocity System. 


Let us consider the motion of a particle in a curved n-space 
V, under any positional forces. We start with the Lagrangian 
equations of motion,* 


d (ƏT oT 
(7) EE = 1,2,...-,n), 
where T is the kinetic energy, given by 
(8) T = F2 etc, 


and the X’s are the components of force given as functions of 
the coordinates zı, a, *--, Za Equations (7) may be ex- 
panded as 


a nl. Äer oh as 
x= (Dont) -ip Zar, 


= Ds Gut, + >> ké ZE, 
E +B 


Multiplying by Amı summing with respect to J, and em- 
ploying i 


_fOitk+l 

(9) DO ee ea 

we get | 

(10) Edel éme At (= 12 n) 


These equations givé us the components of acceleration along 
a curve as functions of the coordinates and the components 
of velocity. 

Since the velocity along the curve is given by 


(11) ë= Diaintite, 


we may, by differentiation, get the acceleration along the 
path; thus 


GE — 
*See E. T. Whittaker, Analytical Dynamics, p. 39. 
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38 = 2 airite + 5 2 de, Zeie 
= OG... 
= Dans Auf >| 22 223 Da, Str 
si iii 
= D iX: Ge 2 | OP lasse + de Uiletp 
it tap L ? 
= ik, 


the reductions being accomplished by using (4) and (9). 
As’ a first step in getting the differential equations of the 
trajectories, we have 


(12) 


1 Em, n — Ba — Bei 
e Se T g ? 


and using (10) and (12), we get 


1 ik 1 
na alsa ane 
or i 
1 D 
(13) sit El lavey = SECH (Amt — TmT) 
(m=1,2, ne n). 


To get the differentia] equations of the trajectories we should 
have to eliminate the speed 8; this would lead to a set of 
equations of the third order representing œ?”—! curves. But, 
for our purpose, we need not go any further. Equations (13) 
hold for any trajectory, and along this the speed $ varies 
from point to point. Now if in (13) we replace 1/# by a 
constant c, we get 


(14) | sit EI iZ œ = X rlAmı — Tnt) 


(m = 1, 2,--+,n), 


a set of differential equations of the second order representing a 
system of ©") curves (called a velocity system) one 
through each point in each direction. This system may 
therefore be defined dynamically as follows: 
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A curve is a velocity curve corresponding to the speed ŝo if 
a particle starting from a point of such a curve and in the direc- 
tion of the curve and with that speed describes a trajectory oscu- 
lating the curve. 

Now, we note that equations (14) are, with a change in 
subscripts, exactly equations (5), where 


(15) pi = DEEN VE EE A 


We have thus formulated a dynamical problem which leads 
to the system of curves (called a velocity system) characterized 
geometrically by property A. For each constant value as- 
signed to the speed 8, we get a velocity system, and the 
totality of œ! systems obtained by varying 3 constitute a 

complete velocity system of ©?"-! curves in Vy. : 


§4. Velocity Systems and Natural Systems. 


Velocity systems are not in general systems of trajectories, ` 
brachistochrones, or catenaries, but’ if the field of force is 
conservative, then 


Hi 
(16) E (l= 1, 2, ---, 2), 


where W, is the work function defining the field, and, as 
pointed out in § 2, the velocity system corresponding to a 
speed $ becomes a natural system defined by equation (1) 
or by the point function F, where by (6) 





O(log F) 
9 = CEA ? 
and by (15) 
aW, _ alog P), 
dx: dm ’ 
hence ` 
(17) deeg 


On the other hand, in a conservative fie d of force with 
work function W3 and given constant of energy h, the natural 
system defined by equation (1) or by the point function F is a 
system of 
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trajectories, if F= WW: + h, 


(18) brachistochrones, if F = 1/9 +h, 
catenaries, if F = Wet+h. 


By comparison of (17) and (18), we may now state: 
A velocity system for the speed šo in a conservative field with 
work function Wı is a system of (1) trajectories, (2) brachisto- 
‚chrones, (3) catenaries for the constant of energy h in a conserva- 
hive field with work function Wa, where 


(1) W: = lie — h, (2) Wa = g- 2/50 = 
(3) Wa = e5? — h. s 


Since W, = constant gives W = constant, the two fields 
have the same equipotential hypersurfaces and the same 
lines of force. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 


February, 1920. 


AUGUSTUS DE MORGAN ON DIVERGENT SERIES. 
BY PROFESSOR FLORIAN CAJORI. . 


(Read before the-San Francisco Section of the American Mathematical 
Society April 10, 1920.) 


SEVERAL English mathematicians writing in the second 
quarter of the nineteenth century disapproved of the banish- 
ment of divergent series which had been brought about by 

_ the followers of A. L. Cauchy and N. H. Abel. These protests 
were unheeded, doubtless because they were not accompanied 
by indications disclosing how divergent series could be used 
with safety. There was one exception, however: Augustus’ 
De Morgan reached results which, had they been followed up 
promptly, might have re-introduced divergent series thirty 
years earlier than was actually the case. De Morgan’s re- 
searches have been overlooked in historical statements, except 
by H. Burkhardt,* who, however, missed the parts of De 
Morgan which foreshadow a new theory. 

* H. Burkhardt “Ueber den Gebrauch divergenter Reihen in der Zeit 


von 1750-1860,” Math, Annalen, vol. 70 (1911), pp. 169-206. This 
article contains "much minute information regarding many writers. 
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Not only did De Morgan issue a vigorous protest against 
the abandonment of divergent series, but he laid the founda- 
tion to three parts of the subject as it stands to-day: (1) A 
‚principle of divergent series recently enunciated more clearly 
by G. H. Hardy; (2) a summation formula more general than 
that of Cauchy; (3) the use of asymptotic series. 

Omitting many clever observations made by De Morgan, 
we confine ourselves to these three parts. There is consider- 
able incompleteness in De Morgan’s development of them, 
especially of the first part. 

1. A Principle of Divergent Series.—De Morgan’s point of 
view is partly contained in the following assumption*: “If 
then H be expanded into the series Po + Pı + Ps +--+ and 
if the sum of n terms, Po + Pi + --: + Paa be called Q,; 
we obviously have 


[ova (roi f" Pidot af r- RTA 


where n is made infinite after integration. When the series 
P+ Pı+ --- is convergent, then, even granting that 
SY — Q.)de may have circumstances pezuliar to n = œ, 
it is of no consequence, since considerations of form are ren- 
dered useless by evanescence of value: the elements of 
SW — Q,)do must, by the hypothesis of convergency, di- 
minish without limit as compared with the corresponding 
elements of S Podo, S Pide, etc. Even if integration con- 
verted the convergent series into a divergent one, this would 
still be the case.” | 
In this rather difficult passage, De Morgan considers 


f "im (V — Q,)do and lim f i Ohad: 
0 220 nto 0 


DH Po+Pı+ -+ is convergent, then, even if this infinite series be- 
comes divergent on integration, he finds F lim (V—@Q,)do=0, 
D noo 





* A. De Morgan “On divergent series, and varıoıs pomts in analysis 
connected with them” in Cambridge Philosophical Soctety, Transatlions 
vol. 8, Part II, pp. 182-203; see page 189. The paper bears the date of 
Jan. 15, 1843; it wes read March 4, 1844. De Morgan treated divergent 
series also in vol. 11, pp. 190-202, of the above Transactions and ın his 
Differential and In Calculus, London, 1842, chapters 19 and 20, but 
he did not reach noteworthy results other than those given in hıs article 
of 1844. 
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and the elements of ile (H — Q,)do must “diminish without 
5 R 
limit” as “n is made infinite after integration.” It would 
seem that ik lim (V — Q,)dv is used here for the purpose of 
00% 


interpreting lim f (F — Qn)dv. Noexample is given of the 
#D® VO ` 


conversion of a convergent into a divergent series by integra- 
tion, but he takes 


1 — c cos av 


ey 1 — 2 cos ay a te cos at +--+" cos navt Rats, 





then “neglects” R,11 and lets n = ©. Thus he obtains an 

infinite series which is divergent for e > 1. Multiplying both 

sides by edo and integrating from v = 0 to v = œ, he gets 

a convergent series. He shows this result to be arithmetically 
` wrong. : 

Reversing the order of procedure and retaining Rwy in (1), 
he integrates first and then lets n = œ; he obtains a con- 
vergent result which is arithmetically correct. We have here 
a distant approach to the principle advanced by G. H. Hardy* 
nearly sixty years later, to the effect that, in such cases, “we 
may use the otherwise meaningless expression” first obtained 
“as a formal equivalent for the determinate expression” 
obtained last. 

2. A Summation Formula More General than that of Cauchy.— 
That De Morgan in 1843 held views which were in advance of 
his time is evident from the following quotation:f “In every 
convergent series, the limit of the sum of all its terms is the 
mean value obtained from all the summations: the mean of n 

` partial summations A1, (41 + As), +++, (4a t+ As +. + Ar) 
is 

5 n— 2 

n 





n— 1 1 
A+ 4t Ast +, An 
which, as n is increased without limit, has Aı Ask, 
ad inf. for its limit. Hence, by Poisson’s principle, by which 
* Cambridge Philosophical Society, Transactions, vol. 19, 1900-1904, 
ger: See also T. J. I. Bromwlah, Infinite Bertien, London, 1908, p. 267, 


{Cambridge Philosophical Society, Transactions, vol. 8, Part II, 1844, 
p. 192. i 


80 DE MORGAN ON DIVERGENT SEEIES. [Nov., 


I mean the assumption of the right to apply the maxim, 
‘that which is quantitatively true up to the limit, is true in 
the same sense at the limit, when the limit presents an în- 
calculable form’—we may assert most positively, that 
1—-1+1- --- must be $ whenever it is the limiting form 
of convergency: not on the metaphysical doctrine (probably 
suggested by the known result) of Leibnitz, namely, that we 
can see no reason to prefer 0 to 1, or 1 to 0, and must therefore 
take a mean; but because n partial summations give the 
mean 1/n X n/2 or 1/n X (n + 1)/2 according as n is even or 
odd, and the limit of both is 3.” 

De Morgan’s definition of “sum” is substantially the same 
as a definition given by G. Frobenius* in 1880 and the first of 
several definitions given by E. Cesarot in 1890. De Morgan 
pointed out that, when applied to convergent series, his for- 
mula yields the same results as does the restricted formula 
ordinarily used for convergent series; thaz is, he recognized 
the need of “consistency” of definition. 

3. The Use of Asymptotic Series —As.De Morgan’s paper is 
dated January 15, 1848, he had not seen Cauchy’s articlet 
printed later in the same year in which Stirling’s divergent 
series for log T(z) is used for computing log T(x) for large 
positive values of x. De Morgan appreciates the importance 
of asymptotic series, but does not compute the asymptotic 
value of any one series as was done by Cauchy. Iristead, 
De Morgan is groping after a general theory. He says$ 
“When an alternating series is convergent, and a certain 
number of its terms are taken as an apprcximation, the first 
term neglected is a superior limit of the error of approximation. 
This very useful property was observed to belong to large 
classes of alternating series, when finitely or even infinitely 
divergent: I do not remember that any one has denied that it 
is universally true, while many have implicitly asserted it. 
When the series is convergent for a certair number of terms, 
particularly if the terms become very small before they begin 
to increase again, it obviously makes the divergent alternating 





* G. Frobenius, “Ueber die Leibnitzsche Reihe,” Jour. fur Math, vol. 
89 (1880), p. 262 HR 
E. , “Sur la multiplication des séries,” Full. des Sciences Math. 
(2), vol. 14 (1890), p. 119. 
, Cauchy, Comptes Rendus, vol. 17 (28 août, 1843), p. 370; Œuvres, 
Série I, vol. 8, p. 18. 
§ Cambridge Philosophical Society, Transactions, vol. 8, Part II, p. 193. 
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series practically as useful as the converging series, perhaps 
even more so, for it is very frequent that the greater the 
ultimate divergence, the greater also is the primitive tendency 
towards convergence.” 

The theorem that “the first term neglected is a superior 
limit of the error of approximation,” though, as De Morgan 
says, not universally true, is true, he says, of large classes of 
alternating series, including the series @(x) — (z +1) 
+ olz + 2) — as “for all cases in which (x) can be the, 
expressed by f ez ,de, X, being always positive between 
limits.” 

In the development of the modern theories of divergent 
series, Augustus De Morgan deserves to be ranked as a pioneer. 

On December 23, 1857, Sir William R. Hamilton* wrote to 
De Morgan: “About diverging series, you know a great deal 
more than I do. In fact you are aware that I early conceived 
a sort of prejudice against them, in consequence of some of 
Poisson’s remarks. Counter-remarks of yours had staggered 
me, but had not been carefully weighed. At last (and, I regret 
to say it, without having yet found the Papers by you and 
Stokes on such series, for Stokes, or Adams for him, sent me 
about a month ago a duplicate of his memoir on the numerical 
calculation of the values of certain definite integrals, having a 
great affinity to my last Paper) I am become a convert to‘ 
those Divergents; so far at least as to be satisfied that in an 
extensive class of cases, and with suitable limitations, they 
may be safely and advantageously used.” | 

UNIVERSITY OF CALIFORNIA. 


RUSSELL’S INTRODUCTION TO MATHEMATICAL 
? PHILOSOPHY. . 
Introduction to Mathematical Philosophy. By BERTRAND 
RosseLL. (The Library of Philosophy.) ` London, Allen 
. and Unwin, and New York, The Macmillan Company, 
1919. 8vo. vili+ 208 pp. $3.00. 
Tms book, called an introduction to mathematical phi- 
losophy, is an excellent introduction to that field and, more 


* R. P. Graves, Life of Sir William Rowan Hamilton, vol. 3, 1899, p. 538. 
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particularly, to mathematical logic. In the preface the 
author brings out the fact that mathematical logic is relevant 
to philosophy and “for this reason, as well as on account of 
the intrinsic importance of the subject, some purpose ‘may 
be served by a succinct account of the main -esults of mathe- 
matical logic in a form requiring neither a knowledge of mathe- 
matics nor an aptitude for mathematical symbolism.” 

The first chapter is concerned with the logical basis of the 
series of natural numbers. The system of postulates of 
“Peano is discussed in some detail. The postulates used in 
“garithmetization” are indefinite and there is an increase 
in definiteness produced by “logicizing” mathematics. We 
cannot, by Peano’s method, explain what we mean by the 
undefined terms 0, number, and successor in terms of simpler 
concepts although we may know what we mean by them. 
Russell says: “It is quite legitimate to say this (the last 
statement) when we must, and at some point we all must; 
but it is the object of mathematical philosophy to put off 
saying it as long as possible. By the logical theory of arith- 
metic we are able to put it off for a very long time.” 

In Chapters II and III the logical theory of the natural 
numbers is developed. Chapter II contains an exposition of 
the definition of cardinal number given by Frege, i.e., the 
cardinal number of a class is the class of all those classes that 
are similar to it. The following chapter is headed “ Finitude 
and Mathematical Induction.” There the definitions of 0, 
successor, hereditary property, hereditary class, inductive 
property, inductive class and the posterity of a natural number 
are given in terms of elemental logical concepts. The “natural 
numbers” are defined as the posterity of 0 with respect to the 
relation “immediate predecessor.” The idea back of this 
procedure is that of mathematical induction. Russell empha- 
sizes the fact that mathematical induction is a definition and 
not a principle. “There are some numbers to which it can 
be applied and there are others to which it cannot be applied. 
We define the ‘natural numbers’ as those to which proofs by 
mathematical induction can be applied, i.e., as those that 
possess all inductive properties.” For this reason the author 
prefers the term “inductive numbers” to “natural numbers.” 
Of course, this point of view is legitimate on the basis of the 
procedure above outlined. With respect to another setting 
up of the natural numbers mathematical induction might 
well be a principle. 
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Chapter IV is devoted to order relations and Chapters V 
and VI to relations in general. In the treatment of order the 
three kinds of relations, asymmetrical, transitive and con- 
nected, are defined preliminary to ‚giving the following defini- ° 
tion: A series or a serial relation is a relation which is asym- 
metrical, transitive and connected. On the basis of these 
definitions it is shown how the “natural numbers” can be 
ordered serially. Other examples of series are also given. 
Relations which do not have the three characteristic properties 
of serial relations are discussed and the chapter closes with 
a brief account of series for which the defining relation is 
between more than two terms. The relation “between” is 
discussed in some detail. Chapter V treats in a general way 
of relations. Neither here nor anywhere else in the book is 
“relation” defined. A clear cut definition of relation, say 
as a correspondence or as the underlying propositional func- 
tion, and its discussion would seem to be essential to a 
treatment of relations such as given in this book. The author 
does not make this omission in the Principia (volume 1) 

_ and there seems to be no good reason for making it here. 
The necessary material is right at hand. The material of the 
_present chapter i is largely a repetition of matter which 'ap- 
peared in previous chapters, but its. importance warrants 
repetition. Relations of.the following kinds are considered: 
asymmetrical, transitive, connected, ancestral, one-one, one- 
many, many-one, many-many. In discussing the similarity 
of relations in Chapter VI the following two definitions are 
fundamental: “A relation S is said to be a correlator of two 
relations P and Q if S is one-one, has the field of Q for its 
converse domain and is such that P is the relative product 
of S and Q and the converse of S.” “Two relations P and Q 

` are similar if there exists at least one correlator of P and Q.” 
When two relations are similar they share all properties which 
do not depend upon the actual terms in their fields. In this 
connection the question arises: “Given some statement in a 
language of which we know the grammar and the syntax, but 
not the vocabulary, what are the possible meanings of such a 
statement, and what are the meanings of the unknown words . 

that would make it true?” This question is important be- 
cause “it represents, much more nearly than might be sup- 
posed, the state of our knowledge of nature.” 

The notion of similarity leads to the concept “the relation 
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number of a given relation”: the class of all those “relations 
that are similar to the given relation.” The ordinal numbers 
are special cases of relational numbers. The chapter closes 
with an interesting application to the philosophical speculation 
concerning a comparison between an objective and a subjective 
world. 

In Chapter VII the idea of number is extended by supplying 
logical definitions of rational, real and complex numbers. 
The author remarks that the discovery of correct definitions 
in this field was delayed by the common idea that each exten- 
sion of number included, the previous sorts as special cases. 
The definition of positive and negative integers, which is here 
given, is: “If m is any inductiye number (natural number) 
then + m is the relation of n+ m to n for any n (a cardinal 
number) and — m is the converse relation, i.e., the relation 
of n ton + m.” According to this definition “+ m is every 
bit as distinet from m as — m is.” A definition of a similar 
sort is given for positive.and negative ratios. Definitions of 
the following terms are then given: “upper limit (lower 
limit) of a class œ with respect to a relation P”; “maximum 
(minimum) of a class a with respect to a relation P”; “upper 
(lower) boundary of a set a.” A “real number” is a segment 
of the series of ratios in order of magnitude. An “irrational 
number” is a segment of the series of ratios which has no 
boundary. A “rational number” is a segment of the series 
of ratios which has a boundary. In these definitions a seg- 
ment is that class of the two determined by a Dedekind cut 
which contains the smaller numbers. A complex number is 
defined as an ordered pair of real numkers. The various 
arithmetical operations are defined and discussed for each 
particular class of numbers. The extensicns in this chapter 
do not involve infinity. 

In the next.two chapters the notion of number is applied 
to infinite collections. On the basis of the assumption that 
no two inductive numbers have the same successor (given by 
Peano) it is shown that the number of inductive numbers is a 
new number not possessing all inductive properties. To 
quote the author again: “The difficulties that so long delayed 
the theory of infinite numbers were due largely to the fact 
that some, at least, of the inductive properties were wrongly 
judged to be such as must belong to all numbers; indeed it 
was thought that they could not be denied without contra- 
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diction. The first step in understanding infinite numbers 
consists in realizing the mistakenness of this view.” The 
course of the discussion of this chapter leads naturally to the 
definitions: A reflexive class is one which is similar to a 
proper part of itself; a reflexive cardinal number is the cardinal ` 
number of a reflexive class. In order to give a definition of 
the number of inductive numbers the following definition of a 
progression is given: À progression is a one-one relation such 
that there is just one term belonging to the domain but not 
to the converse domain and the domain is identical with the. 
posterity of this one term. The number of inductive numbers, 
No, is the set of all domains of progressions. Some properties 
of N, are developed. A finite class or cardinal is defined as 
one which is inductive and an infinite class or cardinal is one. 
which is not induetive. The statement is made without proof 
that all reflexive classes are infinite (non-inductive). The 
reader is referred to a later chapter for the connection between 
the theorem that all infinite classes are reflexive and the multi- 
plicative axiom. The higher transfinite cardinals and ordinals 
are briefly discussed and Chapter IX closes with a review of 
the formal laws obeyed by the transfinite cardinals and 
ordinals. A general definition of a transfinite ordinal is 
not given. “The importance of ordinals, though by no 
means small, is distinctly less than that of cardinals, and is 
very largely merged in that of the more general conception 
of relation-numbers.” 

Limits and continuity are the topics discussed in the next 
two chapters. The ordinal character of the notion of limit 
is emphasized. In the first of these chapters the notion of 
the limit of a set of elements and such related notions as 
minima, maxima, sequents, precedents, upper limits, lower 
limits and boundaries of a class with respect to a given rela- 
tion are defined. A brief treatment of the Dedekind and Can- 
tor definitions of continuous series is given at the end of the 
chapter. The other chapter is devoted to limits and con- 
tinuity of functions and is more technical. The ordinary 
definitions of lim f(x) and continuous function are given, 


though sometimes in a more abstract form. 

The rest of the book is devoted to the logic (proper) of 
mathematics, the various topics treated becoming more and 
more elemental as the end of the book is reached. In Chapter 
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XII a very clear discussion of the multiplicative axiom is 
given. It is shown how this axiom or a weaker form is needed 
to prove such theorems as these: that any class can be well- 
ordered; that the sum of Xp classes of & members each has 
No members; that a non-inductive class is reflexive. The 
author’s reaction to questions in this chapter is contained in 
the closing paragraph: “It is not impfobable that there is 
much to be discovered in regard to the topics discussed in 
the present chapter. Cases may be found where propositions 
which seem to involve the multiplicative axiom can be proved 
without it. It is conceivable that the multiplicative axiom 
in its general form may be shown to be “alse. From this 
point of view, Zermelo’s theorem offers the best hope: the 
continuum or some still more dense series might be proved to 
be incapable of having its terms well ordered, which would 
prove the multiplicative axiom false, in virtue of Zermelo’s 
theorem. But so far, no method of obtaining such results 
has been discovered, and the subject remains wrapped in 
obscurity.” 

The subject of the next chapter is “The Axiom of Infinity 
and Logical epes?" One form of the axiom of infinity is 
“Tf n be any inductive cardinal number, there is at least one 
class of individuals having n terms.” Without the axiom of 
infinity or its equivalent the theory of real numbers and the 
theory of transfinite numbers would not exist. Russell 
spends some time showing that the axiom of infinity cannot 
be proved after postulating a class of individuals by forming 
the complete set of individuals, classes, classes of classes, etc. 
This kind of reasoning -leads to such contzadictions as the 
existence of the greatest cardinal number, the class of all 
classes, etc. The fallacy of the reasoning consists in the 
formation of a “class which is.not pure as to type.” At this 
point a little is said about the theory of types but the mention 
is too brief to be satisfying. A good brief =xposition of the 
theory of types is probably impossible at this time. Some 
pertinent remarks are: “Classes are logical fictions and a 
statement which appears to be about a class will only be sig- 
nificant if it is capable of translation into a form in which no 
mention is made of the class.” “If there are n individuals in 
the world and 2” classes of individuals we cannot form a new 
class, consisting of both individuals and classes and having 
n + 2" members.” The author does not pretend to have 
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explained the doctrine of types, but his object is to indicate 
why there is need for such a doctrine. Other “proofs,” 
more or less metaphysical, of the axiom of infinity are briefly 
examined. 

The next four chapters are the most fundamental of the 
book. Their object is a critique of the notion of class. 
The topics of the first three of these chapters, viz: (1) the 
theory of deductions and incompatibility, (2) propositional 
functions, (3) descriptions, although very important in them- 
selves, are introductory to the study of the theory of classes 
given in the Jast of these chapters. 

In the chapter on the theory of deduction Russell restates 
his thesis that “what can be known, in mathematics and by 
mathematical methods, is what can be deduced from pure 
logic.” The essential part of the chapter consists of the 
definitions of the -“truth-functions”: “not-p” (negation); 
“p or q” (disjunction); “p and q” (conjunction); “p and q 
are not both true” (incompatibility); “not-p or q” (im- 
plication). All five truth-functions are not independent. 
Two, negation and disjunction, were chosen in the Principia 
Mathematica as fundamental and the others defined in terms 
of these. Sheffer has shown that one primitive idea is suf- 
ficient for that purpose. It is here shown that the single 
primitive idea of incompatibility is sufficient. An analysis 
of deduction is made on the basis of the five formal principles 
of deduction given in the Principia. A formal principle of 
deduction (e.g, “p or p implies p”) has a double use: to 
serve as the premise of an inference or as a rule of deduction. 
A proof that the five formal principles can be reduced to one 
is given in detail. This single formal principle which is 
much more complicated, at least in statement, than any of the 
five is due to M. Nicod. This formal principle and two non- 
formal principles furnish the apparatus, from which the 
whole theory of deduction follows “except in so far as we are 
concerned with deduction from or to the existence or the 
universal truth of propositional functions,” which are studied 
in the next chapter. The chapter closes with an argument 
in support of the author’s views on implication as against 
those of C. I. Lewis. 

Of a propositional function it might be said that it is true 
in all cases or that it is true in some cases. The importance 
of this use of propositional functions is clearly pointed out 
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in Chapter XV. All the primitive proposit.ons of logie as 
well as the principles of deduction consist of statements that 
certain propositional functions are always rue. It is ex- 
plained how the truth-functions as applied to propositions 
containing apparent variables can be defined in terms of the 
definitions and primitive ideas for propositions containing 
no apparent variables. For this it is found n2cessary to take 
as primitive ideas two of the following: “always,” “sometimes,” 
“not-pr sometimes” (or “always” as the case may be). 
The simpler forms of traditional formal logie really involve the 
assertion of all values or some values of a compound proposi- 
tional function. For example: “all S is P” means “gx im- 
plies yz is always true” where ¢x and dr dencte propositional 
functions. Russell’s treatment of traditional logic leads to 
such results as the following: “if there are 20 S’s then ‘all 
Sis P’ and ‘no S is P’ will both be true, whatever P may be.” 
Some reasons for preferring his treatment are given in con- 
vincing form. 

The fundamental meaning of “existence” is contained in 
the following statement: If the propositional function d is 
sometimes true we say that arguments satisfying dr exist. 
We may say men exist (here dris x is a man) but it is nonsense 
to say John exists. Another instance of the use of proposi- 
tional functions which we are considering is in the notions of 
“modality” (necessary, possible and impossible). An un- 
determined value of a propositional function px is necessary 
if the function is always true, possible if sometimes true and 
impossible if it is never true. At the end of the chapter we 
have this sentence: “For clear thinking, in many diverse 
‘directions, the habit of keeping propositional functions 
sharply separated from propositions is of che utmost im- 
portance, and failure to do so in the past has been a disgrace 
to philosophy.” . > 

The theory of descriptions, treated in the next chapter, is 
very important from the point of view of logic and the theory 
of knowledge. Only those parts of the theory which are 
relevant to mathematics are here discussed. A proposition 
involving an indefinite description about “a so-and-so” is 
of the form “an object having the property ¢ has the prop- 
erty y” which means “The joint assertion of dx and yz is 
not always false.” It is an important point tkat such proposi- 
tions contain no constituent represented by the phrase “a so- 
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and-so.” Thus such propositions can be significant when 
there is no such thing as “a so-and-so.” This is the solution 
of the philosophical question of “unreality” which Russell 
gives. The definition of propositions involving definite 
descriptions is: “the term satisfying d satisfies yx” which 
means that there is a term c such that (1) de is always equiva- 
lent to ‘x isc,’ (2) de is true.” The extra condition of unique- 
ness is added in this case. f 

The theory of classes, which is taken up in Chapter XVII, is 
concerned with the word the in the plural while that of definite 
descriptions deals with the singular meaning of that word. 
Because of the paradoxes involving the notion of class the latter 
cannot be taken asa primitive idea. Itis desired to find “a defi- 
nition which will assign a meaning to propositions in whose 
verbal or symbolic expression words or symbols apparently rep- 
resenting classes occur but which will assign a meaning that 
altogether eliminates all mention of classes from a right 
analysis of such propositions.” The theory here outlined 
reduces propositions nominally ‘about classes to propositions 
about the propositional functions which define them. The 
theory is incomplete because it is thrown back, in part, upon 
the incomplete theory of types. Because of this incomplete- 
ness it is found necessary to assume the axiom of reducibility: 
there is a type 7 such that if ¢ is a function which can take a 
given object a as argument, then there is a function of the 
type r which is formally equivalent to ¢. The fundamental’ 
definition of the theory of classes is: if ¢ is a function which 
can take a given object o as argument, and 7 the type men- 
tioned in the above axiom, then to say that the class deter- 
mined by ¢ has the property f is to say that there is a function 
of type 7, formally equivalent to &, and having the property f. 

The final chapter “Mathematics and Logic” opens with an 
assertion of the Russellian thesis that logic and mathematics 
are identical. The proof in all detail is not given, but one is 
referred to the Principia. The remainder of the chapter is 
devoted to a discussion of what is characteristic of mathe- 
matical (or logical) propositions. Logical propositions affirm 
that. some propositional function is always true. Specific 
propositions whose truth depends upon something else than 
the form of the propositions do not belong to mathematics 
but to its applications. Mathematical propositions have the 
characteristic described, perhaps, by the word “tautology.” 
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This together with the fact that they can ke expressed wholly 
in terms of variables and logical constants (invariants under 
all changes of the constituents of a proposition) gives a defini- 
tion of logic or mathematics. The indefiniteness of the notion 
of tautology leaves this definition unsatisfactory and demands 
improvement. At this point, however, we reach the frontier 
of knowledge. It is pointed out that because of the insuf- 
ficiency of language a symbolism for logic is necessary. At 
the close of the chapter the author expresses the hope that 
some who have read this book will master the symbolism of 
symbolic logic and then help to push back still further the 
frontier of knowledge, especially by a new treatment of the 
traditional problems of philosophy. 7 

Throughout the exposition is clear and the style fluent. 
Here and there a refreshing bit of humor or sarcasm is thrown 
in. The book is written in a way which is as simple and un- 
technical as it is, perhaps, possible to be without sacrificing 
accuracy. Besides ably serving the purpose for which it was 
written, the book should be very useful tọ anyone who has a 
fundamental interest in science. 

The following obvious errata in the text have been noted: 


page Ge 3 from bottom, “less than 1000” should read “not loss than 
10 3, 


3 

page 33, lne 7 from top, “but is asymmetrical” should read “but is not 
asymmetrical”; 

page 160, line 19 from top, “z is a mortal man” shculd read “z is not a 
mortal man”’; 7 

page 161, line 2 from top, “to which x belongs” should read “to which 
dr belongs”; 

page 165, line 7 from top, “(where a is a term satisfring x)” should read 

GE (where a is a term satisfying ex)”; 

page 171, line 5 from top, “the propositional function z” should read 
“the propositional function dx”; 

page 176, line 3 from bottom, “a propositional function x” should read 

“a propositional function ar”; 

page A , ‚ine 1 from bottom, “the value of x” should read “the value 
of dr”. 


G. A. PFEIFER. 
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` NOTES. 


The twenty-seventh annual meeting of the American 
Mathematical Society will be held in New York City on 
Tuesday and Wednesday, December 28-29. At this meeting 
President Morley will deliver his retiring address, the subject 
of which will be “ Pleasant Questions and Wonderful Effects.” 
The annual election of officers and other members of the 
Council will close on Wednesday morning. The regular 
western meeting of the Society,-being the forty-sixth regular 
_ meeting of the Chicago Section, will be held at the University 
of Chicago, on December 29-30, in conjunction with the meet- 
ings of the Mathematical Association of America and the 
American Association for the Advancement of Science. 


Tax fifth summer meeting of the Mathematical Association 
of America was held at the University of Chicago on September 
6, immediately preceding the meeting and colloquium of the 
American Mathematical Society. The attendance included 
113 members. The following papers were read: “On certain 
fundamental principles in the mathematics of life insurance,” 
by D. F. CAMPBELL; “Certain features of the application of 
Makeham’s laws of mortality,” by H. L. Rrerz; “The plan of 
pensions and insurance recommended by the Carnegie Foun- 
dation for the advancement of teaching,” by E. L. Donn: 
Report of progress of the National committee on mathematical 
requirements, by J. W. Young; “The debt of mathematics 
to the experimental sciences,” by A. C. Lunn, followed by 
discussion, led by E. H. Moors and M. W. HasKE11; “ Retro- 
spect and prospect for mathematics in America” (retiring 
presidential address), by H. E. SLauGHT. Steps. were taken 
towards the incorporation of the Association, which was 
completed under the laws of the state of Illinois in September. 
The Association held a joint dinner with the American Mathe- 
matical Society on Tuesday ‘evening at the Quadrangle Club. 


THe July number (volume 21, number 3) of the Transactions 
of the American Mathematical Society contains the following 
papers: “On the representation of a number as the sum of any 
number of squares, and in particular of five,” by G. H. Harpy; 
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“A memoir upon formal. invariancy with regard to binary 
modular transformations. Invariants of relativity,” by 
O. E. Grenn; “Properties of the subgroups of an abelian 
prime power group which are conjugate urder its group of 
isomorphisms,” by G. A. Mitier; “On the order of magnitude 
of the coefficients in trigonometric interpolation,” by DUNHAM 
JACKSON; “Concerning simple continuous curves,” by R. L. 
Moore; “On the iteration of rational functions,” by J. F. 
Rr. ' 


~ Tæ following fifteen doctorates with matkematics as mejor 
subject were conferred by American universities in the acade- 
mic year 1919-1920; the title of the dissertation is added in 
each case: J. D. Bonn, Michigan, “Plane trigonometry in ` 
Richard ‘Wallingford’s Quadri partium de sinibus demonstra- 
tis;” J. Douazas, Columbia, “On certain twc-point properties 
of general families of curves”; T. C. Fry, Wisconsin, “The: 
use of divergent integrals in the solution of differential equa-‘ 
tions”; GLADYS GIBBENS, Chicago, “Comparison of different 
line-geometric representations for functions of a complex 
variable”; C. F. GREEN, Illinois, “On the summability and 
regions of summability of a general class of series of the form 
Zeng(@ + n)”; J. W. Laster, Chicago, “Some special cases of 
the flecnode transformation of ruled surfaces”; Erse J. 
McFamLanD, California, “On a special quartic curve”; 
J. J. Nassau, Syracuse, “Some theorems in alternates”; 
C. A. Neıson, Chicago, “Conjugate systems with conjugate 
axis curves”; E. L. Post, Columbia, “Introduction to a 
general theory of elementary propositions” ; Susan M. RAMBO, 
Michigan, “The point at infinity as a regular point of 
certain difference equations of the second order”; L. L. 
STEIMLEY, Illinois, “On a general class of series of the form 
Y(z) = Co + ZCig(nx)”; J. L. Warsa, Harvard, “On the 
location of the roots of the jacobian of two binary forms”; 
R. Woops, Illinois, “The elliptic modular funztions associated 
with the elliptic norm curve Æ”; T. Yana, Syracuse, “A 
problem in differential geometry.” 


The Library of the American Mathematical Society is in 
receipt of the thirteenth and final volume of the magnificent. ` 
edition of the complete works of Christian Huygens issued by 
Nijhoff on behalf of the Dutch Society. of Sciences. The 
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first ten volumes, containing the correspondence of Huygens 
during the period 1636-1695, were. published from ‘1888 to 
1905. The eleventh volume, appearing in 1908, was a com- 
paratively small one of less than four hundred pages, and 
contained early mathematical works of Huygens of the period 
1645-1651. The twelfth volume (1910), also a small one, 
was. devoted to works on pure mathematics, 1652-1656. 
The thirteenth volume (1916), of over nine hundred pages, 
contains the various writings of Huygens on dioptrics during 
the period 1653-1692. It is doubtful if the works of any other 
scientist have received such detailed editing in the way of 
translations, footnotes, and all sorts of indexes. ` 


In the department of .mathematics of the University of 
Michigan the following promotions are announced: Pro- 
fessors W. H. Burrs and T. R. Running to full professor- 
ships; Professors C. E. Love and T. H. HILDEBRANDT to 
associate professorships; Dr. L. J. Rouse, Dr. A. L. NELSON, 
Dr. W. W. DENTON, and Dr. R. B. Hoppe to assistant 
professorships. Dr. RoBBIns has been granted leave of 
absence for the year. Mr. N. Anninec, Mr. S. E. Fær, 
Mr. K. W. Hatpert, Mr. G. D. Jones, Mr. J. N. LANDIS, 
and Mr. H. A. Simmons have been appointed instructors. 


Proressor J. M. TAYLOR, of Colgate University, has retired 
after fifty years of teaching. 


Proressor H. E. BUCHANAN, of the University of Tennessee, 
has been appointed head of the department of mathematics 
at Tulane University. 


Proressor E. W. Brown, of Yale University, has been 
granted leave of absence for the first half year. His address 
will be Christ’s College, Cambridge. 


Dr. A. S. Hatuaway, professor of mathematics at the 
Rose Polytechnic Institute since 1891, has retired from active 
teathing. He is succeeded by Dr. I. P. SousLey, of Pennsyl- 
vania State College. 


AT the University of Iowa, ‘assistant professor E. W. 
CHITTENDEN has been promoted to an associate professorship 
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of mathematics; Dr. W. H. Wırson has been promoted. to the 
rank of associate; Dr. Roscoe Woops, of the University of 
Illinois, has been appointed instructor in mathematics, and 
Mr. H. M. Jerrers, of the Lick Observatory, instructor in 
mathematics and astronomy. 


At the University of Wisconsin, Professor C. S. SLICHTER has 
been appointed dean of the graduate school; associate pro- 
fessor E. B. SKINNER has been promoted to a full professorship; 
assistant professor H. W. MARCH has been promoted to an 
associate professorship; Dr. Warren WEAVER has been’ 
appointed assistant professor; Mr. HaroLp Davis, of Harvard 
University, and Mr. M. L. MacQuzeEn, of Southwestern 
Presbyterian University, have been appointed instructors in 
mathematics. 


ASSISTANT professor EUGENE TAYLOR, of the University of 
Wisconsin, has ‘been appointed professor and head of the 
department of mathematics at the University of Idaho. 


PROFESSOR D. A. Rornrock has been elected dean of the 
college of liberal arts of Indiana University. 


AT the University of Kentucky, Dr. F. ELIZABETH LE- 
STOURGEON, of Carleton College, has been appointed assistant 
professor of mathematics, and Mr. W. E. Payne: has been 
appointed instructor. Dr. G. W. Smrrx has resigned, to 
accept an assistant professorship of mathematics at the 
University of Kansas. 


Proressor PauL BACHMANN died at Weimar, March 31, 
1920, at the age of eighty-three years. 
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I. (HIGHER MATHEMATICS. e 


Bonora (R.). Die nichteuklidische Geometrie. Historisch-kritische 
Darstellung ihrer Entwicklung. Autorisierte deutsche Ausgabe, 
besorgt von H. Liebmann. 2te Auflage. Leipzig, Teubner, a 40 


. Drasarr (M.). Ueber rekurrente Reihen von hbheer, insbesondere von 
der dritten Ordnung. (Dissertation.) Jena, 19-9. 
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Fischer (P.). Koordinatensysteme. 2te, verbesserte Auflage. Berlin, 


1919. : M. 1.25 
Fricke (R.). Hauptsatre der Differential- und Integralrechnung. 7te 
. Auflage. Braunschweig, 1919. M. 7.60 


Incumamt (G.). Table des nombres premiers et de la décomposition des 
nombres de 1 & 100,000, revue et corrigée par le P. V. Prompt et 
suivie de la table des bases des nombres tessaréens de 1 à 20,000. 
Paris, Gauthier-Villars, 1919. 8vo. 20 + 36 pp. Fr. 7,50 


' Liesmann (H.). See BonoLa-(R.). 

Mann (W. D.). Das Preisproblem der Potensenreihe zà + ys — 2d in 
Beziehung su'verwandten Problemen und Tatsachen der egenwart. 
Mexico, Deutsche Buchhandlung, 1919. $1.25 

Patz (J.). Notions élémentaires du calcul différentiel et du calcul 
intégral. Paris'et Liège, Béranger, 1920. 8vo. 330 pp. Fr. 20.00 

Prôzss (0.). Graphisches Rechnen. Leipzig, Teubner, 1920. M. 1.60 

Prompt (P. V.). See Inaurramt (G.). 

SALMOIRAGHT (A). Guida pratica del geometra moderno. 2a edizione. 
Milano, tip. U. Allegretti, 1920. 8vo. 24 + 120 pp. L. 10.00 


ZsigMoNDY (K.). Zum Wesen des Zahlbegriffes und der Mathematik 
Antrittsrede, gehalten bei der feierlichen Rektors-Inau tion am 
26. Oktober 1918 in der Technischen Hochschulen zu Wien. Wien, 
Verlag des Verfassers, 1919. 


U. ELEMENTARY MATHEMATICS. 
Barker (E. H.). Applied mathematics for junior high schools and hi 
` schools. Boston, Allyn and Bacon, 1920. 12mo. ‘256 pp. $1. 


Cammarı (C.) e Cammarı (P.). Nuovo manuale italiano logaritmico- 
trigonometrico con sette o dieci decimali. Fascicolo 2: Tavole di 
logaritmi delle funzioni circolari a sette decimali, per uso delle scuole 
secondarie. Piacenza, tip. V. Porta, 1919. 8vo. 50 pp. L. 3.50 


awa (P.). See Cammarı (C.). 
Dose, (C. V.) and Parmer (G. W.). Elementary algebre. Part 1. 


London, Bell, 1920. 8 + 256 +8 pp. 38. 6d. 
Lietzmann (W.). Riesen und Zwerge im Zahlenreich. 2te durchgesehene 
und ‘vermehrte A . (Mathematisch-physikalische Bibliothek 
Nr. 25.) Leipzig, Teubner, 1919. 68 pp. M. 1.50 


Mons (R. M.). Mathematical papers for admission into the Royal 
Military Academy and the Seat Military College, and papers in 
elementary engineering for the Royal Air force for the years 1910-1919. 
Edited by R. M. Milne. London, Macmillan, 1920. 10s. 6d, 


NEUENDORFF (R.). Lehrbuch der Mathematik. Fur mittlere technische 
Fachschulen der Maschinenindustrie. 2te Auflage. Berlin, ns ai 
Parame (G. W.). See Doan (C. V.). 7 


Wuermer (H.). Die sieben Rechnun mit allgemeinen Zahlen. 
2te nr A e. (Mathematisch-physikalische Biblo- 
thek, Nr. 7.) Leipzig, Teubner, 1920. 55 pp. S 
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II. APPLIED MATHEMATICS. 


ARRHENTUS (8.). Der Lebenslauf der Planeten. Nach der 4ten Auflage 
aus den Schwedischen von B. Finkelstein. Leipzig, Akadem. Verl. 


Gesellschaft, 1919. Geb. M. 10.00 
Bumm (J.). Manuel de topométrie. Opérations sur le terrain et 


calculs. Paris, Dunod, 1920. 4to. 8 + 222 pp. Fr. 19.50 
Berger (A.). : See Cuarr'uis (J.). £ 


Bicourpan (G). Petit atlas céleste précedé d’une introduction sur les 
constellations. 2e édition. Paris, Gauthiec-Vulars, 1920. 8vo. 58 
pp. + ö maps in colors. Fr, 2.00 


BLonvez (A.). See Maupu (A.). 


Busca (F.). Beobachtung des Himmels mit einfachen Instrumenten. 
2te Auflage. (Mathematisch-physikalische Bibliothek, Nr. 14.) 
Leipzig, Teubner, 1919. 51 pp. Geh. M. 1.00 


Caunt (G. W.). See Louis (H.). 


Cæarpuis (J.) and BerarT (A.). Leçons de physique générale. Tome II: 
Electricité et magnétisme. 36 édition, ent-èrement refondue par J. 
Chappuis et M. otte.- Paris, Gauthier-Villars, 1920. 3v, 324 
pp. Fr. 48.00 


DELLINGER (J. H.). Principles of radio transmission and recepzion with 
antenna and coil aerials. (Scientific Paper No. 354 of the Bureau of 
Standards.) Washington, Government Printing Office, 1919. Sen. 
64 pp. $0.10 

Drzewiecsr (8.). Théorie générale da V’hélce. Hélices aériennes et 
hélices marines. Paris, Gauthier-V:llars, 1920. 8vo: 12 Vire DB, 

T. 15 

Fazer (0.). Ses FERRARI (—.). 

FERRARI G~) Dioptrie instruments; being an elementary expasition of 
Gauss’s theory and its applications. Tranaated by ©. Faber. Lon- 
don, Harrıson, 1920. 31 + 214 pp. 48. 


FINKELSTEIN (B.). See ARRHENIUS (8.). 


Forpu (A.). Vorlesungen über technische Mechanik. 3ter Band: Festig- 
keitslehre. 7te Auflage. 4ter Band: Dynamik, Bte Auflage. Leip- 


zig, 1919. M. 16.00 + 16. 60 
Harra (M.). See Turriène (E.). 
HEIRAAN E Calculs graphiques et analytiques du béton armé, 

Dunod, 1920. 4to. 208 pp. Fr. ge a 


Hewxez (O.). Graphische Statik mit besonderer EE der 
Enflusshnien. 2ter Teil. Berlin, 1919. 1.25 


Lamorre (M.). See Cmarruw (J.). 

Louis (H.) and Caunr (G. W.). Tacheometer tables, with an introductory 
chapter on tacheometric surveying. London, Longmans, 1920. 8vo. 
40 e 52 pp. 12s. 6d. 

Mascanr (J.). See Reynaup (P.). 

Mamm (A.). Electrotechnique a SR Machines électriques (théo- 
rie, essais et construction). urs professé à l’Institut électrotech- 


nique de Nancy. Avec une préface de A. Blondel. Nouveau tırage. 
Paris, Dunod, 1920. 8vo. 20 + 950 pp. Fr. 52.50 
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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tux two hundred and twelfth regular meeting of the 
Society was held at Columbia University on Saturday, October 
30, 1920, extending through the usual morning and afternoon 
sessions. The attendance included the following thirty-five 
members of the Society: 

Dr. J. W. Alexander, Professor A. A. Bennett, Professor 
F. N. Cole, Dr. Tobias Dantzig, Dr. Jesse Douglas, Professor 
L. P. Eisenhart, Professor H. B. Fine, Professor T. S. Fiske, 
Professor W. B. Fite, Mr. Philip Franklin, Dr. T. H. Gronwall, 
Dr. C. M. Hebbert, Dr. A. A. Himwich, Mr. S. A. Joffe, 
Professor Edward Kasner, Professor C. J. Keyser, Dr. E. A. T. 
Kircher, Dr. K. W. Lamson, Mr. Harry Langman, Dr. H. F. 
MacNeish, Professor Frank Morley, Professor W. F. Osgood, 
Dr. G. A. Pfeiffer, Dr. E. L. Post, Professor H. W. Reddick, 
Dr. J. F. Ritt, Dr. Caroline E. Seely, Professor L. P. Siceloff, 
Professor H. W. Tyler, Professor Oswald Veblen, Professor 
J. H. M. Wedderburn, Mr. R. A. Wetzel, Professor H. S. 
White, Professor J. K. Whittemore, Dr. T. S. Yang. 

President Morley occupied the chair. The Council an- 
nounced the election of the following persons to membership 
in the Society: Dr. P. M. Batchelder, University of Texas; 
Miss Vevia Blair, Horace Mann School; Mr. E. H. Carus, 
La Salle, Il.; Mr. W. E. Cederberg, University of Wisconsin; 
Mr. R. P. Conkling, Newark Technical School; Mr. P. H. 
Evans, Northwestern Mutual Life Insurance Company, Mil- 
waukee, Wis.; Mr. B. L. Falconer, U. S. Civil Service Com- 
mission, Boston, Mass.; Mr. J. A. Foberg, Crane Junior 
College, Chicago, Ul.; Dr. Gladys E. C. Gibbens, University 
of Minnesota; Professor L. E. Gurney, University of the 
Philippines; Professor Archibald Henderson, University of 
North Carolina; Miss Jewell C. Hughes, University of Ar- 
kansas; Miss Claribel Kendall, University of Colorado; Mrs. 
M. I. Logsdon, University of Chicago; Mr. R. L. McNeal, 
General Motors Laboratories, Detroit, Mich.; Mr. H. L. 
Olson, University of Michigan; Professor Leigh Page, Yale 
University; Capt. H. W. Rehm, Aberdeen Proving Ground, 
Md.; Mr. Irwin Roman, Northwestern University; Mr. 
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Raleigh Schorling, Lincoln School, New York City; Mr. E. L. 
Thompson, Junior College, Joliet, Il.; Dr. Bird M. Turner, 
University of Illinois. Four applications for membership in 
the Society were received. $ 

A committee was appointed to audit th= accounts of the 
Treasurer for the current year. A list af nominations of 
officers and other members of the Council was adopted and 
ordered printed on the official ballot for the annual election. 
The Treasurer of the Society to be elected at the annual 
meeting was made curator of all property belonging to the 
Society. 

It was announced that the next summer meeting of the 
Society will be held at Wellesley College. The Mathematical 
Association of America, which will hold its winter meeting 
at Chicago, will meet with the Society at Wellesley. 

The following papers were read at the October meeting: 

(1) Mr. H. S. Vanprver: “On Kummer’s memoir of 1857 
concerning Fermat’s last theorem. Second paper.” 

(2) Professor R. L. Borger: “On total differentiability.” 

(3) Professor ELIZABETH LESTOURGEON: “Minima of func- 
tions of lines.” 

(4) Professor Josera LipkA: “Complete geometric char- 
acterization of the dynamical trajectories on a surface for any 
positional field of force.” 

(5) Professor Josepa Leg. “Complete geometric char- 
acterization of brachistochrones, catenaries, and velocity 
‘curves on a surface.” 

(6) Professor Dunxam Jackson: “On the convergence of 
certain polynomial approximations.” i 

(7) Dr. J. F. Rrrr: “On algebraic functions which can be 
expressed in terms of radicals.” ` 

(8) Professor A. A. BENNETT: “The Schwarz inequality for 
a given symmetrical convex region and given bilinear form.” 

(9) Professor Epwarp Kasner: “Determination of an 
Einstein gravitational field by means of the paths of free 
particles.” 

(10) Professor O. E. GLENN: “An algorism for differential 
invariant theory.” 

(11) Dr. T. H. GRONWALL: “Some inequal:ties in the theory 
of functions of a complex variable.” 

(12) Dr. W. L. G. Wıruıams: “Fundamental systems of 
formal modular seminvariants of the binary cubic.” 
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Dr. Williams’ paper was communicated to the Society 
through Professor L. E. Dickson. In the absence of the , 
authors the papers of Mr. Vandiver, Professor Borger, Pro- 
fessor LeStourgeon, Professor Lipka, Professor Jackson, Pro- 
fessor Glenn and Dr. Williams were read by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. The first paper under the present title appeared in the 
Proceedings of the National Academy for May,-1920. In it, 
Mr. Vandiver mentions four theorems of Kummer’s, which he 
numbers I to IV. It is shown that Kummer’s arguments for ` 
each theorem are either deficient or inaccurate. In the present 
paper, the work of Kummer is modified in such a way as to 
yield proofs of theorems I and IV. 


2. Professor Borger’s paper contains a necessary and suff- 
cient condition that a function of two independent variables 
may possess a total differential in any point where its partial 

_ derivatives exist and are finite. The extension to variables 
is also indicated. 

For a function of two variables this condition may be stated 
as follows: If the limits , 


im fat iD —fle,y+h 





rae 
lim Et} TPE feth, y) 
(A, Et 
exist: and if 
a lim [E t$ rene f(z, y + k) . 
: ev EE Te 
(k, 2 
fe+h,y+h-fe+thy) ` 
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the function f(x, y) is totally differentiable i in the point (x, y) 
and conversely. 

~The notation lim, Aen signifies that h and k approach zero so- 
that the absolute value of the first variable in the parenthesis 
is less than or equal to that of the second. 


“1 


- 
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3. Fréchet has. defined first and second differentials for & 
function of a line or functional F(A). If A(x) + n(x) is a 
variation of \o(x), the first differential is a linear functional 
L(n) and the second is expressible in the form B(n, n), where 
B(u, v) is a bilinear functional in the independent arguments 
u(x) and v(x). The definitions of Fréchet apply "only to 
functionals and differentials having continuity of order zero. 
Professor Le Stourgeon shows that if the continuity is of the 
first order, as in the case of the integrals of the calculus of 
variations, the differentials L(y) and B(n, n) are expressible 
in the forms 


Un) = f atedute) + Lager 


Ban = [ f nonada S e non Gate D 


+ f f worda, a 


If the functional F(A) has a minimum at An, then it is proved 
that u and u, must satisfy an equation of the form 


u(x) = f uod = ka + l, 
where k and l are constants. Furthermore, under certain 
restrictions, a necessary condition for a minimum analogous to 


‘the Jacobi condition of the calculus of variations is deduced. 
It is proved that when F(Ao) is a minimum the equation 


f uada, 2) + w Ware, ai 
- [ [rot D + wadage Mid = ket 1 


` can have no solution u(x), except u(x) = 0, vanishing at 


x = a and a point x = 2’ between a and b. 

The paper appeared'in the October issue of the Transactions. 
P 

4. In this paper, Professor Lipka derives five geometric 
‘properties of the system of trajectories generated by the 
motion of a particle on any constraining surface under any 
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positional forces. The properties involve the system of tra- 
jectories, certain plane systems associated with them by projec- 
tion into the tangent planes, the lines of force, and isothermal 
nets of curves, and are stated in terms of geodesic curvature, 
osculating and hyperosculating geodesic circles; and osculating 
parabolas. It is shown that the five geometric properties 
completely characterize the system of trajectories in the sense 
that any triply infinite system of curves on a surface which 
possesses these five properties may be considered as generated 
by the motion of a particle in a unique field of force. 


5. This paper presents a study (analogous to that made for 
dynamical trajectories under positional forces) of certain 
systems of curves on a surface termed “n” systems—which 
include brachistochrones, catenaries, velocity curves, and 
dynamical trajectories as special cases. The field of force is 
conservative. Professor Lipka derives five geometric proper- 
ties‘ and shows that these completely characterize an “n” 
system, in the sense that any triply infinite system of curves 
on a surface which possesses these five properties may be 
considered as an “n” system—system of dynamical trajec- 
tories, brachistochrones, catenaries, velocity curves, etc., de- 
pending on the value of “n 


6. In this paper, Professor Jackson extends to a problem of 
polynomial approximation the method of treatment uséd in a 
paper presented to the. Society at the summer meeting in 
Chicago, on the corresponding trigonometric case. It is as- 
“sumed that f(x) is a given function, continuous fora < x < b, 
and that Pan(z) is the polynomial of the nth degree which 
gives the best approximation to f(x) over the interval, in the 
‘sense of the integral of the mth power of the absolute value-of 
the error. The conclusions reached are not exactly parallel ` 
to those in the trigonometric case. It is found that, when m 
is held fast and n is allowed to become infinite, Dan?) con- 
verges uniformly to the value of f(x) fora < x < b, provided 
that lim, o(8)/ V = 0, where w(ô) is the maximum of 

fa’) — f(x”)] for |x’ — ail <6. The condition as stated 
. is significant only for m > 2; its form is appropriately modified 
for1 Sm <2. Somewhat less stringent conditions are found 
for convergence in the interior of the interval. 
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7. Let F(w, z) = 0 be an irreducible algebraic equation of 
prime degree nin w. Let the number of values of z for which 
the Riemann surface for w has branch points be q. Dr. Ritt 
shows that if w can be expressed in terms of radicals, then 





where p is the genus of the given algebraic relation. 

It can be shown from this inequality that for every genus 
greater than zero, there is an upper bound to those prime 
numbers n which can serve as the degree of w in an algebraic 
relation which permits w to be expressed in terms of radicals. 

For the special and interesting case of p= 0, we have 
q= 2, 3 or 4. If the monodromy group contains a cyclic 
substitution, we must have g = 2 org = 3. In that case the 
Riemann surface for w can be changed by a linear transforma- 
tion either into the surface for sis or into the surface for 
cos ((cos?z)/n). It follows that the only polynomials of prime 
degree whose inverses can be expressed in terms of radicals 
are (as + b)” + cand cf, (az + b) + d, where cos nz = f,,(cos 2). 

For q = 4, the equations are those which appear in the 
transformations of prime order of the elliptic functions. 

If g= 38 and the monodromy group contains no cyclic 
substitution, we must have n = 3r + 1, 4r + 1 or 6r + 1, to 
each of which cases corresponds a special class of equations. 


8. Starting with an arbitrary symmetrical convex region, 
in a domain of a linear set of elements, Professor Bennett 
constructs a norm, having a linearly homogeneous property, 
and satisfying a “triangle inequality.” For a dual set of 
variables, an inner product and a dual ncrm are obtained. 
These will in every case satisfy the Schwarz inequality familiar 
in integral equations. The norms thus obtained are deter- 
mined completely by the character of the even symmetrical 
convex region. 


9. Professor Kene shows that a four-dimensional manifold 
obeying Einstein’s gravitational equations is essentially deter- 
mined by its geodesics (paths of particles). Two Einstein 
manifolds cannot admit geodesic representation without being 
equivalent (applicable). Hence a complete knowledge of the 
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orbits of planets in the solar gravitational field determines 
that field completely, and therefore makes it possible to 
predict the shape of the light rays. The converse determina- 
tion, by light rays alone, was discussed in one of the “Five 
notes on relativity” read at the summer meeting in Chicago. 
Thus we have in particular a two-fold connection between the 
motion of the perihelion of Mercury (43’’), and the deflection 
of a light ray (1.7”). 


10. The initial point of view in Professor Glenn’s paper is 
obtained from the poles of the transformation on the differ- 
entials which one derives from relations +, = x,(yı, Ya) 
(r = 1, 2) by which a differential quantic f is transformed. 
These are zeros of linear differential covariants dfa, appertain- 
ing to a domain R defined by certain irrational expressions in 
the functions x, and their derivatives. The coefficients of the 
expansion of f in terms of df., as arguments are relative 
differential parameters, here called invariant elements, apper- 
taining to R. Moreover every differential parameter (or co- 
variant) is, in R, a function of the invariant elements and their 
derivatives, which accordingly afford a basis of classification 
for the known types of parameters and for several new types 
belonging to various domains. The methods of the paper 
give a direct approach to finiteness theorems and proofs 
in the subject. A complete system of 31 parameters. of a so- 
called orthogonal type for the differential quantic of order six 
is produced in the paper, and, in addition, certain more general 
systems of an extended orthogonal type. 

11. In this paper, Dr. Gronwall establishes inequalities 
analogous to that of Carathéodory for the cases where the 
real or imaginary part, or both, of a power series convergent 
in the unit circle is bounded above or below, or both ways. 


12. Dr. Williams proves certain general theorems regarding 
formal modular seminvariants of the binary cubic, modulo 
p, a prime. A method of deriving a fundamental system of 
formal seminvariants for any particular prime is outlined and 
the method is applied to the cases p= 5 and p= 7. The 
` results for p = 5 agree with those found by L. E. Dickson and 
published in his Madison Colloquium Lectures. 

~ F. N. Corr, 
Secretary. 
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THE MATHEMATICAL CONGRESS AT STRASBOURG. | 


À MATHEMATICAL congress, called as a result of the general 
recommendations of the Brussels conference, was held at the 
University of Strasbourg from September 22 to September 30, 
1920. Although, as would naturally be expected, it was 

attended chiefly by French mathematicians, there was a fair 
attendance from other allied countries. There were some 
twelve members from the United States and six from England, 
but at the time of preparing this report there had appeared no' 
printed list of those present. 

In addition to the meetings of the several sections, the 
general programme was as follows: 

Wednesday, September 22: Official opening of the congress, 
under the presidency of M. Alapetite, Commissaire général’ 
of the republic; address of welcome, with responses by repre- 

‘sentatives of various countries. Professor L. E. Dickson 
responded for this country. Visit to the university. First 
general session: election of president, vice-presidents, and 
secretary. Professor Picard was chosen president by unani- 
mous vote. Reception to members of the congress, held in 
the Salle des Fêtes of the university. 

Thursday, September 23: Visits to the four museums of the 
city. General session: address by Sir Joseph Larmor on the 
. nature of the ether. Reception by the Society of friends of 
the university. 

Friday, September 24: Visits to points of interest in the city. 
‘General session: address by Professor L. E. Dickson. Recep- 
tion at the Hôtel-de-Ville. General meeting in honor of the 
congress, organized by the Société des Sciences du Bas-Rhin: 
address by General Tauflieb on science in Alsace; concert. 

Saturday, September 25: General session: address by Pro- 
fessor C. J. de la Vallée Poussin. Reception at the Commis- 
sariat général. 

Sunday-Monday, September 26-27: Excursions to Saint- 
Odile and on the Rhine. | 

Tuesday, September 28:' General sessions: addresses by 
Professors Vito Volterra and N. E. Nörlund. Closing session. 
Banquet. | : 

Wednesday-Thursday, September 29-30: Excursions to 
` Saverne and Linge. 


1920. | MATHEMATICAL CONGRESS AT STRASBOURG. 105 


At the section meetings, held. September 23-25, 27-28, the 
| following papers were read: 


SECTION I. ARITHMETIC, ALGEBRA, ANALYSIS. 


Youne: Sur la définition de Paire et du volume. 

Dickson: Homogeneous polynomials with a multiplication 
theorem. 

CHÂTELET: La loi de réciprocité et les corps Abéliens. 

DANELL: On Stieltjes integrals and Volterra composition. 

Amster: Sur le calcul symbolique sommatoire. 

Fuerer: Einige Sätze aus der Theorie der complexen Multi- 
plikation der elliptischen Funktionen. 

Densor: Sur une classe d’ensembles parfaits en relation 
avec les fonctions admettant une dérivée généralisée. 

SroïLow: Sur les ensembles de mesure nulle. 

DU- Pasquier: Sur une théorie des nombres complexes. 

. WIENER: On certain iterative properties of bilinear opera- 
tions. 

Draca: L'intégration lögique des équations différentielles; 
applications à l’analyse. 

Hapamarp: Sur la solution élémentaire des équations 
linéaires aux dérivées partielles et sur les propriétés des géo- 
désiques. 

Taxaai: Sur quelques théorèmes généraux de la théorie des 
nombres algébriques. 

Rey Pastor: Sur la transformation conforme. 

Typpa: Sur les équations du troisième degré. 

STÖRMER: Méthode d'intégration numérique des équations 
différentielles. 

R£MounDos: Sur le module et les zéros des fonctions 
analytiques. 

VaroPouLos: Sur le module maximum des fonctions algé- 
-broides. | 

‘RIABOUCHINSKY: Sur le calcul des valeurs absolues. 


Zervos: Remarques sur certaines transformations des ` 


équations aux dérivées partielles. 

Ranu: Sur la transformation des équations différentielles 
linéaires. 

Bourrovux: Sur une équation différentielle et sur une famille 
de fonctions entières. 

LEFSCHETZ: Quelques remarques sur la multiplication com- 
plexe. 
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WAWRE: Sur un système d’équations à une infinité d’in- 
connues. 3 
WIENER: On the theory of sets of points in terms of con- 
tinuous transformations. 
DE Rurrs: Une propriété simple des systèmes trans- 
“formables. 
Ocura: Sur la théorie de l’interpolation. 
Vaurron: Sur quelques points de la théorie des fonctions 
. entières. 
Zervos: Sur l'intégration de certains systèmes différentiels 
indéterminés. 
WatsH: On the location of the roots of polynomials. 
ZAREMBA: Sur un théoréme fondamental relatif ä l’équation 
de Fourier. 
Young: Sur certaines intégrales doubles. 
SAKELLARIOU: Sur les solutions discontirues du problème 
du calcul des variations dans l’espace à n dimensions. 


SECTION II. GEOMETRY 


APRILE: Le congruenze di coniche. 

Bypzowsky: Sur les transformations qusdratiques repro- 
duisant une quartique elliptique plane analyrique. 

TayLor: La géométrie des variables complexes. 

Cartan: Sur le problème général de la dé‘ormation. 

Draca: L'intégration logique des &quatioas différentielles; 
application à la géométrie et à la mécanique. 

ErsenmaRT: Transformation des systèmes conjugués R. 

SoBOTKA: Sur le deuxième indicatrice en un point d’uné 
surface. f 

Hostinsxy: Sur les propriétés de la sphère qui touche 
quate plans tangents consécutifs d’une développable. 

CLAPIER: Sur la transformation de Lie. | 

Le Roux: Sur la géométrie des déformations des milieux 
continus. 

EisenHART: Transformation des surfaces applicables sur 
une quadrique. 

Murray: Method of classifying all polygons having a 
given set of vertices. : ` 


SECTION III. MecmanNics, APPLIED MATHEMATICS. 


VANDERLINDEN: Les théories d’Einstein et leurs applica- 
tions à l’astronomie. 
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BrILLovmn: Sur un type d'action à hérédité discontinue et 
- Jes équations différentielles des mouvements qui en résultent. 

SCHWOERER: Détermination de l'équation séculaire de la 
terre dans la théorie d’Arrhenius. 

GumLaume: Expression mono- et poly paramétrique du 
temps dans la théorie de la relativité. | 

Wrucens: Représentation géométrique du temps dans la 
théorie de la relativité. 

Hapamarp: Sur le problème mixte pour une équation 
linéaire aux dérivées partielles. 

' BanerJ1: Some problems in earthquakes. 

Boccarpi: Sur le déplacement du pôle. 

pa Costa-LoBo: Sur la courbe décrite par le pôle sur la 
surface de la terre. 

Boccarvı: Sur les approximations numériques et les sciences 
d'observation. ` 

Farm-BovLan: Nouveau théorème pour calculer les ten- 
sions des barres surabondantes deg poutres et arcs à montants 
et croix de Saint André. . - 

GREENHILL: La fonction potentielle uniaxiale et sa fonction 
de force orthogonale. 

Harzmagis: Sur quelques formules de géométrie ciné- 
matique. 

Hosrinsky: Sur un problème général de la mécanique 
vibratoire. 

Marzarp: Mise au point des hypothèses cosmogéniques- 
nébulaires. 

ROSENBLATT: Sur la théorie des figures d'équilibre des 
masses fluides animées d’un mouvement de rotation. 

RIABOUCHINSKY: Sur la résistance des fluides. 

Larmor: Sur les pressions des ondes sonores. 

GULDENBERG: Une application des polynömes d’Hermite à 
un probleme statistique. 

DE DoNDEr: Sur la gravifique. b 

Larmor: Sur les rayons diffractés attachés aux images 
optiques. i 
` Barrau: Sur la cinématique plane. 

Baver: Remarques élémentaires sur le principe de relativité 
en electrodynamique. \ 


Section IV. ParLosop#y, History, PEDAGOGY. 


Gérarpin: Décomposition des nombres. Machines à con- 
. gruences. Des nombres entiers. Jeux scientifiques. 
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Brocarp: 24 propositions de Fermat. 
DELAPORTE: Sur la réforme du calendrier 
DU PASQUIER: Sur les nombres transfinis. 
GREENHILL: Les fonctions de Fourier et Bessel comparées. 
ı D’Ocaenz: La pratique courante, de la méthode nomo- 
graphique des points alignés: à propos de ses applications 
de guerre. ; | 
` Grossmann: Sur l’état de publication des œuvres d’Euler. 
Posriazione: Cyclémetrie mécanique. 
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NOTE ON A METHOD OF PROOF IN THE THEORY 
OF FOURIER’S SERIES. 


BY PROFESSOR DUNHAM JACKSON. 


(Read before the American Mathematical Society Sestember 7, 1920.) 


\ 

Ir has been pointed out on various occasions* that if fix) 
is a continuous function of period 2r satisfying the Lipschitz- 
Dini condition, that is, if Dm, #(6) log ô = 0, where w(5): 
is the maximum of the oscillation of f(x) ir an interval of 
length ô, then the uniform convergence of tke Fourier series 
for f(x) can be inferred almost immediately frcm the following 
two propositions: 

A.t If f(z) satisfies the Lipschitz-Dini ccndition,t there 
exists for every positive integral value of n e finite trigono- 
metric sum r;(x), of order n at most, such that Dm, Ze logn 
= 0, where r, is the maximum of |f(x) — r,(x)|. 

* “u H d H ” 
EE Pe e Series dats © = 

TC, e.g., Lebesgue, loc. cit., p. 116; D. Jackson, ‘ Oa the approximate 
representation of an indefinite integral, etc.” Transacions Amer. Math. 
Society, vol. 14 (1913), pp. 343-364; p. 350 


p. 350. ; 
+ It is understood throughout the paper that every function considered 
has the period 2r. 


1920.] METHOD OF PROOF IN FOURIER’S SERIES. 109 


B* If (æ) is any continuoust function, and S,(z) the 
partial sum of the Fourier series for g(x) to terms of order n, 


‘then |S,(x)| can not exceed KM log n, where M is the maxi- 


mum of |p(z)|, and K is an absolute constant. 

‘The central point in the proof is the fact that r,(z) is 
identical with the partial sum of its own Fourier series to 
terms of order n. It is the purpose of this note to show that 
similar reasoning can be applied to the arithmetical mean of 
Fejér,t in spite of the fact that the Fejér mean formed for a 
finite trigonometric sum r„(x) is not the same as r„(x). It 
is necessary to change the argument somewhat, but there is no 
difficulty in making the required modification. 

Let f(z) be now an arbitrary continuous function, and let 
g(t) be the arithmetical mean of the partial sums of the 
Fourier series for f(z), to terms of order n. The uniform 
convergence of oA(æ) to the value f(x) is to be deduced from ` 
the propositions: 

C. (Weierstrass’s theorem.)§ If f(z) is continuous, there 
exists for every positive integral value of n a finite trigono- 
metric sum r„(2), of order n at most, such that lim, 7,=0, 
where r, is the maximum of |f(z) — r,(x)|. te 

DI If g(x) is any continuous function (more generally, any 
integrable function), and o,(x) the Fejér mean of the Fourier 
series for g(x) to terms of order n, then |o,(x)| can not exceed 
M, where M is the maximum of | ¢(z)|. 

Let e be any positive quantity. Let a finite trigonometric 


` sum r,(x), of order p, be determined, according to Proposition 


C, so that _ 
| ai — r9(2)| < 3e 


Let o„ı(x) be the Fejér mean, of order n, for the function 1X), 
and ott) the corresponding mean for the function f(x) —7»(z). 





. * CE, e.g., Lebesgue, loc. cit., p: 116; D. Jackson, “On approximation 
by trigonometric sums and polynomials,” Transactions Amer. Math. 
ociety, vol. 13 (1912), PP. 491-515; pp. 502, 512-515. - 
{It is sufficient for the truth of ‚statement that ¢ be integrable, 
but for present purposes there is no need of speaking of any but continuous 
cti 


ons. 
t Fejér, “Untersuchungen über Fouriersche Reihen,” Mathematische 


‚Annalen, vol. 58 (1904). PR: 51-69. ` , 
Weierstrass, ‘Ueber die che Darstellbarkeit sogenannter will- 
kürlicher Functionen einer reellen Veranderlichen,” Berliner Sitzungs- 
berichte, 1885, pp. 633-639, 789-805; p. 801. 
|| Fejér, loc. cit., p. 60. 
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Then - we . 
(1) On(Z) = ant) + ona (x). 
By Proposition D, 
|one(2)| < $e, 
(2) Ita) — p(x) — gelëil < #3, 


for all values of n. The quantity ox) is the arithmetical 
mean of n+ 1 finite trigonometric sums, cf which all from 
the (p + 1)th on, if n 2 p, are identical with r,(x), while 
each of the first p is composed of a part of the terms of r,(x). 
Added together, the first p sums which ent2r into the mean 
give a finite trigonometric sum vos ALE), which is of order 
p— l at most, and independent of n. Sp eut) can be 
written in the form 


` _ orle) + (n+ 1- pr) 
Inıl®) = ne °c 


oS 


Gp~1(%) — Ptp(2) 
n +1 5 

As the last numerator is independent of n, Gil) approaches 

zelt) uniformly as n becomes infinite—a fact which is fairly 

obvious in the first place—and, if n is sufficiently large, 

(3) CH = n1(t) | < ke. 


By combination of (1), (2), and (3), for values of n satisfying 
(3), l 


= 7,(z) + 


fe) — on(z)| < 6, 


which completes the convergence proof. 


Tue UNIVERSITY op MINNESOTA, 
MINNEAPOLIS, MINN. 
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ON IMPLICIT FUNCTIONS. 


BY MR. F. H. MURRAY. 


. METHoD8 of solving a system of m equations in n > m 
variables, by reducing the problem to that of solving a set of 
differential equations, have already been given;* the aim of 
this paper is to present a method by which the system of m 
equations can be reduced immediately to a system of m 
differential equations of the first order, from which reduction 
the existence theorem and a method of constructing the solu- 
tions follow directly. For simplicity the case of two equations 
in four variables will be treated. 


SE EE to a System of Differential Equations. 
It is required to solve the system 
(1) fila, y, u, 0) = 0, fala, y, u 2) = 0 
in the neighborhood of a set of values (£o, Yo, Uo, vo) for which 
filo, Yor Uo, vo) = 0, falto, Yo, Uo, 1o) =(. 


There is no loss in generality in assuming x = yo = Up = v% = 0; 
suppose 2, y to be the independent, u, » the dependent vari- 
ables. It will be assumed that all the first partial derivatives 
exist and are continuous in the neighborhood of the origin 
defined by the inequalities 


um . Wyse, lal as Mist 


Also, assume that the Jacobian ` 
ofr fı 
À du dv 
“lé Ap 
du ðv 


does not vanish at the origin (0, 0, 0, 0); consequently the 
constants a, b can be so chosen that A + Oin R. Introduce 


* Horn, Gewöhnliche Differentialgleichungen beliebiger Ordnung. 
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polar coordinates: 

æ = r cos 6, y=rsin®. 
Equations (1) become | 
(1) filr cos 6, r sin 6, tt, v) = 0, f(r cos d, r sin 6, u, v) = 0. 


If functions u(r, 6), air, 0), ‘satisfying (1’) can be found, 
such that du/dr, ðvjðr are defined RE the region 
R, we must have 









SCH + oh, in ôf1 du | ofr 90 _ 
em E "Ou or | oc m 
fe CS Of: du , df, dv 
jx C86 + 5 Sin 0 + Sn ar + Se ar — À j 
Since A + 0, 
o Afı af afr 
ðv Or ðv Ou, 
sin d 
Kë + 
ðu ð 
Ir — v A J u(0) Sg 0 
2 où af) Jah a 
dr ðu Oy oul. 
cos 0 + sin d À 
"dn ð ð ô ou 
ES = oe IR 107 x A ` y u 3 (0) = 0. 


In these equations consider § as a parameter, u, v, r as the 
variables; equations (3) can be written in the form 


mn = Amon, T= Bwn), wid) = 10) = 0. 


dr 


Suppose the original functions fi. fs suzh that for every 
6, 0 < 0 =£ 2r, there exist constants C, D if w’, Se v, ei, 
are in R, such that 

| Au”, 0”, Alu, v,r)|<Clw’—uw|+D|v”’—r |, 


(4) "ot 2 Hi 1 PAR 
Bw’, 0”, r)-Biw’, ei, r)|<C|u”—w']+D|o"—o'|, 


H 


i « 
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83. Final Solution. 


‘Suppose that for u = v = 0,r Sh, |A| = Mo, |B| = Mi; 
for u, v, rin R, |A| = M, |B| = M. Then from the existence 
theorem for ordinary differential equations,* if C + D = K, 
the equations (3’) have solutions u, v if 0 Sr = ô, where ô 
is the larger of the quantities 1, 63, 


; b 1 bK 
SETETE Sas Seel? 25) 
The functions u, v satisfy (3’), hence have derivatives with 
respect to r. 

Since A, B are periodic in 8, the constants C, D have upper 
limits independent of 9, consequently K, M, can be defined 
independent:of 8; the series defining u, v converge uniformly in 
6, hence u, v are continuous functions of 6. The constant M 
can also be defined independent of 8, with the result that the 
solutions 4, v are continuous functions of r, 8, and differentiable 
with respect to r, if 0 &7 = ô. 

Introduce these functions in (1’); since 


ER, f= dO, fa= lO) 


But within the region O= r = ô, fi, fa are continuous 
functions of r, 0; for r = 0,2 = y = u = v = 0, consequently 


Hl) = 0, Bl) = 0. 


These equations must hold for every 0, hence are identities, 
and equations (1’) are identically satisfied: The functions 
u, v are the solutions required. 

For n variables 21, £2, xz En 


r= dei Far t ta, cos 6; = jr. 


* Picard, Traité d’Analyse, 2, pp. 343, 345. 
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ON A PENCIL OF NODAL CUBICS. SECOND PAPER. 


BY PROFESSOR NATHAN ALTBHILLEL-COURT. 


(Read before the American Mathematical Society April 24, 1920.) 


1. REFERRING to the notations of my first communication,* 
let Ta, T; be two cubics of the pencil T, aad let Xn, X., F be 
the points of intersection of a fixed line } through the double 
point O with Da T,, and the basic line ABC respectively; 
let Xn’, X,’, F’ be the analogous points œ any other line d 
through O. The lines E, EA, X,X,', meet on ABC according 
to proposition 8 of the paper referred to, and therefore 


(OFX,X.) = (OF'X Kr. 


Thus a variable line U through the double point O meets the 
two cubics D, De in two points X,’, X,’ which, with the double 
point O and the trace F’ of l’ on ABC, form an anharmonic 
ratio having a constant value. Consequently:f 


Two nodal cubics having in 
common. three collinear points, 
the double point, and the tan- 
gents at this point, are homo- 
logical. 


The double point and the 
base of the three collinear 
points are respectively the cen- 
ter and the axis of homology. 


Two trcuspidal quartıcs 
having in common three con- 


current targents, the double 
tangent, ari the two points of 
contact with this line, are 
homologica-. 

The dousle tangent and the 
common point of-the three con- 
current tangents are respec- 
tively the cris and the center 
of homologe. 


2. Any two cubics of the pencil T are thus homological, 
i.e., T is a pencil of homological cubics. This fundamental 
property of T furnishes immediately a secord proof of most of 


the propositions of my first paper. 
For instance: 


. 203 (February, 
éométrie supérieure, 21 edition, p. 350. 


many new propositions. 


* This BULLETIN, vol. 26, 
+ M. Chasles, Traité de 


It also brings to light 


, 1920. 
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', (a) The triangle formed by the three inflexional tangents of 
any cubic of the pencil T is homological to the corresponding 
triangle of any other cubic of the pencil, the double point O 
being the center of homology, hence: The vertices of the triangle 
formed by the inflexional tangents of a variable cubic of the pencil 
T describe three straight lines passing through the double point. 

(b) It is known that the lines joining the pairs of corre- 
sponding points on a nodal cubic I’, envelop a conic wn, which 
is the Cayleyan of the cubic of which D, is the Hessian. The 
conics (w) corresponding to w, in the various curves of the 
pencil T are homological to o. Hence: The conics (w) of the 
cubics of the pencil T have two points in common on the basic 
line of the pencil. 

It should be noticed however that the conics (w) do not, in 
general, form a pencil. Being homological, in order to form 
a pencil, they would have to be tangent to the lines projecting 
from the center of homology O the two points that the conics 
have.in common with the axis of homology ABC* at these 
points. Now it is known that the tangents from O to au are 
the tangents OT, OTz to T, at O, their points of contact with 
wn being the points determined on OT}, OT; by the inflectional 
line m of Da | 

3. In the cases when the common elements of the two curves 
of section 1 are of some special nature or are taken in some 
special position the mutual relation of the two curves may 
become of particular interest. For lack of space we shall give 
only one example. 

The tricuspidal hypocycloid (or tricusp) is a quartic touching 
the line at infinity at the cyclical points, according to a proposi- 
tion due to Cremona.t If we consider two such curves having 
three concurrent tangents in common, their axis of homology 
will be at infinity. Consequently: Two tricuspidal hypo- 
cycloids having three concurrent tangents in common. are similar 
and similarly placed. The point of intersection of their common 
tangents is the center of similitude of the two curves. ` 

UNIVERSITY OF OKLAHOMA, | 
February, 1920. 
Pure gZ oppliente, vol. I (December, 1901). 


C. Archibald, “The cardioid and the quartics with three cusps,” 
Annals of Mathematics, 2d series, vol. 4 (1903). 
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HAUSDORFFS GRUNDZÜGE DER MENGENLEHRE. 


Grundzüge der Mengenlehre. By Fezrx Hausporrr. Veit 
and Company, Leipzig, 1914. viii + 475 pp. 


Ir there are still mathematicians who told the theory oi 
aggregates under general suspicion, and are reluctant to grant 
it full recognition as a rigorous, mathematical discipline, they 
will find it hard to retain their doubts under fire of the logic of 
Hausdorff’s treatise. It would be difficult to name a volume 
in any field of mathematics, even in the unclouded domain of 
number theory, that surpasses the Grundzüge in clearness 
and precision. 

But it is only in a subsidiary réle that the Grundzüge is an 
answer to the skeptics. Its most striking feature is that it is 
a work of art of a master. No one thoroughly acquainted 
with its contents could fail to withhold edmiration for the 
happy choice and arrangement of subject matter, the careful 
diction, the smooth, vigorous and concise literary style, and 
the adaptable notation; above all things. however, for the 
highly pleasing unifications and generalizations and the har- 
monious weaving of numerous original resu ts into the texture 
of the whole. 

It is not an uncommon fault of autkors of treatises on general 
subjects to expound their own researches with an unwarranted 
‘degree of detail; so that at times, if one has no other evidence, 
one may be rightly led to suspect particular portions, on ac- 
count of their remoteness from the central ideas, of being 
the author’s own handiwork. This fault is not shared by the 
Grundzüge. Few treatises on as comprehensive a subject 
as the theory of aggregates contain as large a proportion of 
the author’s investigations; yet the parts that are distinctly 
Hausdorff’s own contributions are properly inserted in view 
of their generality and in relation to other topics. 

The author is endowed with a keen psychological and 
didactic instinct that prompts him to depart from his usual 
succinctness when engaged in the clarification of the more 
important ideas. The following quotation may serve to 
illustrate this pedagogic sense and the general lucidity of style, 
not without an occasional glimmer of humor. After speaking 
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of the primitive stage of numerical comparison—by means of 
direct, successive mating—of a pile of apples and a pile of 
pears, he says (page 45): “But if the apples and the pears 
are in different places, and the transportation of one pile to 
the other is attended with difficulties, the inventive mind of 
man will in the next stage make use of an intermediary set 
of conveniently transportable objects, such as stones, shells, 
or chips, and infer the equivalence A ~ B from the equiva- 
lences A ~ C, BC. Finally, however, even this earthly 
residuum will be eliminated, and the intermediary set will be 
replaced by a system of spoken, written, or thought symbols, 
—the number symbols, 1, 2, --.. Comparison turns into 
counting, and equivalent sets now acquire a common property, 
the number of their elements. 

“ These remarks, for which no elaim whatsoever is entered 
on psychological or cultural-historical grounds, are intended 
merely to make clear that equivalence is the natural founda- 
tion for the comparison of aggregates, and that by its means 
we may undertake even the seeming paradox of counting 
infinite sets.” 

That the author enjoyed himself while at work may be 
seen from such passages as the following (page 61): “From 
an ‘alphabet,’ i.e. a finite set of ‘letters,’ we may construct 
a countable assemblage of finite complexes [= ordered sets] 
- of letters, ie. ‘words,’ among which, of course, meaningless 
words such as abracadabra occur. If in addition to the letters, 
other elements. are used, such as punctuation marks, type- 
spacings, numerals, notes, etc., we see that the assemblage of 
all books, catalogs, symphonies and operas is also countable, 
and would remain countable even if we were to employ a 
countable set of symbols (but for each complex only a finite 
number). On the other hand, if in the case of a finite number 
of symbols we restrict the complexes to a maximum number 
of elements, agreeing for example, to rule out words of more 
than one hundred letters and books of more than one million 
words, these assemblages become finite; and if we assume with 
Giordano Bruno an infinite number of heavenly bodies, with 
speaking, writing, and musical inhabitants, it follows as a 
mathematical certainty that on an infinite number of these 
heavenly bodies there will be produced the same opera with 


the same libretto, the same names of the composer, the author: 


of the text, the members of the orchestra and the singers.” 
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Several other examples of spirited and colorful language 
. are the following. Speaking of the equivalence of the whole 
and the part of an infinite set, he says (page 34): “Of course, 
when asserted in the rather provocative form, A has as many 
elements as B, it is one of those ‘paradoxes of the infinite’ that 
shock the unprepared mind.” Again, page 34: “A segment and 
an arbitrarily small partial segment, a kilometer and a milli- 
meter, the sun’s globe and a drop of water have in this sense 
the ‘same number of points.’” Page 48: “... we shall 
have to desist from giving every proper subset*a cardinal 
number < a; we must violate the hallowed axiom ‘totum 
parte majus,’ as we must in general expect that calculation 
with infinite cardinals will deviate in many respects from that 
with finite cardinals, without thereby espying the minutest 
objection against these infinite numbers.” On page 63, efter 
learning that 10%°= N, we are led to the equations 
N = 2No = 3M = ... by the remark that “the fact that we 
have ten fingers is obviously without influence on the theory 
of aggregates.” Page 60: “The equivalence of the set of 
whole numbers with the much more inclusive set of rational 
numbers belongs to those facts of the theory of aggregates 
which impress you on your first acquaintance with them as 
astonishing and even paradoxical; especielly if vou have 
before your eyes the geometric representation (of the corre- 
spondence between the numbers and the points of a straight 
dine), and picture to yourself on the one hand, the ‘integral’ 
points, which lie isolated at finite distances from one another, 
and on the other hand, the ‘rational’ points, which are dis- 
‘tributed over the entire line as dust of more than microscopic 
fineness.” 

One of the characteristic traits of the style is its continuity, 
brought about by the neat and confident conjunctional devices 
of the author. On page 335 there is need of the awful descent 
from the general spaces previously considered to the very 
special euclidean plane. The author is unwilling to take the 
plunge without assuring himself of the reader’s good-will: 
“In the subsequent discussion we prefer to confine ourselves 
to the plane. The extension to three or more dimensional 
space presents in part not inconsiderable dificulties, because 
the réle which polygons play in the plane falls there to the 
lot of the much less simple polyedra and hyper-polyedra. 
Even in the plane we shall find that the apparently most 


À 


H 
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_ plausible, intuitive assertions require fairly complicated proofs. 
A certain prolixity is already produced by the fact that sets 
that are not compact, and are therefore unbounded, behave in 
many respects not like bounded sets, and indeed, less regu- 
larly. A radical remedy would be the adjunction of a point 
‘at infinity,’ as in function theory; but thereby the character 
of a metrical space is destroyed, and if again, you get rid of 
this evil by means of stereographic projection on the sphere, 
you lose in exchange certain elementary geometric advantages 
of the plane. We must, therefore, come to terms as best we 
can with the ‘dreary infinities of homaloidal space’ as Clifford 
says.” ; 

We now turn to a more detailed description of the contents. 
In view of the great wealth of ideas—made possible by the 
concentrated style—we must refrain from attempting to dis- 
cuss even all the important topics; only some of these can 
we describe in detail, and we shall give preference to the more 
novel or the less technical features. 

The book is fittingly inscribed to Georg Cantor, “the creator 
of the theory of aggregates.” . 

Chapter I (pages 1-31) deals with the sum (denoted by ©), 
section (Durchschnitt, denoted by D), and difference of sets. 
Of the numerous topics treated in this chapter, we shall discuss 
the notion of aggregate, the principle of duality, and sym- 
metric sets. Among the other topics may be mentioned 
difference chains, rings and fields (Ringe und Körper), se- 
quences of sets and of real numbers, c- and 6-systems, and the 
non-convergence points of a sequence of functions. 

_ Aggregate is defined in the cantorean naive fashion—as 
distinguished from the less debatable, but more restrdining 
manner of Zermelo—as a whole constituted by the conceived 
assembling of individuals. The author makes it clear that 
it is inadvisable on pedagogical and other grounds to found 
everything upon Zermelo’s Grundlagen; paradoxes are duly 
banished, however, by appropriate interpretation of the naive 
definition (see page 106 for the disposal of the Burali-Forti 
antinomy). RW 
D'A 4a, +++ are subsets of a set M and 41 = M — Aj, 
A, = M — As, --: their complements,—we denote generally 
by X the complement of X in M—, then the complement in 
M of the sum of the given sets is the section of their com- 


4 


120 HAUSDORFF’S GRUNDZÜGE DER MENCENLEHRE. [Dec., 


plements [@(A1, As, -X= D(Ay, Ag, ---)] and the com- 
plement of the section of the given sets is the sum of their 
complements [D(A1, Ay, +++) = G(A1, Ay, *--)]. Since 
.-P=Q,P CQ (ie, Pisa subset of Q) imply P= Q, P D Q, 
it follows that every equation between sets remains true if 
every set is-replaced by its complement and the symbols € 
and © are interchanged; and every inequality remains true 
after the same changes and the additional interchange of 
Dand C. For example, A £G(A, B) leads to 42 D(A, B) 
and hence to A 2 (A, B). This simple property Hausdorff 
‘calls the “principle of duality”; he utilizes it in various con- 
‘nections to secure results through formulas usually obtained 
otherwise. We remark here that the author uses formulas to 
a much larger extent than is customary in the theory of 
aggregates, one of whose noticeable characteristics is the 
unusual freedom from calculational methods. 

Let X1, X2, +++, Xm be m given sets. Taking a cue from 
algebra, we seek a list of simple sets which like the sum 
EC, Xa, +++, Xm) and the section DEn, Xz, ---, Xa) involve 
the given sets symmetrically. Hausdorff calls these sets 
“symmetrische Grundmengen,” and defines them as follows: 
Ai(i,= 1, 2, ++-, m), the ith such set, consists of the elements 
that occur in at least i Eis, Thus 4; = G(X, Xe, +, Xn), 
An = D(Xi, Xa, +++, Xn). An essential property of these 
sets is that they are expressible in terms of the X’s by means 
of sums and sections. Their introduction is due to Hausdorff. 
The author considers various properties of these sets, and in 
particular, utilizes them in an interesting theory of measure, 
which was at first planned-as final but was later discarded for : 
a more concise treatment; a sketch of the old jtheory appears | 
in the appendix. 

The second chapter (pages 32-45} deals with functions, 
products, and powers, and their laws of operation. 

The third chapter (pages 45-69) treats of the cardinal 
numbers. Cardinal number is not defined with Cantor as 

` what remains of a set after the individual nature and the order 
of the elements are abstracted; nor with Russell, as a class 
of classes. Hausdorff takes the simple and formal point of 
view, which is clearly the most satisfactory: We associate 
uniquely ‘with a system of sets A’ a system of things a—of 
indifferent nature—in such a way that the same things corre- 
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spond to two sets if and only if the sets are equivalent. These 
things or symbols we call cardinal numbers. Two proofs are 
given of the Bernstein equivalence theorem, the first essentially 
like that of Bernstein, and the second, according to Zermelo, 
without the use of the infinite set of integers. The rest of the 
‘chapter is devoted to the comparison of cardinal numbers, 
and includes such theorems as sb =k, NN = 28 N 
( = cardinal number of the continuum), and the theorem of 
J, König. Famous theorems, such as those of the non- 
denumerability of the continuum, and of the equivalence of 
the plane of points and the line of points, frequently appear— 
as is also the case in other chapters—as very special cases of 
general considerations, or as side remarks in the current text. 
For the non-denumerability of the continuum, however, a 
special proof is added. 

Chapter IV (pages 69-101) takes up order; a substantial 
portion of the ideas and results is due to Hausdorff. After 
various definitions of simple (= linear) order, the sum of 
an ordered set (the “argument”) of any number of ordered 
sets, and the product of a finite number of sets are defined, 
and the laws for operating with these processes given. The 
subset M of the ordered set A is said to be “coinitial” with A 
if no element of A exists preceding every element of M. 
Similarly, “cofinal.” M is “dense in A” if for every pair 
a < b of elements of A there exists a pair of elements‘m < n of 
M such that a <m< n <b. The decomposition 4 = P+ Q, 
where P(+ 0) and Q(+ 0) have no elements in common and 
every element of P precedes every element of Q, is said to be a 
“jump” (Sprung) if P has a last element and Q a first; a “gap” 
(Lücke), if neither P has a last, nor Q a first. A “dense set” 

- (in the “absolute,” as contrasted with the “relative” sense) is 
` one without jumps; a “continuous set,” one without jumps or 
gaps. A “scattered set” is one possessing no dense subset. 
À sum %,’A; (A; + 0) is scattered when and only when the 
argument J is scattered and each A; is scattered. Every 
ordered set is either scattered or the sum of scattered sets over 
a dense argument. The chapter closes with the discussion of 
types of order, in particular, of the class of countable dense 
types, and of continuous types. ` 

The fifth chapter (pages 101-139) is devoted to normally 
ordered (wohlgeordnete) sets and the ordinal numbers. The 
treatment comprises comparability of cardinal numbers, trans- 
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finite induction, powers and products, alephs and the number 
classes, the initial numbers (Anfangszahlen) and Zermelo’s 
Wohlordnungssatz. The proof of the zeneral theorem 
NaNo = Na for every ordinal number a, is given in elegant and 
brief form; the first proof of the theorem, given by Hessenberg 
in his Grundbegriffe der- Mengenlehre, is long and roundabout. 
It may be remarked that frequently the simplest and most 
elegant proofs of important theorems are tc be found in the 
Grundzüge, either direetly or after appropriate modification 
of the generalized form in which they usually appear. 

For the Wohlordnungssatz both of Zermelo’s proofs with 
unessential but neat modifications are given. Hausdorff has 
no difficulty—neither has the reviewer—in accepting either 
of these proofs as rigorous. In fact, as is sometimes the case 
with the work of mathematicians who have misgivings about 
the theorem, the multiplicative principle (Prinzip der Auswahl) 
steals in noiselessly (cf. for example, page 54) before the 
Wohlordnungssatz is mentioned. 

The sixth chapter (pages 139-209) contains a wealth of 
material mostly from the author’s own researches. Unfor- 
tunately space will not permit—especially because of the more 
technical character of the subject matter—a description of 
these elegant and general results. We must content ourselves 
merely with mentioning the partially orderzd sets, the dis- 
tinction as related to coinitiality and cofinality of the element 
and gap characteristics and the consequent classification of 
ordered sets, the general products and powers of ordered sets 
and. the interesting connection with non-archimedean number 
systems, as shown by the general theorem o? Hahn (Berichte 
der Wiener Akademie der Wissenschaften, 1907). 

The remaining chapters of the book (VII-X) will prove of 
more general interest because they are conrerned with the 
applications of the abstract theöry to the study of space 
relations. It is in these chapters especially that Hausdorff 
impresses you with his masterful exposition. The theory of 
point sets is cast into a new and more general mold, and the 
resulting treatment is characterized throughout by originality, 
naturalness, and beauty. 

Chapter VII (pages 209-260) begins with the statement: 
“The theory of aggregates has celebrated its most beautiful 
triumphs in its application to point sets and in the clarification 
and heightened precision of the fundamental concepts of 
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geometry; this is admitted even by those who demean them- 
selves skeptically towards the abstract theory of aggregates.” 
The subject matter of the chapter concerns point sets in 
general spaces.. The author’s justification’ of his abstract 
treatment is as follows (page 210): “Now a theory of spatial 
point sets would naturally have, in virtue of the numerous 
accompanying properties, a very special character, and if we 
‘wished to confine ourselves from the outset to this single case, 
we should be obliged to develop one theory for linear point 
sets, another for planar point sets, still another for spherical 
point sets, etc. Experience has shown that we may avoid 
this pleonasm and set up a more general theory comprehending 
not only the cases just mentioned but also other sets (in 
particular, Riemann surfaces, spaces of a finite or an infinite 
number of dimensions, sets of curves, and sets of functions). 
And, indeed, this gain in generality is associated not with 
increased complication, but on the contrary, with a consider- 
able simplification, in that we utilize—at least for the leading 
features—only few and simple assumptions (axioms). Finally 
we secure ourselves in this logical-deductive way against the 
errors into which our so-called intuition may lead us; this 
alleged source of knowledge—the heuristical value of which, 
of course, no one will impugn—has, as it happens, shown 
itself so frequently insufficient and unreliable in the more 
subtle parts of the theory of aggregates, that only after careful 
examination may we have faith in its apparent testimony.” 

Hausdorff does not bind himself to a single set of assump? 
tions. The center of interest lies, of course, in the theorems, 
` and the assumptions are graded accordingly, a new assump- 
tion or a modification being adopted only when the mathe- 
matical content naturally calls for such a change. In the 
carefully planned march from the abstract in the direction of 
greater specialization, Hausdorff gives repeated evidence of his 
mathematical-esthetic insight. 

The developments in Chapter VII are based entirely upon 
the following “neighborhood” postulates (Umgebungsaxiome, 
page 213). A “neighborhood” is a point set. The abstract 
set or space E in question is unrestricted except for the 
postulates: 

(A) To every point x of E there corresponds at least one 
neighborhood Uz; every neighborhood U, contains the point x. 

(B) If Uz, V» are two neighborhoods of x, there is a neigh- 
borhood W, contained in both. 
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(C) If the point y lies in U,, there is a neighborhood U, 
lying in U+. 

(D) For x + y there are two neighborhoods -U;, U, with 
no point in common. 

For the euclidean plane, the neighborhoods of a point P 
may be taken as the circles (exclusive of the boundary) having 
P as center. 

A space satisfying the four neighborhood postulates is celled 
“topological.” 

There are numerous concrete examples of topological 
spaces, among which may be mentioned the crdinary euclidean 
spaces (also after edjunction of the ideal point at infinity), 
certain spaces in which the distance from point to point is 
measured on a non-archimedean scale, space of a denumerable 
infinity of dimensions, and function space Some of these 
spaces are also “metric” (see below). 

An “inner point” of a set A—belonging to the entire space 
or “universe” E—is one possessing a ne:ghborhood lying 


‘entirely in A. A point of A that is not one of its inner points 


is a “brink” point (Randpunkt), as distinguished from 
“boundary” point (Grenzpunkt), which nezd not belong to 
the givenset. A “region” (Gebiet) isa set every point of which 
is an inner point of the set; a “brink aggregat=2” (Randmenge), 
one every point of which is a brink point. The inner points of 
the complement B of A (4 + B = E) are celled the “outer” 
points of A; the boundary points of A consist of the brink 
points of both A and B. The universe E and every neighbor- 
hood is a region. The inner points of an arbitrary set con- 
stitute a region; the brink points, a brink aggregate. The 
sum of any number, and the section of a inite number, of 
regions are regions. 

Connected with the last statement, there is a simple but 
fruitful principle: If a system of sets M—lixe the system of 
regions—has the property that the sum of any number of 
sets of the system belongs to the system, we may, for any 
given set A containing at least one M as subset, define the 
largest M contained in A; if the section of any number of M’s 
is an M, we may for every A contained in at least one M 
define the smallest M containing A. This principle is used in 
various connections, for example, in the definition of the 
“kernel” (see below). 

The introduction of the sets Aa, As, A,—the first has been 
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' little used—leads to considerable formal simplification, and 
enables Hausdorff to give many short proofs through formal 
processes instead of direct reflection upon the nature of the 
hypotheses. x is an a-point of A if every neighborhood U, 
contains at least one point of A (which may be x itself); 
a B-point, if every neighborhood U, contains an infinite 
number of points of A; a y-point, if every neighborhood U, 
contains a non-denumerable set of points of A. Au Ag, À, 
are the respective totalities of these points (A,, the derivative 
of A). That A is “closed” may be expressed by A= Ag, 
or by A = A,; “dense-in-itself,” by A © 4, or by A, = As; 
“perfect,” by A = Ap. The sets A, Ae, A,areclosed. The 
section of any number of closed sets and the sum of a finite 
number of closed sets are closed. The sum of any number of 
sets each dense-in-itself is dense-in-itself. The largest subset 
of A that is dense-in-itself exists according to the principle 
just mentioned; it is called the “kernel” of A. i 

An infinite set without B-points is said to be “divergent”; 
& set without divergent subsets, “compact.” The set A 
converges to the limit x if every neighborhood of x contains 
all the points of A with the possible exception, of a finite 
number. A decreasing sequence A412 4: 2 --- of compact, 
closed, non-vanishing sets has a non-vanishing section 
(Cantor). A compact, closed set contained in the sum of a 
sequence of regions is contained-in the sum of a finite num- 
ber of these regions (Borel). 

A clear and systematic treatment is given of the limits of 
a sequence of sets {A,}. Six different kinds of limits are 
distinguished: (1) the “lower limit” consists of the points 
belonging to “nearly all” the An, i.e., all with the possible 
exception of a finite number; (2) the “upper limit,” of the 
points belonging to an infinity of. (he Án; (3) the “lower 
closed limit,” of the points (belonging to the A, or not) every 
neighborhood of which contains points of nearly every An; 
(4) the “upper closed limit,” of the points every neighborhood 
of which contains points of an infinity of the A,; (5) the 
“lower limit region,” of the points for which a neighborhood 
exists belonging (in its entirety) to nearly all the A„; and (6) 
“thé upper limit region,” of the points for which a neighbor- 
hood exists belonging to an infinite number of the A„. Various 
modes of representation of these limits by means of sums and 
sections are given. 
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Another novel feature is the systematic introduction and 
use of the notion of “relativity.” A is said to be (relatively) 
“closed in M” if it is the section of M and a closed set; a 
“relative region of M,” if it is the section of M and a region. 
These notions are special cases ef a complete theory of rela- 
tivity, which arises by substituting for the universe E an 
arbitrary subset M of it. The neighborhoods U, are replaced 
by their sections with M, which again satisfy the neighborhood 
assumptions; M may therefore be regarded as a new universe 
possessing all the properties of topological spaces. We thus 
have relative a-points, relative inner points, and so on. 

The definition of connectivity differs from. those heretofore 
given, but it is the most desirable in the opinicn of the reviewer: 
A non-vanishing set M is said to be “connected” if it is not 
expressible as the sum of two sets (+ 0) thet are (relatively) 
closed in M and have no points in common. A“ component” 
of a non-vanishing set is one of its largest conn2cted subsets, i.e., 
a connected subset contained in no other such subset. The 
“quasi-component”’ of A.belonging to the point p consists of 
the points belonging to the same summand as p in every 
decomposition of A as the sum of two sets closed in A and 
having (he null-set as section. The quasi-components may 
differ from the components. After a series of theorems on 
connectivity, the chapter is devoted to density, and to the 
application of some of the results to sets of real numbers. 

In Chapter VIII (pages 260-358) special topological spaces 
are considered. A stride towards ordinary space is made by 
the successive introduction of the denumerability postulates: 

(E) The set of neighborhoods of x is denumerable for every z. 

(F) The totality of all neighborhoods is denumerable. 

With the aid of (E), it follows, for example, that every 
‘convergent set (= set having a limit) is countable ; and 
that if x is a ß-point of a set A, there is a convergent subset 
of A with x as limit. With (F) the y-points begin to play an 
important rôle. If a set has no +-points belcnging to it, it is 
‘countable. The following equations hold (4,, = set of a- 
points of 4, etc): A. = As Aag Ag, Aay = As; 
Aga = Ap; Aya = Ay, Aan = Ay, Ay, = 4. A set of re- 
gions no pair of which have common points is counthble. 
There are in all N regions and N closed se:s (N = cardinal 
number of the continuum). The sum of anv number of re- 
gions is the sum of a countable number (at most) of them. 


\ 
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By means of this result, Borel’s theorem may be extended 
and its complete converse given. 

The connection of point set theory with the transfinite 
ordinals lies in such theorems as the following (proved with 
the aid of postulate (F)): An ascending normally ordered set 
{S,}—i.e., 8, > So for p > o—of different regions Se i is at 


- most countable. Similarly for a descending set of regions and 


N 


for relative regions, and likewise for closed and relatively 
closed sets. It is at this juncture that Hausdorff introduces 
his generalization of “reducible” sets. It turns out that a 
Hausdorff reducible set is representable as the sum of differ- 
ences of descending normally ordered closed sets, and con- 
versely. 

Further developments refer to metric spaces: “ We believe 
the time has come when a continuation of the neighborhood 
theory would be accompanied with a loss of simplicity.” A 
metric space satisfies the following postulates, where zy 
denotes the “distance”—Fréchet’s écart—from x to y: 

(a) (Postulate of symmetry) yz yz = zy. 

(B) (Postulate of coincidence) zy = 0 when and only when 
g = 

(y) “(Triangle postulate) zy + yz > zz. 

Space will not permit a discussion of the rich content of the 
rest of the chapter. We mention: distances between sets, 
connectivity properties of metrical spaces including 'p-connec- 


_ tivity, properties related to the various limits of a Sequence of 


sets, Borel sets, conditions for compactness and “complete” 
(vollständige) spaces.‘ After certain general theorems con- 
cerned ‘chiefly with connectivity in euclidean n-space, the 
chapter turns to the euclidean plane—see quotation in early 
portion of this review—and after a succession of thirteen 
carefully graded theorems, culminates in a proof—modeled 
after that of Brouwer—of the Jordan theorem. 

The ninth chapter (pages 358-399) deals with representa- 
tions or functions. If the original set A And its image B 
(= totality of elements f(a), where a ranges over A) are 
topological spaces, the continuity of f(a) is equivalent to the 
condition that every relative region of B is the image of a 
relative region of A. Iff is continuous and A connected, then 
B is connected. From this it follows, in particular, that a 
continuous, real function defined in a connected set—for 
example, in a linear interval—takes every value between any 
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two of its values. Among other things, the chapter considers 
uniform continuity for metrical spaces, cortinuous curves in- 
. cluding the space-filling curves, the character of the pdints of 
continuity of a discontinuous function, sequences of functions 
and the generalizations of theorems of arzelà and Baire. 
There are novel results on the classification of functions and 
` the set of convergence points of a sequence of functions. 

The tenth and final chapter (pages 339-448) treats of 
Peano-Jordan content and Borel-Lebesgue measure; both 
theories are developed in a new, elegant and appreciably 
similar fashion. There are applications t decimal and to 
continued fractions. After the deduction of the important 
properties of Lebesgue integrals, the chapter closes with the 
proof that a function of limited variation possesses a derivative 
except in a set of measure zero. 

The appendix (pages 449-473) gives refer2nces to the litera- 
ture and contains numerous discussions of substantial content 
and interest. 

Misprints are few in number; and errors, invariably of a 
minor character. The mention of most of "hem would be re- 
garded as hypercritical, were it not for the hizh standards cf the 
author. The careful examination of the reviewer has brought 
to light only the following: page 11, line 15, “Elemente” in- 
stead of “ Punkte”; page 28, line 27, “Reletionen” instead of 
“ Gleichungen” ; page 58, line 14 and page 16, line 20, “Denn” 
instead of “Dann”; page 272, G,, is not printed clearly; page 
366, line 6, insert “Kap. VIII” after “nach”; page 442, line 
5, insert È before u.ô,. On pages 85 and 29_, in the footnotes, 
occur the equations m = {m}, x = {x}; th2 author clearly in- 
timates their objectionability, but it would be better to bar 
altogether such illogical statements. On page 106, the author 
speaks of numbers greater than W, when ke means numbers 
greater than numbersof W. On page 229, Le forgets to discuss 
A, at the end of the section. On page 276, zhe restriction that 
A shall be a limiting number does not enter the proof. This 
is an exception to prove the rule that in the Grundzüge every 
word counts. On page 444, the statement zhat X is normally 
ordered, although later cleared up, contains at first an ambi- 
guity; for X may be normally ordered without being ordered 
according to magnitude. On page 470, y~“5y™ is not neces- 
sarily an a, but may be a 7; it is an easy Eater) however, to 
fill out the gap. 
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As for more important criticism, one may quarrel with the 
au-hor for his abstract style, for his euclidean manner of 
greding the proofs, so that no difficulties remain and none but 
mid climaxes are reached, for his finish that may excite 
admiration but hardly activity on the reader’s part. One may 
crave for a book that is built like a drama around a single idea 
—& more sketchy book, leaving more to the reader’s imagi- 
nation, a book with a less diversified and more emphatic 
message.. But such remonstrance would be like quarrelling 
with Beethoven for having written symphonies instead of 
operas. There is no such thing as the book. Hausdorff’s 
Grundzüge is a treatise, and as a treatise it necessarily falls 
shat of the summum bonum. But as a treatise it is of the 
first rank, 
| Henny BLUMBERG. 


SHORTER NOTICES. 


The Casting-Counter and the Counting Board. By Francis 
FIERREPONT BARNARD. Oxford, Clarendon Press, 1916. 
858 pp. + 63 plates. 

When we consider that Gerbert, the greatest mathematician 
living in Europe at the close of the tenth century, wrote 
upcn the use of counters as an aid to computation; that Robert 
Recorde, who is often called the founder of the English school 
of mathematicians of the sixteenth century, did the same; 
anc that nearly all computation in Europe before the year 
1500 (in Italy before c. 1200) was performed by the aid of 
some type of abacus, we may well infer that the “casting- 
counter,” as Professor Barnard calls it, has played an impor- 
tant réle in the history of calculation. Indeed, our very word 
“calculate” is, it need hardly be said, due to this very fact, 
the word “calculus” meaning a pebble, calculi being used in 
numerical work in the classical period of the Greek and Roman 
civilizations. 

When we also ‘consider the fact that it was the bamboo 
rods, üsed by the early Chinese algebraists to express coeffi- 
cierts, that suggested to the Japanese the sangi which were 
used for the same purpose, and also suggested the idea of 
determinants which their scholars developed in the seventeenth 
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century, anticipating the expansion of these forms by Leibniz, 

the counter takes on a dignity that migat hardly have been 
anticipated. And finally when we cons.der that it was the 

_ humble abacus that led to such devices as the suan pan, the 
soroban, the tschotii, and the choreb now used in, numerically 
speaking, the greater part of the civilized world; that led 

` Pascal to invent and Leibniz to work upen the modern calcu- 
lating machine; and that finds frequent place in the literature 
of Chaucer, Shakespeare, and other maters of our languaze, 
it may well occur to the mathematician to look with interest 
upon the treatise under review, whick Professor Barnerd 
has published in such sumptuous form. 

The counters that have come down zo us date from the 
thirteenth to the eighteenth century, the earlier pieces having 
been melted up for the metal or lost because of the very fact 
that they were too common to be hdd in much esteem. 
There are, of course, many disks of bene, baked earth, or 
metal that have come down to us from ancient times and which 
may have been used for purposes of calewation by the calcu- 
lones, the calculatores, or the numerarü; but since they bear 
no inscriptions, we are uncertain of ther use and they may 
have been merely pieces employed in >laying such ancient 
games as backgammon or checkers. rom the thirteenth 
century on for five hundred years, however, specimens were 
preserved, and these still remain to tell the story, decade by 
decade, of the use of these devices, of their change in form, 
of the Rechenmeisters for whom they were struck, and of the 
slow decay of the abacus as the power of the eastern numerals 
came to be the better understood. Tcday, about all that 
we have in common use to remind us of the ancient and 
medieval counter (projectilis, jetton, augrim stone, calculus, 
abaculus, Worpghelt, Legpennig, Rechenpfennig, méreau à 
compte, tessera ad computandum, and tne like) of our ances- 
tors—is the poker chip, the wire with its disks above the bil- 
liard table, and the string of beads used in various religious 
ceremonials throughout the Buddhist, Mohammedan, and 
Christian world. | 

In the work under review Professor Barnard has given us 
the benefit not only of knowing about his collection of some 
7,000 jettons and about some 40,000 other specimens which 
he has examined, but of benefitting by his rare scholarship 
in all that relates to medieval history. As to the former, he 
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has reproduced by photographic process a hundred and 
twenty -six of the rarest counters in his collection, generally 
both in obverse and reverse, and has given scientific descrip- 
tions of a large number of others. As to the opportunity 
that he has given the reader of having some share in his 
scholarship—he has shown the painstaking care in research 
into historical details, and the interesting style of presenting 
facts that characterize his other writings upon the period 
to which he has devoted a life of study. The fact that the 
bibliography of works consulted contains more than six 
hundred items is proof of the care with which he has con- 
s.dered the literature relating to the subject. 

The work consists of three parts. Part I relates to the 
History of the casting-counter and to descriptions of the 
specimens found in England, Italy, France, the Low Countries, 
Germany, and Portugal. Part II contains the only worthy 
cescription that we have of the counting boards and counting 
cloths used in the medieval and Renaissance periods, and is 
edmirably illustrated by numerous plates. Part III sets forth 
the methods of casting with jettons, a subject upon which we 
have plenty of information from such sources as Robert 
Recorde (c. 1542), John Awdeley (1574), Nicholas Cusa 
(1514), Martinus Siliceus (1526), Köbel (1514), and various 
other writers of the sixteenth century, upon whose works the 
suthor has freely drawn. 

There are two elaborate indexes, one of legends and inscrip- 
tion on the counters and the other of a general nature—and 
nothing is more conducive to the comfort of a student who 
aas occasion to consult a work of this nature than a good 
index. 

It may be said of the work as a whole that it represents 
she most elaborate study that we have upon any of the minor 
Zeatures of this kind in the history of mathematics, and that 
.t deserves a place in every college and university library and 
on the shelves of every one who is working in the special field 


of the history of computation. Davi EUGENE SMITH. 


Tables des Nombres Premiers, et de la Décomposition des 
Nombres de 1 à 100,000. By G. INGHIRAMI, reviewed and 
corrected by Dr. Prompr. Gauthier-Villars et Cie., 1919. 
xi + 35 pp. 

Tuts little factor table gives the smallest divisor of all 
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numbers less than 100,000 which are prim2 to 2 and 5. The 
inclusion of the smallest factor 3 adds little to the value of the 
table and much to the bulk. It is decidedly inferior to Burck- 
hardt’s table in convenience of arrangement, and is approxi- 
mately twice as bulky as a table which omits multiples of 
2,3, 5 and 7. It is difficult to see what end is served by the 
republication of such a table at the present time. 

The book also contains a table of “ Tessar&en” numbers, 
which seem to be prime numbers of the form a? — a — 1. 
The connection between such numbers and the numbers 
representable by the binary quadratic form 2? — zy — y? is 
not indicated. A list of such numbers witk the corresponding 
values of a is given, the list extending as far as the prime 
19991. What particular use is to be made of this table is 
not indicated. The “preliminary explanation” avoids giving 
any demonstration of the properties of “ Tessar&en” numbers, 
on the ground that such a demonstratior would not teach 
anything to one who was already familiar with the theory of 
numbers, and would not be understood by one who was not. 

The author of the preliminary explanation—name not 
signed, but perhaps Lebon—deplores the neglect of the theory 
of numbers, which neglect he attributes to the vicious methods 
and barbarous terminology of German mathematicians. 
Gauss especially comes in for a thorough zastigation for his 
bizarre and incoherent formulas! 

Five pages of the introduction are devotec to a biography of 
Inghirami by Giovanni Giovannozzi. Ingairamis most im- 
portant work seems to have been done in astronomy and in 
geodesy. The factor tables here republished appeared for the 
first time in 1832 at the end of a volume on Elementi di 
Matematiche. He’ evidently did not know of Burckhardt’s 
tables published some twenty years previously. 

DN. LEHMER. 


Lectures of the Theory of Plane Curves. By SURENDRAMOHAN 
GANGULI, M.Sc., Lecturer in Pure Mathematics, University 
of Calcutta. Part I, x + 140 pp.; Part II, xiii + 350 pp., 
and 13 pages of figures. Published by the University of 
Calcutta, 1919. ; 

Teese lectures were delivered to postgraduate students and 
comprise in a fairly satisfactory manner most of the topics 
usually presented in an elementary course on plane curves. 
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The first part is concerned with the general theory, the second 
with cubics and quartics. In teaching the subject, Ganguli 
had constant recourse to the classic treatises of Salmon and 
Clebsch, and the works of Basset, Scott, and others, and laid 
particular stress on Sylvester’s theory of residuation. “But 
instead of using this theory for the systematic study of the 
geometry of point groups on curves, Ganguli merely makes 
occasional applications of it. The definition of a curve based 
upon the representation of a function, in $$ 10-11, is confusing 
and inadequate. In the first place there is no proper postula- 
tion of the space in which curves are to be defined. Metric 
and projective concepts are indiscriminately mixed up, so 
that, as a consequence, a proper formulation of the systems 
of coordinates is impossible. From the present prevailing 
critical point of view this is one of the weakest points of 
_Ganguli’s lectures. What, for example, do the following 
statements mean, when the graph of a function is not defined? 
“Tn the modern theory of functions, it is held that a function 
can be completely defined by means of a graph arbitrarily 
drawn in the finite and continuous domain of the independent 
variable.” Again, notice the erroneous declaration, “ The 
modern theory of functions says that the equation F(a, y) = 0 
cannot in general represent a curve, it can do so if y can be 
expressed as a regular (or rational) function f(x) of x, i.e., 
if f(z) is a continuous, finite and differentiable and separately 
monotonous function. It is only by a combination of these 
conditions that y = f(x) can represent a curve.” From this 
it is evident that the author still relies on the hazy, notions 
about a curve as they were held at the time of Euler. Not 
the slightest attention is given.to complex domains, or to 
what kind of an equation F(z, y) = 0 is. 

The principle of duality and the corresponding use of line 
coordinates are brought in incidentally and without an effort 
at- systematic representation. Using the designation “re- 
ciprocel curves” suggests the idea of the special duality 
involved in polar reciprocity. Moreover the lack of a proper 
projective space makes an adequate treatment of the behavior 
of cyrves at infinity impossible. 

The typography of both volumes could be Nee 
improved in an eventual future edition. Much more atten- 
tion should also be given to the reading of proofs. 

But aside from the defects mentioned above the beginner 
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may learn a good deal about the properties of algebraic curves, 

so that in this respect the publication of a rew English treatise 

on curves is not without value, and deserves commendation. 
ARNOLD Excx. 


Nouvelles Méthodes de Résolution des Equations du 3e Degré. By 
le VTE. DE GALEMBERT. Paris, Vuiber-, 1919. 22 pp. 
This pamphlet gives a method for rapid numerical calcula- 

tion of the real roots of the cubic equation 


e+ AL + Br+C=0, 


new as far as I am aware, for the case in waich there are =. 
real roots. The equation is reduced to the form 2 — 33 = 
the latter equation has three real roots if |y| S2. A table 
of corresponding values of z and y is computed once for al”, 
by means of which the values of z may ke found accurately 
to two decimals, whenever y is known to six places. An addi- 
tional table gives z and y in terms of z, £, B and C, for the 
different combinations of signs which tke coefficients may 
have in the general equation. The actua! calculation of the 
roots is very much simplified in this way. 

A. DRESDEN. 


The Integral Calculus. By James. BaLzantyne. Boston, 

Published by the author, 1919. 41 pp. 

Tue subtitle of this small book is sufficiently descriptive of 
ats scope. It reads, “On the integratior of the powers af 
transcendental functions, new methods anc theorems, calcula- 
tion of Bernouillian numbers, rectification of the logarithmic 
curve, integration of logarithmic binomials, etc.” 

The author has several new series expamsions of transcen- 
dental functions; but does not burden his tale with arguments 
as to the rigor of his methods or the gen=ral validity of his 
formal results. The book gives the impression of having 
been written for the fun of it, by a very ingenious gentleman, 
who was having a fine time giving free ren to his analytical 
processes and going gladly wherever those steeds—dangerous 
if unchecked—might lead him. 

The style of the text may be indicated by such expressions ~ 
of olden time flavor as, “integrals of ever powers of sin gdz 
to radius 1”; “the value of C is the area cf the full quadrant 
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of the curvilinear”; “the two curves y = 1/sin™x and 
y = 1/cos™ x having their origin at opposite ends of the axis 
of x --.”; “when m is an odd negative, there will always 
appear in the series one irrational term, namely + $ tan’ z”; 
“that is, the logarithm of an infinite number, multiplied by 
zero = nothing.” 

In section 1 various reduction formulas for integrals of 
sin” x, cos” x, etc., are developed and also formulas expressing 
those integrals in series of trigonometric functions, e.g.: 
“ The integral of sin” zdz for any value of m is 


AQ — cos z) ~Fa- cost a) +É (1 — cos? x) 
— 2 (1 = cos" a) + d? 


where A, B, C, D, --- are the successive terms in the develop- 
meat of the binomial (1 + 1)-)/2.” These finite and series 
developments are equated in section 2 to derive some well 
known and new formulas. For example, if we let z = $r in 
the above series, for m = 0, and equate it to f sin’ ade = x, 
we obtain 
1 3 3-5 
Ltg t zast raga t = T2 


Again by equating / cos? zdz = z to 


JS cos" zdz = A sinz — Sein? = + Laine tes, 


we have 
Set 
z= sin + z gsin g + yggin g 
“an inversion of the series given by Newton for the sine in 


terras of the arc.” : 
From the series expansion, for m odd, 


and from the finite expansion, for m even, 


OEP ale: wf/1 357 m-i 
Í SS del): 
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the author concludes, “But if m be considered infinite, tke 
distinetion between odd and even values of m vanishes and 
these two expressions will be equal to each other.” It follows 
that 

2:2-4-4-6-6-8-8 
1-3:3-5-5-7-7-9 


the expression given by Wallis. 

Section 3 takes up the series for expressing the tangent in 
terms of the arc and its relation to the Bernoullian numbers. 
From / tan ædx = — log cos x, the author gets 


= 2 PL | o OR BERNIE 
enz at ga tag rg T° 


T 
2 


and works out a scheme for finding the numerators N, of 
the terms of this expansion, namely, 





DEE 
a(a — 1)(a — 2)(a — 3)(a — 4) 
e 2.3-4-5 Ns: 


to the term N,-2, where a is the index of the power of z whose 
coefficient is required and using the upper or lower sign 
according as Ain — 1) is even or odd. The author concludes 
this section with a practical method for the calculation of 
the Bernoullian numbers. The derivation of the formula is 
by the theory of differences, but it gives the numbers with 
more facility than the usual formulas. This formula is 


1 1, P, PP—1)P-—2) 





epp o aA 234 7 
P(P — 1)(P — 2)(P — 3P — 4) 
SE Nr: 


a series terminating at Du, By assuming positive, even 
values for P the numbers B; may be read off. 

In section 4 integrals of powers of transcendental functions 
in terms of these functions are given. The procedure is as 
follows: Let y = (x). Express dy/dx in terms of y and 
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irtegrate y"/(dy/dx) with respect to y (usually in series form) 
“as an independent variable and as an algebraic function.” 
The result will be the integral of y™(x)dz expressed in terms 
oC the function itself, whether it be algebraic or transcendental. 
‘The formulas derived at this point are of immediate applica- 
bility to the quadrature and rectification of, for example, 
sich troublesome curves as the logarithm. | 
The final section on “the integration of the logarithm of 
binomials and other complex quantities” is less satisfactory 
and of less interest than the earlier sections and is made up 
af various odds and ends. 
1 E. Gorpon Buu. 


NOTES. 


At the meeting of the National Academy of Sciences: held 
et Princeton University November 16-17, 1920, the following 
: mathematical papers were read: By E. B. Wicson : “ Equi- 
partition of energy”; by Epwarp Kasner: “Einstein gravi- 
tational fields: orbits and light rays”; by J. W. ALEXANDER: 
“Knots and Riemann spaces”; by Part FRANKLIN: “The 
map coloring problem.” 


Tee July number (volume 42, number 3) of the American 
Journal of Mathematics contains the following papers: “The 
‘ailure'of the Clifford chain,” by W. B. Carver; “On the 
zepresentations of numbers as sums of 3, 5, 7, 9, 11 and 13 
squares,” by E. T. BELL; “On a certain class of rational ruled 
surfaces,” by ARNOLD Euch. | 


THE opening (September) number of volume 22 of the 
Annals of Mathematics contains: “On multiform functions 
defined by differential equations of the first order,” by Pierre 
Bourroux; “Hermitian metrics,” by J. L. Cooumes: “On 
the expansion of certain analytic functions in series,” by R. D. 
CARMICHAEL; “Notes on the cyclic quadrilateral,” by F. V. 

. Morter: “Note on the preceding paper,” by F. MORLEY; 
“Qualitative properties of the ballistic trajectory,” by T. H. 
GRONWALL. 
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Ir is announced that because of the greatly increased cost 
of printing the publication of. Che Journal de Mathématiques 
pures et appliquées, founded by Liouville in 1836, will be dis- 
continued with the current volume (series 8, volume 1) unless a 
considerable number of new subscriptions aré secured at once. 
If any American mathematicians or librarizs have suspended 
their subscriptions because of war conditions, they should 
send in their orders for renewal as soon as possible. 


Tse following six American doctorates in mathematics 
should be added to the list published in the November BuL- 
LETIN, making a total of twenty-one conferred in 1919-20: 
H. R. Bramana, Princeton: “Curves on surfaces”; H. J. 
ETTLINGER, Harvard: “I. Existence theorems for the general 
real self-adjoint linear system of the second order. II. Oscil- 
lation theorems for the real self-adjoint linear system of the 
second order”; E. S. Hammonp, Princeton: “ Periodic con- 
jugate nets of curves”; G. M. Rosson, Cornell: “ Diver- 
gent double sequences and series”; Bien M. Turner, Bryn 
Mawr: “ Plane cubics with a given quadrargle of inflexions ” 
W. L. G. Wrzrams, Chicago: “Fundamental systems of 
formal modular seminvariants of the binary cubic.” 


Proressor J. H. Tanner, of Cornell University, and Mrs. 
TANNER have given to the trustees of that institution fifty 
thousand dollars to establish a mathematical institute under 
the following stipulations. The money is to be allowed to 
accumulate without diversion for seventy-five years. At the 
end of that time one professor shall be’appointed, whose duty 
it shall be to begin the formulation of plans for the proposed 
institute. At the end of each of the four succeeding periods of 
five years one or more additional professorsh:ps shall be estab- 
lished, the incumbents to collaborate in the same plans. The 
stipends of these professors shall be paid from the fund, but 
no other demands shall be made upon it until one hundred 
years from the date of the deed of gift (June, 1920), from which 
time on the income of the entire sum shall be devoted to the 
maintenance of the institute; half of the expenditure of each 
year is to be applied to research in the mathematical sciénces. 


Ir is announced that a new edition of Professor. H. S. 
CarsLaw’s book on Fourier’s series and intzgrals, published 
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in 1906 by Macmillan and for some time out of print, is now 
in press. The book has been completely rewritten and will 
consist of two volumes, the first dealing with infinite series 
amd integrals, with special reference to Fourier’s series and 
inzegrals, and the second with the conduction of heat. It is 
expected that the first volume will appear early in 1921, and 
the second in the course of that year. 


APPLICATIONS for appointment to the two Benjamin Peirce 
instructorships at Harvard University for the year 1921-22 
should reach Professor W. F. Oscoop où or before February 
1, 1921, accompanied by the necessary papers. Each instruc- 
tor is now required to give two elementary courses and one 
other course ordinarily of an advanced character, but has no 
acininistrative duties. The salary has been increased to 
$2000. 


Tue Paris academy of sciences has awarded its Poncelet 
prize to Professor Bug Cartan, of the University of Paris, 
ard its Francœur prize to Professor RENÉ Bare, of the 
University of Dijon. 


‘Tre Italian society of sciences (the XL) has awarded its 
gcld medal for 1920 to Professor A. SIGNORINI, of the Uni- 
versity of Palermo, for his papers published during the last 

ve years. , 


` “THE new Greek mathematical society, founded in 1918, 
ncw numbers about one hundred members. 


PROFESSOR ALBERT EINSTEIN, of the University of Berlin, 
hes accepted the chair of science at the University of Leyden. 
He will divide his time between the two institutions. : 


Proressor M, DisteLi has been appointed professor of 
geometry at the University of Zurich. 


Proressor F. GoNsETH has been appointed professor of 
mathematics at the University of Bern. 


Proressor MICHEL PLANCHEREL, of the University of 
Freibourg, has been appointed to a professorship at the Zurich 
technical school, as successor to the late Professor A. HURWITZ. 
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AT the University of Cagliari, Dr. A. ToMEssATTı, of the 
University of Padua, and Dr. M. Pıcoxe, of the University 
of Catania, have been appointed to associate professorships of 
mathematics. 


Dr. A. PALATINI, of the University of Padua, has been 
appointed associate professor of rational mechanics at the 
University of Messina. 


Proressor G. ARMELLINI, of the University of Padua, has 
been transferred to a full professorship of celestial mechanics 
at the University of Pisa. 


Prorgssor C. J. DE LA VALLÉE Poussin has been elected 
president of the recently formed Fédération belge des sociétés 
des sciences mathématiques, physiques, naturelles, médicales 
et appliquées. 


PROFESSOR CHARLES RIQUIER, of the University of Caen, 
has been elected correspondent of the Paris academy of sciences 
in the section of geometry, as successor tc the late Professor 
HG ZEUTHEN, and Professor L. T. QuEVEDE, of the Univer- 
sity of Madrid, has been elected correspordent in the section 
of mechanics, as successor to the late Professor BouLvin. 


In the faculty of sciences of the University of Paris, tha 
following changes have been made. The professorship of the 
theory of functions has been: changed to a professorship of 
theoretical and celestial physics. Dr. Emre Borst, professor 
of the theory of functions, has been appointed professor of the 
calculus of probabilities and mathematical physics, as suc 
cessor to Professor V. J. BoussiNEsQ, who has retired. Dr. 
PauL PAINLEVÉ, professor of raticnal mechanics, has been 
appointed professor of analytical and celestial mechanics, a3 
successor to Professor PAUL APPELL; Professor ELIE CARTAN 
succeeds Professor PAINLEVÉ in the chair of rational mechanics, 
and Professor ERNEST VESSIOT, recently appointed assistant 
director of the Ecole normale supérieure, succeeds Professor 
Cartan in the chair, of the differential calculus. Dr. J. 
Dracu has been appointed professor of general mathematics, 
and Dr. PauL MonTEL maître de conférences in mathe- 
matics. 
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Proressor PIERRE Bourroux has been appointed pro- 
fessor of the history of sciences at the Collége de France. 


_ Proressor GABRIEL Koznies has been elected member of 
the Conseil supérieure de l’instruction publique, as successor 
to, Professor APPELL. 


` Proressor M. G. Humbert, of the Ecole polytechnique, 
yas retired from active teaching, with the title of honorary 
>rofessor. í : 


Proressor E. Fasry, of the University of Montpellier, 
has been appointed professor of integral and differential 
calculus at the University of Aix-Marseille. 


Dr. RENÉ GARNIER, of the University of Poitiers, has been 
promoted to a professorship of theoretical and applied me- 
chanics. 


" Mn. A. E. Jours, of Corpus Christi College, Oxford, has 
been appointed professor of mathematics at the Royal Hollo- 
way College, London. 


Lr. Cor. A. R. RicHARDsON has been appointed professor of 
mathematics at University College, Swansea. 


Proressor L. E. Dickson was appointed delegate of the 
National academy of sciences to attend the conference called 
by the Royal society of London in September to consider the 
future of the International catalogue of scientific literature. 


Ar Colgate University, associate professor A. W. SMITH 
has been made full professor and head of the department of 
mathematics as successor to Professor J. M. TAYLOR, who has 
retired. Professor T. R. AUDE, of the Carnegie Institute of 
Technology, has been appointed associate professor of mathe- 
matics. ` > & 


Prorgssor J. K. Lamonn, of Pennsylvania College, Gettys- 
burg, has.resigned to accept a position in the engineering 
‘department of the Bell Telephone Company at Philadelphia. 
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AT the U. S. Naval Academy, assistant professor G. R. 
CLEMENTS has been promoted to an associate professorship of 
mathematics, and Dr. L. S. DEDERICK and Dr. L. T. WILSON 
to assistant professorships. | 


Ar the University of Wyoming, Professor C. B. RIDGAWAY 
has retired, after twenty-four years of service, and Professor 
C. E. Srromauist succeeds him as head of the department of 
mathematics. Mr. A. R. Fenn, of the Kansas Agricultural 


College, has been appointed associate professcr of mathematics. 


ASSOCIATE professor H. H. CONWELL, of the University of 
Idaho, has resigned to accept a similar position in the depart- 
ment of mathematics at Beloit College. 


Dr. LENNIE P. CoPELAND and Dr. Mary F. Curtis have 


been promoted to assistant professorships of mathematics at 
Wellesley College. 


Ar the University of North Carolina, Professor WILIAM 
Carn has retired from active teaching, and Professor ARcHI- 
BALD HENDERSON succeeds him as head of the department of 
‘mathematics; assistant professors A. W. Donn and J. W. 
LasLey, JR., have been promoted to associata professorships. 


In the department of mathematics at Purdue University, 
the following changes have been made: assistant professor 
W. A. ZEHRING has been promoted to an associate professor- 
ship; Mr. C. T. Hazar, Mr. C. K. Ropgıns. and Dr. G. H. 
Graves have been promoted to assistant professorships; Dr. 
E. M. Berry, Mr. W. H. Frazier, Mr. W. R. HARDMAN, and 
Mr. J. A. Nerpy have been appointed instruc-ors. 


At the University of Saskatchewan, Dr. I. A. BARNETT, of 
the University of Illinois, has been appointed assistant pro- 
fessor of mathematics. Dean G. H. Ling has been granted 
leave of absence for the current year, and is at present in 
England. . 


Proressor I. L. Mixer, of Carthage Col'ege, has been 
appointed associate professor of mathematics at the South 
Dakota State College. 


~ 
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ASSISTANT professor HILLEL HALPERIN, of the University of 
Arkansas, has been appointed to an associate professorship. 
at the Texas Agricultural and Mechanical College. 


. Proressor J. B. FAUGHT, of the State normal college at Kent, 
Ohio, has been appointed professor of mathematics at Yankton 
College. 


Proressor P. H. Granam, of Agnes Scott College, has been 
appointed instructor in mathematics at New York University. 


Me. R. M. Martuews, of the University of Minnesota, has 
been appointed assistant professor of mathematics at Wesleyan 
University. ` 


Me. B. D. Roperrs has been appointed professor of mathe- 
matics at Parsons College, Fairfield, Iowa. 


Mr. C. D. Earman, of the University of Wisconsin, has 
been appointed assistant professor of mathematics at Rich- 
mond College. | 


Miss Frances B. Donen has been appointed associate 
professor of mathematics at Westhampton College, Richmond, 
` Va. $ 

Dr. H. F. Macheren, has been promoted to an assistant 
professorship of mathematics at the College of the City. of 
New York. 


De. C. L. E. Wotsg, of the Junior College at Santa Rosa, 
has been appointed instructor in mathematics at the Cali- 
fornia Institute of Technology, Pasadena. 

Proressor H. W. SraGER, of Fresno Junior College, has 
been appointed instructor in mathematics at the University 
of Washington. 


Ar Harvard University the following instructors in mathe- 
matics have been appointed for the current academic year: 
professor C. A. GARABEDIAN, of New Hampshire College; 
Mr. R. E. Lancer, Mr. E. L. Macke, and Mr. H. Levy, of 
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Harvard University; ES A. J. Cook, of the University of 
Alberta. 


Mrs. M. I. Loaspon has been appointed associate’ in 
mathematics at the University of Chicago. 


Miss Mary Batt has been appointed instructor in mathe- 
matics at Northwestern University. 


Dr. Tostas Dantzia, of Johns Hopkins University, has 
resigned to undertake mathematical research for an engineering 
company in New York City. 


Mr. T. H. Jounson, Mr. A. S. ADAMS, and Mr. W. L. 
Lucas have been appointec instructors in mathematics at 
the University of Maine. 


Mr. J. B. Rosensacu, of the University of Illinois, has been 
appointed instructor in mathematics at the Carnegie Institute 
of Technology. 


Miss Jessre M. Sgorr, farmerly of Carleton College, has 
been appointed instructor in mathematics at Reed College. 


Proressor Joux Perry, of the Royal College of Science, 
London, died August 4, 1920, at the age of seventy years. 


Proressor F. A. TARLETON, of Trinity College, Dublin, 
died June 20, 1920, at the age of seventy-nine years. ; 


"Top death is reported, in August, 1920, of assistant pro- 
fessor H. D. Frary, of the University of Wisconsin. 


Proressor SAMUEL Hanaway, who retired in 1916 on ac- 
count of ill health from the department of mathematics of 
the College of the City of New York, died recently at the age 
of sixty-six years. 


Proressor E. W. STANTON, of the teaching staff of Iowa 
State College since 1870, died September 12, 1920, at the age 
of seventy years. 


PROFESSOR MAELYNETTE ALDRICH, of Martha Washington 
College, died February 22, 1920. 
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Book CATALOGUES :—Librairie scientifique Emile Blanchard, 
Paris, Catalogue of works on mathematics, astronomy, 
meteorology, and navigation, 1200 titles—Galloway and 
. Porter, Cambridge, List of 116 titles in mathematics and 
physics.—Gauthier-Villars, Paris, Bulletin trimestriel, 2e tri- 
mestre, 1920.—Macmillan, New York, Catalogue of books on 
mathematics, astronomy, and navigation, 1920-1921.—Bücher, 
Musikalien, Lehrmittel, Kunstblätter, ein Verzeichnis heraus- 
gegeben von 65 deutschen Verlegern, Leipzig, 1920. 

< 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ALEXANDER (8.). B ce, time, and deity. 2 volumes. London, Mac- 
milan, 1920. + 347 + 13 + 437 pp. 36s. 


Bapounnau (A.). See philosophiques, Paris, Gauthier-Villars 
- 1920. 8vo. 20 + 226 p Fr. 12.00 


Borst (E.). See Gmaup So 


Bropersxy (8.). A first course in nomography. London, Bell, 1920. 
Demy 8vo. 10s. 


Brocaar (U.). Análisis matemático. Volumen 1: Las nociones funda- 
mentales. La Plata, Facultad de ciencias fisicas, matemáticas, y 
astronómicas, 1919. Royal 8vo. 152 pp. 6 pes. 


BROUWER (L. E. J.). Wiskunde, waarheid, werkelijkheid. Groningen, 
Noordhoff, 1919. 29 pp. 


Grmaup (G.). Leçons sur les fonctions automorphes. Fonctions suto- 
morphes 'de n variables. Fonctions de Pomcaré. (Collection de 
monographies sur la théorie des fonctions publiée sous la direction 
de M. Emile Borel.) Paris, Gauthier-Villars, 1920. 8vo. Si + 128 
pP. T. 18.00 


Harste (G. B.). See Saccaeri (G.). 


Harrıncer (H.). Ueber pie: die sich erzeugen durch Kongruenzen 
Iter ne AL Klasse, deren Brennlinien auf einer Kegelfläche 
a Se egen. (Dissertation.) Technische Hochschule, Mün- 

en, 


Maneoppt (H. von). Ve in die höhere Mathematik für Studie- 
rende und sum Selbstuntern t. 2ter Band. 2te Auflage. VE 


SACCHERI (G) neun vindicatus; . translated with introduction and 
notes b B. Halsted in a Latin-English edition. Chicago, gpa 
Court, Wéi 8&vo. 280 pp. ‚00 
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Sonia (F.). Integraldifferenzen-und Diferentisldifferensengleich së 
Leipzig, Teubner, 1919. (Preisschriften SSC und hera egel 
, von der Fürstlich Jablonowskischen Gesellscheft 

WALSEMANN (H.). Zehlenlehre fur ee =. En zur 
Entwickl des Zahlensinnes und Zahlenverstandes mit Benutzung 
handlicher Zahlenfelder. Schleswig, Selbstvemlag, 1919. M. 2.80 

WIELErTNER (H.). Algebraische Kurven. Neue Bearbeitung. Iter Teil: 
Gestaltliche Verhältnisse. 2ter “Teil: een nschaften. 
Neudruck. Berlin, 1919. .10 + 2.10 


DL ELEMENTARY MATHEMATICS. 


Barbay (E.). Arithmetische en nebst LeErbuch der Arithmetik. 
Neue Ausgabe nach F. Pi er und O. Presler bearbeitet von G. 
Mohrmann. 6te Auflage. Leipzig, Teubner, 1919. 333 GH Geb. 


Cusack (J.). The arithmetic ofthe decimal system. London, Manni, 
~ 1920. 16 + 492 pp. 


Deısripas (C. L.). Delbridge freight calculator by rises of Lee per 
100 Ibs. to $1 per 100 lbs., and 10 c. per ton to-$20 per ton by rises of 
10 c. per ton. St. Louis, Delbridge Company, 1920. 200 pp. $3.00 
Düraxez (H.). Course de REBEL: Paris Dunod 1920. 8vo. 
228 pp. Fr. 19.50 
Donkey (W. G.). A primer of trigonometry fa engineers. London, 
Pitman, 1920. 8 + 171 pp 58. 
Goprrey (C.) and Smpows (A. W.). Practical gometry. Theoretical 
geometry. Cambridge, University Press, 1920. 15 + 256 + 14 
+ 104 pp. : 78. 
Met (R.). Trattato di geometria ad uso ddle scuole secordarie. 


Roma, Ausonia (Spoleto, Panetto e Petrelli), 1920. 8vo. 188 pp. 
con 6 tavole. L. 4.0C 


MOoBRmann (G.). See Barpey (E.). 


Proirarp (E.). Théorie sommaire < Ge eer) lication A 
. la résolution des équations du 3e degré. Paris, Dunod, 1920. 12mo. 
16pp. . » Fr. 1.50 


Prrsxer (F.). See Barppy (E.). 

PresLer (O.). See Barppy (E.). S 

Romesenra (A. 1. Theorie und Praxis des logarithmisshen Rechenschiebers. 
2te, verbesserte und vermehrte Auflage. : Leipzig, Teubner, es à 


Sınvons (A. W.). See Goprrzy (C.). 


II. APPLIED MATHEMATICS. 


ANNUAIRE pour l’an 1920 publié par le Burezu des Longitudes. Aveo des 
notices scientifiques de J. Renaud et C. Lallemand. Paris, Gauthier- 
Villars, 1920. 16mo. 822 pp. Fr. 6.00 


Courquin (A.) et Serre (G.). Cours d’aérod e prati ue è à 
l’usage des pilotes et re en Peris ant thier: 
1920. 152 pp. ot 9. 00 
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Dana (R. T.). See Haser (A. C.). 

Dz Doxpær (T.J. Théorie du champ électro- étique de Maxwell et 
du champ gravifique d'Einstein. Paris, Gauthier-Villars, 1920. 8vo. 
16 + 102 pp. Fr. 14.00 

DerAvsey (F.J.). Problèmes astronomiques. La distance des satellites., 
La voie lactée. Les taches solaires. Les essaims d’étoiles filantes. 
Le système de la terre. Paris, Gauthier-Villars, 1920. 8vo. we 


Dreyer (G.). Elemente der Graphostatik. ôte, unveränderte Auflage. 


| Ilmenau, 1920. M. 10.00 
Epprnaton (A. 8.). Space, time and gravitation. An outline of the 
general relativity theory. Cambridge, University Press, 1920. 8vo. 

ER + 218 pp. 15s. 
Garra (M.). Graphostatik. Nieder-Ramstadt, 1919. M. 9.60 
GRÜBLER .). Lehrbuch der technischen Mechanik. 2ter Band: 
Statik der starren Körper. Berlin, 9 | M. 18.00 
Guxor (G.).: Méthodes rationnelles d’ > Abaques pour la déter- 
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TEE OCTOBER MEETING OF THE SAN FRANCISCO 
SECTION. 


THE thirty-sixth regular meeting of the San Francisco 
Section was held at the University of California on Saturday, 
Oczober 23. The chairman of the Section, Professor Blich- 
feldt, presided at the early part of the meeting; Professor 
Leämer presided at the latter part. The attendance was 
twenty-two, including the following fifteen members of the 
Society: 

Professor R. E. Allardice, Professor B. A. Bernstein, 
Professor H. F. Blichfeldt, Professor Florian Cajori, Professor 
M. W. Haskell, Professor Frank Irwin, Professor D. N. 
Lenmer, Professor W. A. Manning, Professor H. C. Moreno, 
Dr. F. R. Morris, Professor C. A. Noble, Professor T. M. Put- 
nam, Dr. Pauline Sperry, Dr. S. E. Urner, Dr. A. R. Williams. 

The following officers were elected for the year: chairman, . 
Professor D. N. Lehmer; secretary, Professor B. A. Bernstein; 
programme committee, Professors H. F. Blichfeldt, W. A. 
Manning, B. A. Bernstein. 

The dates of the next two meetings were provisionally fixed 
as April 9, 1921, and October 22, 1921. 

The following papers were presented: 

<1) Professor D. N. LEHMER: “On inverse ternary con- 
tirued fractions.” 

<2) Professor M. W. HAskELL: “Curves autopolar with 
respect to two conics.” 

(3) Professor FLoRIAN Cason: “Historical note on nota- 
ticns for ratio and proportion.” 

(4) Professor E. T. BELL: “The elliptic modular equation 
of the third order and the form x? + 322.” 

(5) Professor E. T. BELL: “The reversion of class number 
re.ations and the total representation of an integer as a sum 
of square or triangular numbers.” 

(6) Professor E. T. Bert: “Class numbers and the form 
wy + ye + ze.” 

(7) Professor E. T. Ber: “Singly infinite class number 
re_ations.” 

(8) Professor E. T. BELL: “On recurrences for sums of 
divisors.” . 
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(9) Mr. H. W. Brinxaann: “The group characteristics 
` of the ternary linear fractional group and of various other 
groups.” 

(10) Professor H. F. BLICHFELDT: “Notes on geometry of 
numbers.” 

Mr. Brinkmann was introduced by Professor Mannirg. 
In the absence of the authcr the papers of Professor Bell were 
read by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. A ternary continued fraction is defined by means of its 
partial quotient pairs (p1, 91; Pa, 72; Ps 35. `" "5 Pns Qn), tae 
successive convergent sets (An, Bn, Cn) being solutions of tae 
difference equation Un = QaUn-ı + Pnün2 + Uns, where the 
initial values for Án, Bn, Ca are respectively, 1, 0, 0; 0, 1, D; 
0, 0, 1. (See the Proceedings of the National Academy of 
Sciences, volume 4, pages 260-364, December, 1918.) 

It is of importance in the theory of cubic irrationalities to 
know what relations must exist among che partial quotient 
pairs in order that the two inverse ternary continued fractions 
(pi Qi; Pa, Q2; *°*3 Pms Ir); (Pas An; Pal a1; ** "5; Pi, qı) 
should have the same characteristic cubic, the characteristic 
cubic being defined by the equation 


Ans — Pp By Cr 
Ari Bra p Cr = (. 
An B, Cr —p 


Professor Lehmer finds, besides the obvious case where the 
pairs read the same backward and forward, that the cubic 
is the same for both fractions if p, = a + 8, qi = yt+ 3, 
where a, B, y, ö are any fixed positive or negative integers or 
zero, while {is a variable parameter. 


2. Professor Haskell described the configuration of four 
mutually autopolar conics, and gave a method for finding an 
unlimited number of higher plane curves autopolar with 
respect to two conics, when the latter are autopolar with 
respect to each other. 


3. Professor Cajori notes that the colon was first used for 
ratio by the astronomer Vincent Wing in 1651. The forerunner 
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of Oughtred’s notation A-B :: C-D to signify À : B = C : Dis 
found in Billingsley’s Euclid, 1570, where we find 9-6 : 12.8. 
With Billingsley, the dot and colon were symbols of punctuation 
which were not yet limited to specific arithmetical use. Isaac 
Barrow wrote A-B + C-D to signify the “compounding of 
ratios,” ie, A: B times OC: D. John Wallis opposed this 
practice. Sometimes, in the same equation, Barrow used + 
to indicate the multiplication of ratios as well as the addition 
of terms. 


4. In Professor Bell’s first paper it is shown that the modular 
equation for the transformation of the third order in elliptic 
functions is implied by a theorem relating to even functions 
of two variables, the arguments of the functions being linear 
functions of the integers which represent an arbitrary integer 
in the form a? + 3%. The theorem admits of easy extension 
(for the appropriate quadratic forms), to the modular equation 
of the nth order, and takes particularly simple forms when n is 
a prime 4k + 1, 12k-+ 7 or the triple of a prime 12k +1. 
The paper will be published in the Bulletin of the Greek 
Mathematical Society. 


5. In Professor Bell’s second paper it is shown that the class 
number relations of Kronecker, Hermite and others may be 
reversed so as to give the class number for a negative deter- 
minant explicitly in terms of the total number of repre- 
sentations of certain integers each as a sum of square or tri- 
angular numbers, and further it is shown that each of a 
pair of such expressions (a relation and its inversion) implies 
the other. Recurrences for the computation of the new 
functions relating to total numbers of representations are 
given. These bear a striking resemblance to those for the 
class numbers. 


6. In Professor Bell’s third paper three general class number 
relations, each of which admits of specialization in an infinity 
of ways, are derived and their connection with the arithmetical 
form ay + yz + az considered. Each relation involves class 
numbers and an arbitrary even function of a single variable. 
On particularizing the function in various ways several special 
class number theorems are found at once, the simplest of which 
is: the total number of representations of in the form 


je 


\ 
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zy + ya + zx for which x, y, 2 > 0, is 3[G(m) — 1] when and 
only when n is prime, G(n) being the whale number of classes 
of binary quadratic forms for the determinant — n. The 
next simplest cases are famous class number relations due 
either to Kronecker or Hermite; the next are of the Liouville 
types, and thence onwards the special consequences are class 
number relations of kinds not hitherto stated. The paper 
will appear shortly in the Töhoku Mathematical Journal. 


7. A set of seventeen closely interrelated class number 
formulas of the kind described in Professor Belle third paper 
is derived. In several ways the set is complete, no more 
results of the same general sort being implicit in the analysis. 
On specializing the arbitrary even functions involved in the 
most obvious ways, all of Kronecker’s and Hermite’s formulas 
drop ‘out as the simplest cases, also some of those due to 
Liouville and Humbert. The method used was explained ih 
the first part of a paper presented to the Society in December, 
1918, which will appear in the Transactions. 


8. A considerable section of Chapter X (volume D ‘of 
Dickson’s History of the Theory of Numbers is devoted to 
divisor recurrences obta:ned from the expansions of elliptic 
functions. Professor Bell shows in this paper that any such re- 
currence is a very special vase of a general ~elation between the 
divisors concerned, and specific application is made (in one of the 
illustrations) to well-known formulas of Halphen and Glaisher. 
A curious lacuna is observed: none of the formulas is sufficient 
for the calculation by recurrence alone of the 2rth (r = 0, 1, 
2, -++) powers of all the divisors, although the like may easily 
be done‘for the (2r — 1)th powers. 


9. Mr. Brinkmann det2rmines the group characteristics of 
the group of all ternary linear fractional substitutions of deter- 
minant unity whose coefficients are marks of any Galois field, 
and also the group characteristics of the group of all ternary 
linear fractional substituticns of non-vanishing determinant. 

Further, the group characteristics of all primitive permuta- 
tion groups of degree less than or equal to fifteen are deter- 
mined, so far as they are not known already. 


10. In Minkowski’s development of geometry of numbers 


i 
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(cf. this BULLETIN, volume 25 (1919), page 449) the following 
theorem is fundamental: if we designate by a Minkowski 
surface in À, a finite surface in space of n dimensions, having 
as its chief characteristic a center of symmetry toward which 
it is nowhere convex (cf. l. c. for specific definition), then a 
Minkowski surface in R, and of volume = 2* will contain 
at least three distinct lattice points (i. e., points whose coor- 
dinates are integers) if its center is a lattice point. In order 
to extend the usefulness of the geometry of numbers, Professor 
Blichfeldt has amplified this theorem to read as follows: (1) 
a Minkowski surface in R, of volume 22”k and whose center 
is a lattice point, must contain more than k — 1 distinct pairs 
of lattice points in addition; (2) a Minkowski surface in R, 
which contains k lattice points, its center being one, must 
have a volume > (k — n)/nl, if these k points do not all lie 
on a linear R, 1. Some applications of this theorem were 
presented. 
\ B. A. BERNSTEIN, 
Secretary of the Section. 





` AN IMAGE IN FOUR-DIMENSIONAL LATTICE ' 
SPACE OF THE THEORY OF THE 
ELLIPTIC THETA FUNCTIONS. 


BY PROFESSOR EH. T. BELL. 


(Read before the San Francisco Section of the American Mathematical 
Society June 18, 1920.) 


1. In his memoir on “Rotations in space of four dimen- 
sions”* Professor Cole defined a system of four mutually 
orthogonal lineoids yaw, zzw, zyw, xyz (which we shall denote 
by X, Y, Z, W respectively) through a point O, the four lines 
and six planes determined by these, and with reference to 
this system found the transformations into itself of a sphere 8 
with center at O. Henceforth we assume the radius of S 
to be Vn, where n is an integer > 0. From this system, we 
shall derive an image of the theory of the elliptic theta func- 


* Amer. Jour. of Maith., vol. 12 (1890), p 191. 
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tions by considering the rellexions of certain point configura- 
tions C, 0’, 0”, Œ”, Ge lying upon S wich respect to O and 
the bisectors of the angles between X, Y, Z, W, a bisector of 
an angle between two lineoids being defined as a locus of 
points equidistant from the two. The space about O is 
latticed by four systems of lineoids parallel respectively zo 
X, Y, Z, W, the successive lineoids in esch system being at 
unit distances apart. We shall call this the unit lattice L. 
Any point all of whose coordinates are insegers belongs to L; 
and conversely L contains only such points. Any integer 
> 0 being in several ways a sum of four integral squares, S 
always contains points of L, and these are symmetrical in ` 
pairs with respect to 0. 

Denote by L’ the lattice containing all those points ard 
only those whose coordinates are (4a, 4b, 4c, 4d), where a, b, 
c, d take all integral values (including zero) from — © to + ©, 
and by afyé the lattice derived from L’ >y successive trans- 
lations of L’ through distances a, £, y, ô parallel respectively 
to X, Y, Z, W, where a, B, y, à are integers 2 0, so that £ 
is 0000. There clearly are in all precisely 256 distinct lattices 
aßyö, each of which is contained in L, and these may be repre- 
sented by symbols a’8’y’5’, where a’, 8’, ai, 6’ are the positive 
residues mod A of a, B, y, 5. For brevity we assign current 
numbers to a special set o? 64 containec in the 256. Only 
the a’B’y'5’ wherein a’, 8’ are both even or both odd are 
required in the sequel, and likewise for y, Ai. The requisite 
half-symbols a’f’, y'ô’ are therefore 00, 02, 11, 13, 20, 22, 
31, 33. Write ` 
20, 22, 02, 00 = 2, 4, 6, 3, 


11, 18, 31, 33 = 1, 3, 5, 7, 


respectively. In this notation the lattice 0222 is 64; tke 
current number of 3320 is 72; that of 1311 is 31; 3100 is 58; 
0231 is denoted by 65, etc. To signify tkat all the points of 
a certain configuration C belong to one o? these lattices, say 
to ij, we give C the corresponding double suffix, C,;. The 
theory of the theta functions is formally equivalent to the 
symmetries of certain Cy lying upon d. By ‘the formal 
equivalence of A, B we meen that each implies the other. 

2. Consider first any point P lying within (not on any of 
X, Y, Z, W) any one T of the sixteen rigat tetraedral angles 
into which space is partitioned by X, Y, Z, W. Bisect the 
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anzles which any one of X, Y, Z, W, say X, makes with the 
remaining three, and denote by Hi, Z’, W’ those parts of the 
bisectors which lie within T, and by U’, V’, U”, V”, U", 7’ 
the like parts of the bisectors of the angles between the three 
pars of opposite pairs X, Y and Z, W; X, Z and Y, W; 
X, W and Y, Z, viz., U’ is the bisector for X, Y; V’ for Y, Z, 
etc. (We have chosen the internal bisectors with respect to 
the angles of T.) Reflect Pm Y’, reflect the image in` Z’, 
and reflect this image in W’, getting. finally the point Pı. _ 
In whatever order the three successive reflexions are performed, 
it is clear that the same P; is reached. From Pı in the same 
wey derive Ps, from Pz similarly Ps, and from P; in the same 
wey. DA, Then P, = P. Second, if P lies on at least one of 
X Y, Z, W, we avoid ambiguities (of sign) by requiring the 
reJexions to be performed so that the signs of the coordinates 
of P are unchanged; e.g., the signs being (++——) are to 
be the same before and after reflexion. Reflect P in O, 
getting Po; join the centroid II of Po, Pi, Pa, Ps to O, and 
produce OT through I to cut S in P’, which point we shall 
call the mate of P. Reflect P’ in U’, reflect the image in V’, 


` getting P”, called the first skew mate of P. Similarly from 


P and U”, V” get P’”’, and from U’” and V’”, get Dir, the 


second and third skew mates of D Note that P’, ---, Di 
are significant only with respect to the ‚particular T in which 
P lies. ı Taking the mates of all points in any configuration C 
w2 get its mate C’, and similarly for the first, second and third 
skew mates C”, qi, CF. 

We shall be convened with two kinds of symmetry about 
O of Cz; and their mates. If A, B are any configurations such 


- tkat each may be brought into. coincidence with the other by 


reflexions in O of some (or all) of its points, A, B are called 
images of each other. All those points of any configuration 
C which are such that no one of them is the reflexion in O of 
another, form a configuration called the residue of C; and 
any configurations Aı, Bı are said to be skew images of each 
other when their residues coincide. 

Finally we need also the idea of lattice configurations with 
multiple points. Let each point of C1, Ce, ---, C, belong to 
the unit lattice. By Ci + C2 + ---+C,, = C, we mean the 
configuration which consists of all the points of Cy, Co, ---, Cr. 


. À point occurring in precisely s of the C; is multiple of order ` 


sin C; and two coincident configurations are identical when 


t 
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and only when points occupying the same position in both 
are of equal multiplicities. In particular if A, B are images 
or skew images of each other, the points in any pair which 
are regarded as reflexions ir. O of one another must be of the 
same multiplicity. To indicate that each point in C is of 
multiplicity s, we write sC. 

We can now give the image of the single theta functions. 
The geometrical theorems will first be stated, their theta 
equivalents then pointed out, and the meens for passing from 
one to the other briefly indicated. The geometry can he 
derived simply from first principles. It is shorter, however, 
to proceed as in $4. The eleven images can be compressed 
into one relating to S and the unit lattice, but the statement 
is complicated. The eleven exhibit a manifold symmetry 
recalling that of crystals, which becomes evident when the 
Ci; and their mates and skew mates C;;’, C;”, ete., are written 
with the suffixes in full, thus, Coo11, Uess, In all that follows 
the Ca and therefore ‘also their mates and skew mates, are 
en of points lying on the 8 of radius Vn defined 
n$l 

3. The first two theorems concern the case n = 0 mod 4, 
and the configurations 


Co = Cat Coot Cat Ce (= Cas Cat Cu + Ces 
Cy = Cut Ca + Csa + Us Cs = Cas + Cas + Coz + Css; 
= Cut Cm + Cn + Cn, Cs= Cis + Cis + Crs + Crs, 
Cs = Cas + Cas + Css + Css, Cr = Ca — Car + Cut Ce. 

THEoREM I. Each of Co + Cy Ci + Ce is the image of its 
mate, and each of Ca + Cs, Ca + Cr is the image of the mate 
of the ather. 


THEoREM II. The configurations in eash of the following 
pairs are images of each other: 


Co + Cs + C+ Co + Ci + Cs + Ce + Cr, 
Co + Ce! + Ca + Ce + C+ Ca + C5 + Cr; * 
Co + Ca + Cr + Ca + Ci + Ci + Cr + Cr, 
Co + Ca + Ce + Ce + Ci + Ca Ci + Cr. 


frg 
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The next two are forn= 2 mod 4, and the configurations 
By= Cn + Cie + Cn + Crs, Bs = Cu + Crs + Os + Ce, 
Bs = Cu + Cx + Cra + Cr, Br = Caa + Coe + Cra + Css. 

THEOREM III. B+ Bs ts the image of its second skew mate, 
and B; + B is the image of its mate. 

THEOREM IV. B: + By’ as the image of By” + By, and 
By’ + Br is the image of Bs + By’. 

The next is also for n = 2 mod 4, and the configurations 

Dy = Cre + Cis + Css + Cas + Coe + Cra + Cre + Crs, 

D: = Cis + Cu + Coe + Csa + Cie + Cog + Crs + Cr. 

. Tueorem V. The following are skew images of each other: 
2D, + Di’ + Da!’ + De!” + Ds”, 
2D,+ De! + D” + Di" + DA. 

4. The foregoing theorems imply the theory of the theta 
functions. For, if f, g are single-velued functions of four 
variables existing when en variable takes integral values = 0, 
such that 

JG, y, z, w) = EN BE 
g(t, y, z, w) = — g(— z, — y, — 3, — wW), 
and otherwise are wholly arbitrary, we may express that A,B 
are images, that A, B are skew images, by 
Zf(a, os, oa od = Zf(B1 Ba, Ba, Ba), 
Zg(aı, C2, 3, a4) = Zg(ßı, Ba, Bs, Ba) 


respectively, the &’s extending to all points (a1, as, as, a4) 
of A, and (Bı fa, Ba, Bs) of B. On remarking that if 
P= (a1, 22, Ge 4), then D. P”, P”, Pr= Gei, x2’, ze, ta’), 
(2! DE A Za, z3’), (xs, x, as z’), (24, 3’, 27, 21’), ‘where 


_ a =s—a, and 28 = zı + z: + zts + zta we may easily 


verify that the five theorems are equivalent to the following 
analytical restatements of them. The m; denote odd integers 
= 0, the l, even integers S 0, representing n > 0 in the forms 


4 4 u 
ms, Zä mê metl? lé, 
Gi i=l 


158 LATTICE SPACE AND ELLIPTIC FUNCTIONS. [Jan., 

and summations are with respect to all la m, for a giv en n. 

The rest of the notation is: 

M= h+ L, M =h t l, Qui = m + m, 2us = m + m, 
A = Mt, u = mtu, v = pits, 2e=m—1+k, 
l=; l, m =u m, 1” =v—], m= v m. 


_ Corresponding to theorems (I)-(V) we now have the follow- 
ing: 


(UL Z[(— 1)*+ 1]f(mı, Me, ms, Ma) 
| ‚= B= D + Uf md, ms’, ms’, ma’), 
" 2[(— 1)* — Ui, ma, ms, Ma) 
| = 2[(— 1) - UP l’, LY, bi, W), 
zit DA SC ly bb la) 
= AC DHIK a’, l, le, U), 
A1) = AC h, i Is, la) 
= Z[(— 1)* — fim’, ma’, my’, Ma’). 
UD) Z= Dfm, ma, me, ma) + (— DFi, by, la, Lil 
= Z[(— DPF (m, ma’, ms’, ma’) + (— DFA, Il, ll, Li 
Z[(— 1)" (a1, ma, ms, ma) — (— (nët, la, ls, LA 
= Z[(— fm‘, me’, ms’, ma’) — (— DS, b, ls, U. 
(Ur) 2{(— 1)’ + 1f (mi, ma, ls, la) 
= Z(— 1)” + IF”, Ni, m”, m”), 
Z[(— 1)’ — Uf(m1, ma, ls, ls) : 
= Z[(— 1)” — 1] fm”, me”, Idi, W’). 
(IV) BE DE (— Df, ma, ls, la) 
= B- DY + (— DNS", u”, m”, ma), 
R(= Um — (— Didrtmz, ma, la, l4) 
= 21 Dr (= DS”, m”, Wr UN). 
(V) 22(— 1)*g(mı, ma, ls, l4) 
= Z(— 1)*[g(hy’, ls’, ma’, mr’) + gs’, W, md, ma!) ` 
+ gtmal, my’, W, la”) — gmi, ma’, Is’, W)].- 
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To pass to the theta functions, replace f(aı, as, Os, 4), 
gie, oa, @s, a4) by the cos, sin respectively of (a1%1 + aze 
+ casts + aux), where 21, Za £s, x4 are parameters. In this 
form the trigonometric sums involving unaccented letters in 
I’-IV’, and the left of the identity in V’, are readily seen to be 
the coefficients of gin or gt in products of the form 


Delti. CN (23, gé, (z3, bw e), 

where o, P, y, ô are certain of the numbers 0, 1, 2, 3. Again, 
the sums.involving accented letters in the trigonometric forms ` 
of J’-IV’ and the right of V’ are likewise seen to be the 
coefficients of the same powers of q collected from four such 
theta products, taken with appropriate signs, in which the 
variables are z; = 8 — z„ where 28 = xı ts + ta + 2. 
In this way we find I’-V’ in their trigonometric cases to imply 
eleven theta identities, which, as they are easily accessible in 
H. J. S. Smith’s second paper on the multiplication formula 
of four theta functions (Papers, volume 2, page 279), we need 
not transcribe. It will be sufficient to state the particular 
formulas of Smith which the trigonometric forms of I-V” 
thus imply. The results in I’ give Smith’s (i) + (ii), (ili) 
+ (iv), and therefore (i) — (iv) in his set A. Similarly his 
B, C are implied by our II’, IIT’; his (ix), (xi) of D by our IV’, 
and his (x) by our V’. From these eleven independent theta 
formulas, the theory of the theta and elliptic functions, as is 
well known, follows readily; in fact Smith so derives the theory 
in his “ Memoir on the theta and omega functions” (Papers, 
volume 2, page 415). The analogous derivation by Jacobi 
in a famous memoir (Werke, volume 1, page 499) differs only 
in details. His set (A) is the equivalent of Smith’s A-D. 
We have followed Smith’s development rather than Jacobi’s 
because it is the more symmetrical. Jacobi’s gives another 
geometrical image of the theory, and Kronecker’s well known 
exposition of Jacobi’s methods yet a third, in which the simpler 
regular solids inscribed in S play an interesting part. 

Now conversely I’-V’, and therefore I-V are implied by the 
eleven theta formulas of Smith. This follows immediately 
from: the method of paraphrase* outlined in this BULLETIN, 
volume 26, page 220, $ 13. Hence I-V imply, and are implied 
by, the theory of the elliptic theta functions; viz., the two 
are formally equivalent. 


Fa * The proofs of the method are given in a Arithmetical paraphrases,” 
Part I, to appear shortly in the Transactions 
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5. There is an analogous image for the theory of the theta 
functions of r variables. In it the lattice space is of 2r(r + 1) 
dimensions, and the appropriate configurations lie on a system 
of r four-dimensional spheres immersed in the higher space. 
For r > 1 the image is not expressible in terms of reflexions 
alone. _ 

Taw UNIVERSITY of WASHINGTON. 


NOTE ON THE MEDIAN OF A SET Op NUMBERS. ` 


BY PROFESSOR DUNHAM JACKSON. 


(Read before the American Mathematical Society September 7, 1920.) 


LET o, @, +++, a, be a set’of real numbers, which may or 
may not be all distinct. Let 


Sax) = > (x — a,)*. 


The value of x which reduces S:(x) to a minimum is the 
arithmetical mean of the numbers a, ---,@n- If the condition 
that S:(z) be a minimum is replaced by the condition that 


Sı) = È> |e — al 


be reduced to a minimum, the median of the a’s is obtained. 
It is uniquely defined whenever n is odd; if the numbers a, 
are arranged in order of magnitude, so that 


Sas: S Gn, 


and if n = 2k — 1, the median is simply a+, the middle one 
of the a’s. The median is uniquely defined also when n is 
even, n = 2k, if it happens that a, = ay, being then equal 
to this common value. Otherwise, the definition is satisfied 
by any number x belonging to the interval . 


ak ST Say 


‚and the median is to this extent indeterminste. 
The purpose of the following paragraphes is to show that 
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f for each value of p > 1 thene is a definite number x = zp which 
minimizes the sum 


S,(2) = È |z- al”, 


and that x, approaches a definite limit X as p approaches 1. 
The value of X coincides with the median as already defined, 
in the cases where that definition is determinate; and when 
n = 2k and ax + axu, X is a definite number between Gr 
and ası. It serves thus to supplement the former definition, 
on the theoretical side at any rate. 

It is not unlikely that, the same average has been discussed, 
as a curiosity at least, by writers on statistics. The accurate 
proof of the statements involved, however, seems to be an 
exercise in pure mathematics. It will have to be admitted 
that the number does not lend itself readily to direct computa- 
tion, except in the simplest cases. 

‘In the first place, for any particular value of p > 1, S,(x) 
is a continuous function of x which is always positive or zero, 
and which becomes infinite as x goes out to infinity in either 
direction. Consequently it attains a minimum for some one 
value of x at least. 

Furthermore, each term |z — a;|? has a continuous deriva- 
tive for all values of x, the value z = a; not excepted. Hence 
S,(x) also has a continuous derivative everywhere, and this 
derivative must vanish at any point where a minimum is 
reached. But the derivative of |z — a;|? always increases 
when x increases; hence the same thing is true of the derivative 
of S »(@), and S p(z) can vanish only once. That is, the 
minimizing value xp is indeed uniquely determined, and is 
moreover characterized by the vanishing of Sp (£). 

To be more precise with regard to the formulas involved, 


Ze a|? = $ (æ — a)? = px — a)? ?, x > a; 
Ze al? = Ein 2)? = — plas— 2), x <a; 


while for x = a; the derivative is correctly represented by 
either formula, being equal to zero. If à is any one of the 
indices 1, 2, +++, n — 1, and x any number in the interval 
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a, Se Say, 
Sa) = (£ — a)? + +++ + (x — a)? 
+ (an 2)? + +++ + (as — 2)?, 
= (e= att + @— apr 
= (aya Sart Sag art, 


Now suppose n is odd, n = 2k — 1. Let ebe any positive 
quantity, and let r be an index such that 


Ar < Ok + € < Gr+1- 
Thenr 2k. By the formula just written down, 


ut) = (aH e= it Hate a) 
` — (A — ap — PT — +++ — (a, — ap — ee), 


When p approaches 1, each of the first k terms on the right 
approaches 1 as a limit. Any one of the remaining k — 1 
terms, sign included, has the limit 1, 0, or — 1, as the case may 
be. At any rate, 

lim Sp (ar + €) > 0. 

p= 


There exists a positive 6; such that 
Sp (ant €) > 0 
whenever 1 < p < 1 + ën 
Similarly, there is a positive à such that 
Sp (a — €) <0 


if 1<p S1i+6s If 6 is the smaller of 81, &, and 1 < p 
<1-+ ô, it is certain that S,/(x) vanishes between ar — € 
and or Le But the point where S,’(x) vanishes is the point 
£p; consequently 

ar — ET < arte 


for 1 < p < 1 + ô, that is, 


lim zp = ay. 
p=1 


Analogous reasoning shows that when n = 2k and a, = abt, 


lim Lp = Ge = Gry. 
Se 
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It remains to consider the case of principal interest, the 
case that n = 2k and ar < Gry By reasoning similar to 
. that already employed, it is seen that limp=1 Sp (az) < 0. 
For at least k terms in the expression for'S,’(az) approach the 
limit — 1, the term (x — ax)” is zero, and not more than 
le— 1 terms are positive. In the same way, Dm, Sp (ar41) 
> 0, and therefore 

ar < p < Gri 
when p is sufficiently near to 1. 

When z > a, (x — a,)”! can be represented by the series 

& — a;)? + = gP e—a) 


= 1+ (p— 1)log @ — a) +4 — 1} log (x — a) + ++ 
= 1+ (p — 1) log (x — a) + (p — Weiz, p), 


` where g;(x, p) is a function which remains finite if + is fixed 
. and p approaches 1. Similarly, 


(a — 2)?" = 1+ (p — 1) log (a; — x) + (p — Delz, p) 


when z < a. The work so far has been based on the use of 

zhe first term as an approximation to the value of the series; 
-t will be convenient now to make use of the explicit form of 
the first two terms. 

Tf the expressions just indicated are substituted in the right- 
hand member of (1), for a value of x between a; and or, 
there will be k terms each equal to + 1 and k terms each 
equal to — 1, which will cancel, and a relation will be obtained 
which can be written in the form 


ern pip — 1) 8? @ = log @ — a) + +-+ + log (e— a) 


— log (a4 — x) — +++ — log (a, — x) 
+ (p — De@,p) | 


CE ren ar) +p-De@, p), 


where (z, p) is a function which remains finite for fixed x as 
p approaches 1. 

The fraction on the right in the last relation is equal to 0 
for x = ax; it increases steadily when x increases from a, 


= log 
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toward o, each factor of the numerator increasing while 
each factor of the denominator decreases; and it becomes 
infinite as x approaches ax:1. Hence there is just one inter- 
mediate point, x = X, at which the fraction is el to land 
its logarithm to 0. 

For « = X — e, where e is an arbitra-ily small positive 
quantity, the logarithm has a negative value, independent of p. 
Hence S8,’(X — €) is negative if p — 1 is sufficiently small. 
Similarly, S,’(X + €) is positive fo smal! values of p — 1. 
This means that x, is between X — e and X +e if p is 
sufficiently near to 1, that is, 


lim x, = X. 
p=l 
So the original assertion is proved. 
The number X is characterized by the equation 


(X — ay) «++ (X — ar) = (ry — À) +++ (an — À). 


z- te 
2 
G4@3 — 261 


T (o, + as) — (a + a1)" 


‚When n > 4, the explicit determination of Z will involve the 
solution of an algebraic equation of more or less high degree. 

The discussion has been concerned primarily with values 
of p not much greater than 1. The proof of the existence and 
uniqueness of Ze however, applies equally well when p is 
arbitrarily large. It is readily seen that 


lim x, = Y = 3(aı — Gel 
p=0 


the intermediate a’s having no effect on the result. For if e 
is fixed and p is very large, the single term ‘x — aı)? will be 
greater than the whole sum S,(Y) when x 2 Y + e, witha 
corresponding inequality on the other side, sc that x, must be 
between Y — e and Y + e. . 


Tee UNIVERSITY oF MINNESOTA, 
MINNeAPOLIS, MINN. 
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NOTE ON CLOSURE OF ORTHOGONAL SETS. 
| BY PROFESSOR 0, D. KELLOGG. 
(Read before the American Mathematical Society April 24, 1920.) 
1. Introduction... 


"THE present note has to do with the set [¢,(x)] (à = 0, 1, 2, 
++) of solutions of a differential equation 


ke) + Og -De=0, 


in which k, g, and l are continuous, and k > 0 (a <æ < b), 
g>0 (a< x < b), the solutions satisfying a pair of homo- 
` geneous linear self-adjoint boundary conditions 


(2) Uile) = mgla) + a2p’(a) — a3p(b) — gei = 0, : 
`" Die) = bre (a) + bap’(a) — bse(b) — big’) = 0, 


the condition for self-adjointness being | 
(3) ka) (asba — abs) = E(B) (arba — aab). + 


Such a set is called closed with respect to functions of a 
given class, provided there is no function of the class orthogonal 
to all the functions of the set, i.e., no function f such that 


[res de = 0, @=0, 1, 2, .-.). Closure of a set is evi- 


dently implied whenever it is known that a function of a given 
class is uniquely determined by its generalized Fourier 
constants, and in this way a large number of closure theorems 
are at hand. Stekloff* has proved that for the case of the 
Sturm-Liouville boundary conditions, in which a3=a,=}1= bz 
=Q, the set of solutions is closed with respect to the class of 
functions that are integrable with integrable squares. Hilbert,} 
using boundary conditions in part special cases of (2) above, 
and in'part going beyond, in that singularities of the differential 

* Annales de la Faculté des Sciences de Toulouse, 24 ser., vol. 3 (1901); 
degree l'Académie Impériale des Sciences de St.-Petersbourg, vol. 30, 

+ Göttinger Nachrichten, 1904, p. 222. 
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equation at the end points of the interval (a, b) are considered, 
shows that the sets studied are closed with respect to the class 
of continuous functions. In the following, I wish first to call 
attention to an easily derived identity (7) from which it may 
be inferred immediately that if the set of solutions of the differ- 
ential system (1) and (2) is closed with respect to the class C of 
continuous functions not zero, it is then alsc closed with respect 
to the class S of summable* functions not null functions. A , 
second paragraph will indicate an application of the method ot 
successive approximations from which the existence of the set 
of solutions may be inferred, as well as its closure with respect 
to functions of class S. 


2. The Relative Closure Iden:ity. 


Let f(x) be a function of class S, and let u be a value of A 
for which the system (1) and (2) has no solution except 0. 
Then the differential equation 


(4) É Chw) + (ug — Dw = fe 


has a solution in the following sense: there exists a function 
w(x), continuous, together with its first derivative, which 
satisfies the boundary conditions (2), and which satisfies (4) 
except at most at points of a set of measure 0. To see this, 
take two solutions, v(x) and (x), of the homogeneous equa- 
tion obtained from (4) by replacing the right-hand member 
by 0; these may be chosen so that k(a)(v02’ — n'n) = 1. 
Then : 


5) wa) = | 


is continuous, since the indefinite integral of a summable func- 
tion is continuous. The sameis true of its derivative. Finally, 
kw', since the indefinite integral of a summable function has a 
derivative equa] to the integrand, except at most at points of 
a set of zero measure (Lebesgue, l. c., page 124-125), has a 
derivative except at points of a null set. It is immediately 
seen that in this sense wo(x) is a particular solution of (4). 


*In the sense of Lebesgue. See Leçons sur l’Intégration et la Re- 
cherche des Fonctions primitives, p. 115. 


v(t), Bl 


Hz), a(x, 


fg Ed 
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From wo(x) one forms the solution which satisfies (2): 


wl m). wie 
(6) w(x) = |Ui(wo) Um) Url) 
U2(wo) ` Date) Use) 


where the denominator determinant does not vanish, since y 
was a parameter value for which the homogeneous problem was 
not possible. Let now w.,(x) be any one of the set of solutions 
of (1) and (2),'and let À; be the corresponding value of À. 
From (1) and (4) by a familiar process, we get 


Uim) U (02) 
U: (v D U (02) 


D 








d 
T klow' — pu) + (u — A)wog = fog. 


Tbis equation, failing at most on a set of measure 0, becomes 
an identity upon integration between the limits a and b. 
Since p, and w satisfy (2), which are self-adjoint, and (3), the 
integrated terms disappear, and we are led to 


(7) (= N) ff vesi = T tegis; 


the identity referred to in the introduction. Since f is not 
identically zero, w cannot be, by (4), and so is of class C. 
The identity shows that w is orthogonal to every function ¢; 
to which f is orthogonal and the theorem stated follows. 


3. Existence and Closure of the Set [ga]. 


We start with the functions f and w above, without, how- 
ever, supposing anything about their orthogonality to func- 
tions of the set [g.(x)]. We define a sequence wi, ws, ws, :-: 


as follows: 

wom II SÉ le EEE, 
Wo (2) 01 (a) v(x) 
Ui(wo) Uim) Un) 
U:(wo) Uam) Ulm) 


i ab 
wi = wf f w?gdz, 
w. 


V1 = 








Uil) Urn) 


DR Us(01) Use) 


H 
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These functions satisfy at all points the differential equa- 
tions 2 


d BR: 
(9) g Cu) + (ug — Dw; = wi. 


We proceed to consider the existence and properties of limit 
functions of the sequence [w,]. We first note that w, and w,’ 
are bounded by a number B independent of i. For, if M is 
greater than the maxima of Je, ||, Tel, Je, and g, 
we have by Schwarz’s inequality applied to (81), |w;' and 
E <2M M(b — a), so that a bound, B, for |w;| and 
ml is easily obtainable. 

Next, writing the equation (9) and the same equation with 
i+ 1 replacing i, multiplying these equations respectively by 
Wir and W, subtracting, and integrating from a to b, we find 





l if Wy1w;-1gde = f w,wgde. If in this equation we replace 


the value of the normed functions by their values in terms 
of the un-normed functions, we find 


b a m 
(10) f Ui ıgde = R f wigde: | wi gde. 


From this we infer two things. First, by Schwarz’s inequality, 
that T wigde < f w,:gdx, and hence, that the bounded 


ab 
numbers Í w?gdz approach a limit c?, and secondly, that the 


b 
integral if ' ww.42gdz also approaches d. 


We now know that because of the boundedness of the deriva- 
tives of w;, there exists a sub-sequence taken from the ws; 
which approaches a limit Wo.* This limit is approached uni- 
formly, and is continuous. If we denote ky [wzy] the subse- 
quence approaching W uniformly, then (8) shows that 2%. 
also approaches a limit Wi, and that this function satisfies 
the differential equation . 


ou GW) + (ug — DW: = Weal. 





* Cf. Osgood, Annals of Mathematics, vol. 14 (1913), p. 182. 
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Similarly 4: approaches a limit, W2, say. But this limit 
cannot differ from Wo, since 


b b 
f (wg = Wwa) gdz = f wi, gdz == 2 [unie 


| 
+ d Weg 


. approaches zero, as we have just seen. Hente 
f W- werde = 0, 


and the continuous functions H: and Wo are equal. We 
infer further that 


a É QW) + ug Do = Wigle. 


The norms of W, and W are equal to c, so that either their 
sum or their difference is not identically zero. But Wo + H, 
is a solution of (1) and (2) corresponding to À = p — Le 
and Wo — W, is a solution corresponding to À = u + Te. 

Having one solution of the homogeneous problem, we need 
merely start with a function f orthogonal to it in order to 
arrive by the above process at a new one. In this way may 
be inferred the existence of an infinite set of solutions. À 
simple procedure would be to start with a function f(x) 
having a break in its derivative but continuous. As such a 
function cannot be a finite sum of functions c,ç.(x), it may, 
after p1, a, P3, ‘++ have been found, be made successively 
orthogonal to these by subtraction of proper multiples of 
them, without reducing to zero, and so yield, in time, any 
function of the set. | 

The set containing all the solutions of (1) and (2) is then 
closed with respect to the class S. For, if not, there would be 
a function f of class S orthogonal to all oo and starting the 
process developed above with this f, we should ultimately 
arrive at the contradiction that Ho LH: or Wo— Wi, 
that is, one of the g; itself, was orthogonal to the set. 


CAMBRIDGE, Mass., 
August 23, 1920. 
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THE MATHEMATICAL WORK OF THOMAS JAN 
STIELTJES. 


Œuvres complètes de Thomas Jan Stieltjes. Publiées par les 
soins de la Société Mathématique d'Amsterdam. P. 
Noordhoff, Groningen. Tome I, 1914: vii+ 471 pp. 
Tome II, 1918: iv + 604 pp. 

ONE can not assert that Thomas Jan Stieltjes was one o? 
the great men of the earth. In fact he was not one of the 
greatest men in the narrower circle of his colleagues in mathe- 
matical investigation. But he was a man of fine talent whe 
used the full strength of his powers in his -esearches; and in 
his short life (1856-1894) he did excellent work which deserves 
to be remembered. It is therefore fitting that his articles 
and memoirs should be brought together in the convenient 
form of a collected edition. In the two vo_umes of this work 
and in the two volumes which record the correspondence 
between Stieltjes and Hermite we have a complete record* 
of the scientific activity of Stieltjes and a clear and pleasing 
insight into his methods of work. The latter is more apparent 
in the letters, the less formal nature of which gave rise to a 
more intimate revelation of himself to his friend and later to 
the world. 

His earlier work especially is marked by a careful and deep 
study of particular questions and the inter2st which he took 
in adapting algebraic and analytic formulas to numerical 
computation. This seems to have keen due in considerable 
measure to the fact that he approached mathematics from 
the point of view of one engaged in astronomical work and 
only later gave up what was first conceived to be the object of 
his scientific life in favor of his studies in mathematics which 
during the years 1877 to 1883 gained a stronger and stronger 
grasp upon his thought. 

Many of his discoveries were made empirically by incomplete 
induction from numerous examples developed: from the be- 
ginning with the delight which he always evinced in numerical 
computation. In this respect his method has been compared 

* See also the section devoted to the (unpublished) “method of Stieltjes”? 


(pp. 357-362, 323) in Poincaré’s memoir on the residuss of double integrals 
in Acta Mathematica, volume 9, 1887. 
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with that of Gauss who is known to have discovered experi- 
mentally many of his beautiful theorems in the theory of 
numbers. This method has a peculiar power when it is 
employed by an intellect of sufficiently keen penetration to 
divine the general ‘law in the midst of the special properties 
which belong to particular examples. The procedure of dis- 
&very in the case of Stieltjes seems to have been dominated 
ky this empirical method. It seems to be true that nearly 
gll the mathematical truths which he made known were 
ciscovered in this way before he was in possession of methods 
cf proof; and that the latter were obtained afterwards by a 
penetrating analysis of the essential elements of his problem. 
The truths thus revealed by experiment were subjected to the 
acid test of logical demonstration and he was mostly free 
from the enunciation of results for which he had no adequate 
proof. His letters show the extreme care which he took in 
zhe matter of rigorous argumentation. His conversation is 
said to have shown a wide acquaintance with what may be 
called interesting mathematical phenomena which his patient 
zalculations had brought to light but which he knew only 
partially through empirical evidence and not with the clarity 
and certainty and accuracy of demonstrated truth. 

But he seems to have fallen at least once from the high 
‚plane of logical precision and accuracy which his published 
‘tesults usually occupied and to have stated a theorem for 
which he could give no satisfactory proof (though the theorem 
is probably true). He was engaged (Volume I, page 457) in an 

Investigation of Riemann’s celebrated conjecture concerning 
the distribution of the zeros of the Riemann zeta-function. 
He transformed the problem so that the truth of the theorem 
would follow from the convergence of a certain Dirichlet 
series whose coefficients depended on the function-values of a. 
certain number-theoretic function g(n). This function he 
examined for a certain property through the ranges of n from 
1 to 1200, from 2000 to 2100, and from 6000 to 6100; and, 
finding the property maintained in these regions for n, he 
concluded that it was a universal property of g(n). The proof 
by which he first satisfied himself logically of the existence of 
the property (see letter 79) he’seems never to have published; 
and the inference to be drawn is that he later found it lacking 
in some point of accuracy or rigor. 

One who reviews the work of Stieltjes at the present time 


172 STIELTJES’ MATHEMATICAL WORK. [Jan., 


is spared the necessity of making an analysis of his separate 
memoirs, for this was done by E. Cosserat soon after the 
death of Stieltjes in a “Notice” of 62 pages appearing as the 
opening article of volume 9 (year 1895) of the Toulouse 
Annales. Here we have a résumé of each of the 84 papers 
now appearing in his (Euvres complètes, with the exception of 
the last three (which are minor contributions made up by his 
editors from his unpublished manuscripts). The student of 
the work of Stieltjes will find these abstracts very valuable for 
making a rapid survey of the extent of his contributions. 
[The forty-fifth abstract (and hence the forty-sixth) is perhaps 
misleading since it quotes the results of Stieltjes without 
reference to his failure to make good that one of his statements 
just mentioned in our preceding paragraph.) His great paper 
(number 80 of the Œuvres) on continued fractions is here 
discussed only briefly. But one interested in analyzing the 
contributions made by Stieltjes will certainly wish to examine 
this paper in full for himself, so that he will not suffer from 
the absence of a fuller review. 

Again, a reviewer. at the present time is under no obligation 
to give a sketch of the life of Stieltjes and relate his scientific . 
investigations to what is thought of usually as the more human 
aspects of one’s career, for this has already been done well 
by H. Bourget in his “Notice sur Stieltjes” in pages xi to xx 
of the first volume of the correspondence between ERC 
and Hermite. 

There remains then only the duty to call attention to the 

‘features of Stieltjes’ work which are of outstanding interest 
or importance when viewed in the light of present knowledge 
or which are presumably of particular value to those who 
now carry the torch of science which he upheld so devotedly 
with all the strength of his fine talent. 

For the purposes of discussion it is convenient to divide 
the active scientific life of Stieltjes into two parts. The first 
ends at the time when the influence of the Peris environment 
and labor and training began to be evident in his work, that 
is, about 1886 (though he went to Paris in April, 1885). The ` 
second period falls in the remaining eight years of his life. 
The physical bulk of his contributions, exclusive of the 113- 
page expository paper on the theory of numbers (which falls 
in the second period), was nearly equal in the two periods; 
but the two parts are of distinctly unequal merit. Whetker 


x 
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it was the intention of the editors to do so or not I do not know, 
but they have made the first and second volumes of his 
(Euvres cover each quite exactly one of these periods in his life, 
so that the physical division into volumes corresponds closely 
to a division of his work into distinct parts. 

The two parts which may thus be distinguished and sepa- 
rated are yet intimately related and bear throughout the 
impress of their author’s individuality. But the first is given 
more largely to special problems and shows more clearly the 
unfolding of the power of Stieltjes’ thought, while the latter 
abounds more in the finished work of his maturer years. Yet 
in this first volume is to be found the beautiful contribution to 
the theory of cubic and biquadratic residues, his researches on 
mechanical quadratures, and his interesting paper on the 
variation of the density of the earth. : 

The last three or four years of the first period of his life 
were particularly full of activity. In this interval he was 
married, he began to develop what became a life-long intimate 
friendship with Hermite, and he had the stimulus due to his 
new abode in Paris. The change and development in the 
more external affairs of his life were repeated in, or at least 
had their counterpart in, the remarkable development of his 
spirit which took place at the same time. 
` The ingenious conceptions, the generating ideas, the germs 
of his later activity, multiplied during this interval and in the 
year or two which followed. To this epoch of his life nearly 
‚all his most interesting contributions are to be referred either 
‘for their completion or at least for their initial conception. 
In the few remaining years he developed and extended the 
ideas and solved some of the problems which had already 
arisen in his mind. 

The centering of the more intensely creative activity of 
` Stieltjes’ life so largely in a single short period of it is perhaps 
instructive. In this period more than in any other new forces 
moved upon him from without and varied new delights (from 
new family ties, from the new friendship with Hermite, and 
from the new opportunity to give all his thought to mathe- 
matics) wrought upon his character and life and outlook to 
make him as it were a new individual. In this period the 
most of his essentially creative work was done. Is it perhaps 
' true generally that the spirit of man yields its greatest return 
in new truth discovered when it is subjected to the exhilaration 
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of the maximum of pleasant change in environment and out- . 
look and subject of interest? This question first arose in my 
mind and an affirmative answer pressed its2lf upon my thought 
when I was once studying the relation of the greater plays of 
Shakespeare to the character of his life at the time when they 
were produced; and I have often had occasion to observe a 
like correspondence in the external life and the more highly 
creative periods of numerous thinkers in widely separated 
fields of activity. The work of Stieltjes, while not that of a 
great master, seems to me nevertheless to be an instructive 
case in point. If my thesis is well founded it suggests a 
question of profound value as to how one shall maintain his 
own thought at the highest possible level of creative exaltation. 

It remains to discuss briefly a few of the more important 
memoirs of the second period in Stieltjes’ scientific life. The 
first of these is his Paris doctor’s thesis on certain semi- 
convergent series. In his work as an astronomer he had often 
observed the usefulness of certain divergent series (analogous 
to the celebrated formula of Stirling in the theory cf the 
gamma function) for the purposes of numerical computation. 
and he realized that the theory of these series had never been 
put on a satisfactory basis. He set himsef the task to make 
a systematic analysis of the matter so that at the end of his 
study he might be justified in looking upen the series as the 
asymptotic representation of one or more functions. He 
studied carefully certain divergent series of special importance 
and developed their properties so as to obtain from them the 
most exact information possible as to the numerical values of 
functions associated with them. He was proceeding largely 
` by his empirical method of gradual apprcach to the central 
facts of importance and wide generality; ard, if left to himself 
in this study, he would probably have pushed the investigatior 
to a much wider range. But the genius of Poincaré had 
turned almost simultaneously and quite independently to this 
same problem which astronomy had dumbly set before the 
mathematician for so long a time, and he attacked the problem 
from a general point of view rather than through special 
cases; under the fire of his genius the leading secrets were 
brought to light. Doubtless much remains to be done with 
the general problem, but the work of Poincaré so overshadowed. 
the simultaneous contribution of Stieltjes that the latter did 
not pursue the question in further extensive researches; and 
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his interesting and worthy contribution has largely fallen 
out of notice. 

The most significant among the works of Stieltjes is his 
celebrated memoir entitled “Recherches sur les fractions con- 
tinues” (printed on pages 402 to 566 of the second volume of 
the (Euvres). Here several partial investigations in his earlier 
‚work reach their full stature in completed theorems. The 
germs of some of the most fruitful ideas in the memoir go 
back as far as the later active years of the first period of his 
scientific life; and several partial results from his previous 
scientific activity are woven into it in their proper place and 
brought to a further stage of completeness than in the earlier 
papers. In volume 119 of the Paris Comptes rendus (at pages 
630-632) one will find a report by Poincaré on this memoir. 
It is described as one of the most remarkable memoirs in 
analysis “written in the last years,” and it is said to place 
its author in an eminent rank “in the Science of our epoch.” 
In the “Notice” of Bourget we have an interesting, and even 
a touching, account of the way in which the last discoveries 
of Stieltjes, which made it possible for him to bring this 
memoir to completion, so fired the zeal of his spirit for several 
months as to keep his mind in the freshness of its power even 
though his last illness was already sapping his physical 
strength and bringing him to a state of weakness in which he 
was unable to take up any further labors. He died a few 
months after the completion of the memoir. 

The reputation of Stieltjes can never go higher than the 
researches recorded in this memoir can take it; and it can 
never fall lower than the level to which this memoir would 
bring it; for, though several of his papers contain nothing 
more than the solutions of problems not inherently difficult, 
our judgment of the quality of his work will be based primarily 
on the character of his most worthy effort. In this memoir we 
find all the qualities of elegance and clarity and marked 
originality which are characteristic of his better work. 

The continued fractions considered by Stieltjes are such 
that the incomplete quotients are alternately of the forms 
Gani1Z and aan, the a; being real and positive, so that the 
fraction may be written in the form 


Dy sl, alt ds. 
os ta tax + a+ ; 
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His central result may be stated as follows: If the series Da, 
converges the fraction is oscillatory; the approximating re- 
duced fractions of even order tend to one limit and those cf 
odd order tend to another limit; in each of shese two sequences 
of fractions the numerator and the denominator tend each to 
an integral function of “genre” zero all of whose roots are 
real and negative; the limiting form of each of these two 
sequences from the approximating reduced fractions is a 
function which is ‘meromorphic throughout the finite plane 
and is decomposable into a series of simp_e partial fractions. 
If the series Zan diverges, the continued fraction is convergent 
and the limit is a function F(x) which is holomorphic every- 
where except (possibly) on the negative axis of reals; this 
function F(x) can be represented by a certain definite integral 
which in certain cases may be replaced by a series of simple 
fractions. In connection with the proof of these results 
Stieltjes derives and utilizes (Chapter V) a rzmarkable theorem 
in the general theory of functions, treats (Chapter VI) his 
celebrated problem of moments and defines (Chapter VI) the 
now classic Stieltjes integral. An extension of this memoir 
of Stieltjes has been given by Van Vleck (Transactions of the 
American Mathematical Society, volume 4 ‘1903), pages 297— 
332). See also Van Vleck’s Boston Colloquium lectures. 
pages 147-152. 

Probably Stieltjes will be longest and most gratefully 
remembered for his introduction of the integral now called 
after his name. He employed it in 1894 incidentally to the 
solution of his continued fractions problem and did not 
undertake to develop its properties 7urther than was needful 
for such a use of it. The great importance of the new limiting 
process was not at once realized and the possibility of its use 
remained latent for a number of years. Butit is more recently 
coming into its own. Its place is made abundantly clear by 
Hildebrandt in this BULLETIN, volume 24, 1918, pages 178 f., 
in his excellent statement of the reasons why it must be consid- 
ered a conception of fundamental importance. Perhaps the two 
strongest are those which arise from the following two results: 
for every linear functional operation U(f) on continuous 
functions f(x) there exists a function &(x) of bounded variation 
such that 


b 
UT) = | Heine), 
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the integral being taken in the sense of the definition of 
Stieltjes; a necessary and sufficient condition that every 
continuous function on (ab) may be uniformly approx mAted 
by linear combinations of a set of functions [e1(x), --:, 
Pntt), +] is that the only solution of the equations 


f noda (m= 1,2, +) 
for a u(x) which for every zo shall satisfy the condition 


u(ao) = Zlulzo + 0) + u(xo — 0)] 


is (z) = constant. 

The way in which Stieltjes came to the introduction of his 
new limiting process is interesting as illustrating one extreme 
of the method of discovery. It is as far removed as possible 
from that method in which one sets out deliberately to extend 
or zeneralize conceptions previously found interesting or useful 
in order to ascertain what further things of value may be seen 
to grow out from them. Such a method a man of Stieltjes’ 
scientific temperament could never have employed. His mind 
dic not operate in the direction of extending known concep- 
tions by meditating upon them; and apparently he could 
never have succeeded in working in this way, however well the ` 
method may be suited to a certain different and perhaps more 
robust scientific temperament. On the contrary he proceeded 
first with particular instances of the problem of a general 
investigation and solved a number of relatively simple special 
problems which arose in this way. Being cast down repeatedly 
by certain difficulties which he could not at first surmount 
and analyzing the tools which he had employed to ascertain 
wky they did not carry him to the goal, he seems to have 
come to a realization that the integral which he had been 
using was not altogether as flexible as the exigencies of his 
problem demanded. Certain aspects of it he was able to 
lock upon dynamically as a problem in moments. But the' 
mément could not be expressed always in the form of an 
ordinary integral though it was certainly the limit (in a 
certain sense) of a sum much like that employed in the. 
Cauchy-Riemann definition of integral. This limit afforded 
him his new integral. In this way arose one of the highly 
fruitful conceptions of recent mathematical analysis—one 
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which will probably play a role of fundamental importance 

in the further development of certain central branches of 

mathematics. | 
R. D. CARMICHAEL. 


SHORTER NOTICES. 


Opere di Evangelista Torricelli. Edited by Gino Lora and 
GIUSSEPPE VassuRA. Faenza, 1919, 2 volumes. Volume 
I, part 1, xxxviii + 408 pp.; part 2, iv + 482 pp. + plates; 
Volume II, iv + 322 pp. + plates., 

Or those who sat at the feet of Galileo (1564-1642) and from 
him received instruction and inspiration, two were permitted ‘ 
to enjoy this privilege only in the last weeks of his life. One 
of these, Viviani (1622-1703), was fifty-eight years his junior 
and was only twenty years of age when the great teacher 
passed away. Viviani survived Galileo by sixty-one years, 
the lives of the two bridging a span of nesrly a century and a 
half. With propriety as well as with pride he could say, in 
his later life, that he was “postremus Galilei discipulus.” 
In a way, however, Torricelli (1608-1647) could have said 
the same, for he too was one of the last of those who learned 
from the great master, although he died so early that he was 
not, like Viviani, the last disciple to pass away. Viviani 
signed his famous problem on the hemispherical dome by an 
anagram of the words “A postremo Galilei Discipulo,”” while 
Torricelli was proud to observe that the letters of his own name 
could be transposed to form the sentence “En virescit Galileus 
alter.” 

Of these two great disciples the more briliant was Torricelli. 
With a span of life that was less than half as long as that of 
Viviani, he may be said to have accomplished twice as much, 
and the results of his labors have been set forth in the velumes 
under review. 

Volume I, consisting of two parts, covers the work of Torri- 
celli in the field of geometry and appears under the editorship 
of Professor Loria, while Volume II includes his academic 
lectures, his work in mechanics, and his writings in various 
minor lines, and is published “per cura” of Professor Vassura. 
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Tha introduction to Volume I gives a general survey of the 
life and works of Torricelli, contains much valuable biblio- 
graphical material, and includes considerable interesting infor- 
mation relative to the manuscripts which he left. 

The inception of this edition dates from the action of the 
Congresso Internazionale di Scienze Storiche, held in Rome in 
1903. At that time Professor Loria‘read a paper on “Un’ 
impresa nazionale di universale interesse (pubblicazione delle 
Opere di Evangelista Torricelli),”” with the result that the 
congress recommended that the Italian government assign to 
the R. Accademia dei Lincei the task of examining the manu- 
script works of Torricelli for the purpose of determining what 
ones should be printed, and also of deciding upon the works 
already published which should properly find place in a new 
edition. The recommendation was indorsed by other organi- 
‘zations, and on the occasion of the tercentenary of Torricelli’s 
birth, in 1906, the Consiglio Comunale of Faenza determined to 
rer der financial assistance in the publication. The result of 
this decision was the publication of the present edition, some 
thirteen years later. | i 

The editors have properly exercised their privilege of re- 
arranging the material so as to present a unified appearance, 
transferring certain parts of the geometry, which appeared 
in 1644, to the second volume, and making other changes of a 
like nature as seemed necessary. This has resulted in a 
bester sequence, and the only criticism that seems proper to 
meke in this respect is that the text does not give, at the be- 

- ginning of each of the separate divisions, a brief statement of 
the date and place of the first editions. Such information 
wculd be helpful to the bibliophile and historian and would 
not interfere in any way with the sequence chosen. Informa- 
ticn of a somewhat similar nature is given with respect to the 
material published from hitherto unedited manuscripts. 

In his more scientific works Torricelli wrote in Latin, but 
some of his popular essays and addresses are in Italian. In 
th> present edition no attempt has been made at translation, 
and the several works appear as in the original. As to 
sequence, however, many changes have been made. Most of 
th= Opera Geometrica (Florence, 1644) has been included in 
Volume I, which treats of geometry, but the portion “De 
motu gravium naturaliter descendentium, et proiectorum libri 
duo” has been transferred to Volume II, which relates in part 
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to mechanics. On the other hand, there has been added to the 
geometry considerable material from the “Discepoli di Gali- 
leo” in the manuscripts of the Collezione Galileiana at 
Florence (volumes 26, 27, 28, 29, 32, 33, and 37). Tkis 
includes an appendix to lemma XX of the memoir, “De 
dimensione parabole,” and also a numb=r of other chapters 
relating to geometry and now for the first time made generally 
accessible. Among these is Torricelli’s Truffle Field (“Campo 
di tartufi”), with a number of interesting propositions relating 
chiefly to the circle; his notes “ Contro gl’infinito” (mestly in 
Italian), evidently begun with the idea af placing a series of 
interesting paradoxes before his students; the essay on the 
center of gravity of sectors of a circle; the one “ De maximis et 
minimis”; the “Nova per armillas stereometria,” containing 
the particularly interesting chapter “De solidis vasiformis ” 
the essay “ De infinitis spiralibus”; a brief treatment of conic 
sections; and his essay “De indivisibil'bus,” a chapter of 
particular interest to students of the period in which Cavalieri 
was beginning to pave the way for the calculus which de- 
veloped towards the end of the seventeenth century. In this 
connection the reader will also wish to examine the second 
part of the essay “De centro gravitatis sectoris circuli,” where 
the subject is treated “per geometriam indivisibilium.” 

The second volume contains ‘the Lezicni Accademiche Cn 
Italian) which were published in Florence in 1715, the essays 
on mechanics, the heretofore unpublished essay on Prospettiva 
Pratica (in Italian), and various miscellaneous letters ard 
articles. 

The reader who wishes to see Torricelli’s classical discussion 
of the cycloid will find it on page 163 of Volume I, but should 
also consult the appendix, page 444. 

Considering the work as a whole, the general reader will 
probably be surprised to find that Torricelli, who is generally 
looked upon as a physicist, wrote chiefly upon geometry. He 
will find, particularly in the hitherto unpublished chapters, 
considerable material that can be used witt profit in connection 
with problem courses. 

The matter here reprinted from the edition of 1644, judgirg 

_ from several random selections, shows a commendable degree | 
of care on the part of both the editors and the publishers. 
As would naturally be expected in a work of this size, there 
are various typographical errors, as in th= cases of Huygegs 
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for Huygens (I, 232), and Withe for White (ibid.). Exception 
may also be taken to the positive assertion that the birthplace 
of ‚Thomas White was Hutton, which seems to be only a 
probability. There are also numerous misprints such as 
seguento for seguento (I, 294). Matters of this kind, occurring 
only casually, are too trivial to mention in detail in a review. 
The most serious defect in the work is the absence of an index, 
the tables of contents not being sufficiently complete to enable 
a reader to find easily the particular subject which he wishes 
- to investigate, particularly in connection with the notes. 

Aside from the introduction, the work of the editors consists 
chiefly in the arrangement of the material, with a few im- 
portant notes such ‘as the one by Professor Loria at the end 
of the chapter “De tactionibus” (Volume I, page 291). On 
the whole, the edition is a very satisfactory one, and it is 
another testimonial to the remarkable scientific and productive 
powers of Professor Loria. 

Davin EUGENE SMITH. 


An Introduction to String Figures. By W. W. Rouse BALL. 
Cambridge, W. Heffer and Sons, 1920. 38 pp. 

‚ In the spring of 1920 Mr. Ball gave a lecture at the Royal 
Institution, London, on simple string figures and their history, 
and this lecture has now appeared in pamphlet form, designed 
to set forth, as the title page asserts, “an amusement for 
everybody.” Much of the information given in the essay is 
already familiar to those who are acquainted (and what 
student of mathematics is not?) with Mr. Ball’s Mathematical] 
Recreations (fifth edition, chapter XVI, page 348), but there 
is a certain amount of added material in the present publica- 
tion. On the other hand some of the figures mentioned in the 
Recreations are not given here. For those who do not have 
the larger work at hand, this pamphlet will be found of interest. 

Davip EUGENE SMITA. 


Solutions of the e Ezamplesi ina Treatise on Diferential Equations. 
By A. R. Fongen. London, Macmillan and Company, 
1918. 249 pages. 

‘Tuts volume should serve as a time-saver to those who 
are giving the usual course in differential equations. Since 
the solution of a differential equation so often depends upon 
selecting the proper ingenious device, even the experienced 
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mathematician may find the working cut of a particular 
example to require in some cases a considerable amount of 
labor. Unless one has already completed a card catalogue 
or a note book containing his own solutions of such a wide. 
range of examples as is to be found in Forsyth’s Treatise, a 
work like the present will prove of great value. 

. The examples worked out in the German edition of the 
Treatise included only those contained in the first and second 
English editions. As is well known, the later editions con- 
tained a great many additional examples. The present volume 
includes the solution of these. All the examples have been 
worked out by Professor Forsyth himself, and, with pcssibly 
three exceptions, all were found tc be solvable in the usual 
sense of the term. 

CHaaLes N. Moore. 


Space, Time and Gravitation; an Outline of the General Relc- 
tivity Theory. By A. S. Enpinaron. Cambridge, Uni- 
versity Press, 1920. vii + 218 pp. 

EppIneTon has a pleasant style even when engaged in 
technical exposition. His Stellar Movements makes very 
interesting reading for any mathematician who likes to see 
what mathematics has recently done toward unraveling the 
structure of the sidereal universe. This style is a necessity 
when one tries to write a semi-popular account of Einstein’s 
new theory. On the whole Eddington has succeeded in mak- 
ing the matter clear without appeal to too much mathematics. 
Of course the person who has absolutely no mathematical 
outlook beyond the high-school course will have difficulty in 
appreciating even the Prologue; but let us say a college 
graduate who has had his calculus, taugkt in no too formal 
fashion,—he will find the book possible. The physicist, the 
not too ignorant philosopher will welcome the chance to 
study the theory in its elemental simplicity. Einstein’s own 
treatment and that of his followers is about as instructive to : 
the beginner as lectures on generalized (Lagrangian) coordi- 
nates would be in collegiate physics as a first treatment of 
mechanics or Lamé’s work as an introduction to the potion 
of potential. 

Eddington begins with a Prologue on What is Geometry 
written in the form of a Platonic dialogue between an experi- 
mental physicist, a pure mathematician, and a relativist. 
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The three points of view are well done and spiritedly. He 
should have had a philosopher, but probably he shrank from 
-abandoning his clear and definite style in an attempt to accord 
or even record such divergent points of view as are taken by 
Whitehead and Walker as to the philosophic significance of 
general relativity and whéther idealism or realism prevails 
by virtue of it.* 

A discussion of the FitzGerald contraction leads up to 
relativity (old style, 1905). Then the world of four dimensions 
(x, y, z, t) is dwelt upon, but no more than is necessary to the 
uninitiated. The fourth chapter discusses fields of force— 
the equivalence postulate. Then Kinds of Space serves as the 
title of a chapter which explains, as well as may be, the meat 
of non-euclidean geometry, the theory of curvature, the 
analysis of tensors. A hard chapter to write. (But we won- 
der whether it is true that Riemann, Christoffel, Ricci and 
Levi-Civita never dreamt of a physical application of their 
analysis (page 89). We seem to recall that Ricci, rather early, 
applied his absolute calculus to problems in elasticity, and 
Levi-@ivita to problems in potential theory. Christoffel is 
les s known to us, but Riemann we always regarded as physicist 
quite as much as mathematician, and as a dreamer who 
dreamt many a relationship between the two.) | 

It may be well to ponder upon the statement (page 92): 
“I prefer to think of matter and energy, not as agents causing 
the degrees of curvature of the world, but as parts of our 
perceptions of the existence of the curvature.” Relative to 
the older physics this is a turn-about quite Copernican. 
We have been in the habit of separating our difficulties— 
space, time, matter, energy, electricity, etc. The new style 
is to lump them all together and blame it on the way the world 
(four-dimensional) is made or on the way we make our 
measurements. It may be the better way. Only the future 
can tell. Certainly it does not seem the simplification that 
the Copernican theory represented as against the Ptolemaic. 
The great advances in science are usually ear-marked by 
simplicity,—the sort of thing the man in the street can under- 
stand.if attentive. Einstein is reported to have alleged that 
not over a dozen in the world could read his book. That 
is not the way advances in science come,—but this may be 


* See “Space, Time and Gravitation,” by E. B. Wilson, The Scientific 
Monthly, March, 1920, especially p. 233. 
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the exception that proves the rule, or Einstein may merely 
be truthful and we may be fooling ourselves in thinking that 
the way of scientific advance is natural and easy, once it is 
pointed out by the pioneer. 

Chapter VI is on the New Law of Gravitation and the Old 
Law. The defects of Newton’s law are pointed out and the 
curvature of the space-time world in the neighborhood of 
matter is explained in detail with the aid of the differential 


d? = — dr/j vd + jde, (j= 1 — 2mfr), 


of the manifold. The diagrams and analogies are suggestive 
‚and effective. Next ccmes a chapter on weighing light and 
among some excellent statements we find the puzzling ore 
that: Possibly the tails of comets are a witness to the power 
of the momentum of sunlight which dzives outwards -the 
smaller or the more absorptive particles—puzzling until we 
surmise that probably reflection is not of much importance. 
on account of low albedo. It is in this chapter that an 
account is given of the results of the eclipse observations at 
Sobral and Principe. Other tests of the theory form the: 
subject of Chapter VIII,—perihelicn of Mercury, mincr cor- 
rections in the elements of other planetary orbits, shift of the 
spectral lines, and the philosophical test of the Principle cf 
Equivalence as applied to the clock (page 131) Ths last 
argument is particularly interesting if somewhat dangerous, 
as the author seems to rehlize. 

The chapter on momentum and energy brings in the ordinary 
relativist law for the change of mass with velocity But the 
chief interest lies in a quasi-philoscphic, speculative attitude 
wherein gravitation and inertia are identified. If this has 
appeared in the writings of others, it has at least escaped our 
attention. There is (page 141) a suggestion that correspond- 
ing to any absolute property of a volume of a world of four 
dimensions (the property chosen by Einstein being curvature) 
there must be four relative properties. which are conserved 
(in the Einstein theory,- the conservation of energy and of 
momentum); and that this might be md Che starting-point 
of a general inquiry into the necessary qualities of a permanent 
perceptional world. The inquiry should be made. Indeed, 
the statement would seem to, place the Einstein theory of 
gravitation in the class of an astute guess for which such 
corroboration as the bending of light by definite quantitative 
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amount and the correct figure for the advance of the perihelion 
of Mercury could not be expected. It must be possible to 
modify the curvature by introducing other absolute properties 
in conjunction with it so as to leave the major fact of (New-. 
tonian) gravitation unaltered but seriously to alter the minor 
corrections to it. Action, Ae, mass or energy multiplied by 
time, is given a fundamental. position as density multiplied 
by a four dimensional volume, action as the curvature of the 
world, and reference is (later) made to the fundamental k of 
Planck’s quantum theory. The curvature of the world in 
water (density 1 gm./cm.?) is the same as that of space in 
the form of a sphere of 570,000,000 km. radius or, in time 
units, of radius about 1/2 hour. A homogeneous sphere of 
water of this radius would exhaust all space-time. This 
mass is small compared with many estimates of that of the 
sidereal universe. Apparently, then, that mass could never 
get together except in a very much rarer condition than water. 

“Towards Infinity” is the title of Chapter X. Here is 
considered the contrast between translation and rotation. 
Can an observer accept as a possibility a geocentric system 
with non-rotating earth? He would have to have something 
to take care of the centrifugal force wr. Would a distribution 
of gravitating masses accomplish this? The author appears 
to give it up, at least as a problem in physics and to believe 
there is a real distinction physically if not metaphysically 
between rotation and translation with respect to absoluteness. 
(Of course on the Newtonian theory a uniform distribution of 
negatively gravitating matter about any center will produce 
a repulsive force proportional to the distance.) A few words 
are given to acceleration. The curved spaces of de Sitter 
(spherical) and Einstein (cylindrical) are discussed. The 
author admits that things are getting speculative and less 
definite than before and that he is becoming bewildered. 
Almost all students of generalized relativity must at times 
share his sensations.. One phrase we quote (page 165): The 
reader will see how our search for on "absolute world has been 
guided by a recognition of the relativity of measurements 
of physics. This seems sound. 

The penultimate chapter on electricity and gravitation 
gives a sketch of Weyl’s theory, a new geometry in which a 
rod taken around a circuit in space and time changes length, 
thereby becoming responsible for the sensations of electric 
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shock. The theory is perplexing but it certainly has some 
points of philosophic advantage over Einstein’s theory, besides 
leading to the electromagnetic equations. In it action is a 
pure number; there is so and so much action in a given region 
of space-time independent of the coordinates used or the unit 
of measures. The author thinks that in some way this pure 
number must be connected with probability so that the 
principle of least action becomes the principle of greatest 
probability. This is very attractive and, in the present state 
of our theory, very suggestive. There is a final chapter on 
the Nature of Things and an Appendix containing mathe- 
matical notes. 

We agree with Eddington that H. Weyl’s Raum, Zeit, 
Materie (recently appearing in a third edition) is the best 
treatise on the new relativity; his own is undoubtedly the 
best general presentation. 

Erwin EIDwELL WILSON. 


MASSACHUSETTS INSTITUTE op TECHNOLOGY, 
August 15, 1920. 


Researches in Physical Optics. Part Il: Resonance Radiation 
and Resonance Spectra. By R. W. Woop. New York, 
Columbia University Press, 1919. viü + 184 pp. + X pl. 
THERE is no doubt that the theory of spectra of all sorts, 

including resonance spectra, offers opportunity for mathe- 

matical work, both on the side of the dynamics or kinematics 
of hypothetical atoms or molecules and on the side of empirical 
nomographic or curve-fitting studies of spectral series. Con- 
siderable has been accomplished in doth directions but further 
studies will be necessary before anything approaching satis- 
faction relative to our knowledge of the intimate parts of 
optics and of the constitution of matter is reached. Moreover, 
unless some extraordinary genius like Willard Gibbs appears, 
to do for this field what he did for physical chemistry, 
much additional experimental knowledge must be acquired 
and digested. It is this experimental foundation, with respect 
to resonance spectra, which Professor Wood is developirg 
and expounding in the researches recently appearing from the 

Columbia University Press. The book, as written, interests 

the experimental and descriptive physicist rather than the 

mathematician, even though he be a matrematical physicist. 
E. B. Wizsox. 
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NOTES. 


Tes issue of the BULLETIN marks its official transfer to a 
new Committee of Publication. Since the material for the 
BULLETIN is prepared far in advance of publication, however, 
the actual transition will be gradual. Material for the Febru- 
arz number, in fact, and some of the material for still later 
numbers, had been gathered and to some extent arranged by 
the preceding editors. 

The new Committee of Publication, and their associated 
ed:tors, enter upon their task with mixed feelings and with 
no better programme than to maintain the high record 
established in the past. To many it may seem surprising that 
no acknowledgment of the indebtedness of the Society to those 
wto are now relinquishing control appears in the present 
number. This defect is explained essentially in the preceding 
paragraph. | 

The present editor and his associates bespeak for the 
BULLETIN under their management the cordial support of 
contributors and of members of the Society, and forbearance 
for faults that are inevitable in new and inexperienced 
direction. 


THE seventy-third meeting of the American association for 


` the advancement of science was held at Chicago, December 27 


to January 1, under the presidency of Dr. L. O. HOWARD. 
Professor D. R. Curtiss was vice-president of section A 
(mathematics). On December 29, Professor O. D. KELLOGG 
delivered his address as retiring vice-president of the section 
on “A decade of American mathematics,” before a joint 
session with the Mathematical Association of America and 
the Chicago section of the American Mathematical Society. 


Tue concluding (October) number of volume 21 of the 
Transactions of the American Mathematical Society contains 
‘the following papers: “Minima of functions of lines,” by 
ELIZABETH LeStourgeon; “Invariants of infinite groups in 
the plane,” by E. F. Smonps; “On triply orthogonal con- 
gruences,” by J. B. Saaw; “A set of properties characteristic 
of a class of congruences connected with the theory of func- 
tions,” by E. J. Wizczynsxr; “On the equilibrium of a fluid 
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mass at rest,” by J . W. ALEXANDER ; “Concerning approach- 
ability of simple closed and open curves,” by J. R. Ems, 


THE following mathematical papers have appeared in recent 
volumes of the Journal of the United States Artillery: volume 
. 50 (1919): “A method of computing differential corrections 
for a trajectory,” by G. A. Briss; volume 51: “Numericel 
integration of differential equations,” by F. R. Momo: 
“Equations of differential variations in exterior ballistics,” 
by W. E. Muss: “The use of adjoint systems in the problem 
of differential corrections,” by G. A. Das: “Rotating bands,” 
by OSWALD VEBLEN and P. L. ALGER; “A method of com- 
puting differential corrections for a trajectory,” by G. A. ` 
Buiss; volume 53 (1920): “On weighting factor curves in 
flat fire,” by J. F. Rrrr; “Mirror and window position finders,” 
by W. C. GRAUSTEIN. 


- RECENT numbers of the Proceedings of the National Academy 
of Sciences contain: volume 5, number 9 (September, 1919}: 
“Radiation from a moving magneton,” by H. BATEMAN; 
number 12 (December): “ Conditions necessary and sufficient 
for the existence of a Stieltjes integral,” by R. D. Car- 
MICHAEL; \“ Transformations of cyclic syssems of circles,” by 
L. P. EISENHART; volume 6, number 1 (January, 1920): 
“The commutativity of one-parameter transformations in real 
variables,” by A. C. Lunn; number 2 (February): “Groups 
generated by two operators, 81, 82, which setisfy the conditiors 
81” = 89”, (8183) = 1, 8182 = 8281,” by G. A. MILLER; number 
3 (March): “A kinematical interpretation of electromagne- 
tism,” by LercH PAGE; “Note on geometrical products,” 
by C: L. E. Moore and H. B. Dote: number 4 (April: 
“The starting of a ship,” by J. K. \VEITTEMORE; “A thermo- 
dynamic study of electrolytic solutions,” by F. L. HrrcHcocE; 
*Functionals invariant under one-parameter continuous 
groups of transformations in the space of continuous func- 
tions,” by LA BARNETT; number 5 (May): “On Kummere 
memoir of 1857 concerning Fermat's last theorem,” by H. S. 
VANDIVER; number 6 (June): “On the distortion in conformal 
mapping when the second coefficiént in the mapping function 
has an assigned value,” by T. H. Gronwazz; “On the connec- 
tion of the specific heats with the equation of state of a gas,” 
by A. G! WEBSTER; “On the conformal mepping of a family of 


d 


1921.] NOTES. 189 


conics on another,” by T. H. GRONWALL; number 7 (July): 
“On the class number of. the field Nee ) and the second 
case of Fermat’s last theorem,” by H. S. Vanpiver; number 
9 (September): “On a differential equation occurring in 
Page’s theory of electromagnetism,” ‘by H. BATEMAN; “A 


` new proof of a theorem due to Schoenflies,” by J. R. KLINE; 


“On the structure of finite continuous groups with exceptional 
transformations,” by A. C. Lunn. 


Tux following doctorates in mathematics were conferred 
by the University of Pairs in 1920: B. GLoBA-MIKHATLENKO: 
“I. Contribution & l’&tude des formes d’une masse fluide en 
équilibre. II. Méthode de Ritz pour l’équilibre, sous l’action 
d'une charge verticale donnée, d’une lame rectangulaire 
horizontale encastrée sur tout son contour,”; M. JANET: “I. 
Sur les systèmes d'équations aux dérivées partielles. II. Sur 
les congruences de droites.” 


In acknowledging the gift to the American Mathematical 
Society’s library of the thirteenth volume of the complete 
edition of Huygen’s works, published by the Dutch Society of 
Sciences, it was referred to as the final volume of the set 
(see BULLETIN, volume 27, page 94). This is far from being . 
correct, as several others are expected to appear; in fact, 
volume 14, published in 1920, has already reached us. This 
contains his work on the calculus of probabilities, “Van 
rekeningh in spelen van geluck,” 1656-1657, with several - 
appendixes of later date, and various papers on pure mathe- 
maticsthat appeared from 1655 to 1666. 


THE Royal society of London has conferred a Royal medal 


.on Professor G. H. Harpy, for his researches in pure mathe- 


matics, especially in the analytic theory of numbers. 


PROFESSOR A. SOMMERFELD, of the _ University of Munich, 
has been awarded the Vahlbruch prize of the Academy of 
sciences of Göttingen. He has also been elected corresponding 
member of the Berlin Academy of sciences, and foreign member 
of the Royal Swedish academy-at Upsala. 


Prorrssors A. EINSTEIN and M. PLanck have been elected 
corresponding members of the Danish Society of sciences. 
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Proressor H. Wat, of the technical school at Aix, has 
been elected a member of the Leopoldinisch-Carolinische 
Akademie at Halle, and Professor E. MÜLLER, of the Vienna 
technical school, an associate of the Austrian section of that 
academy. 


THE philosophical faculty of the University of Giessen has 
conferred the honorary degree of doctor.of philosophy on 
Professor C. Kosrxa, of Insterburg. 


Prorzssor E. Coun, formerly of the University of Strass- 
burg, has been appointed honorary prof2ssor of theoretical 
physics at the. University of Freiburg. 


Prorzssor C. Cranz has been appcinted professor of 
theoretical physics at the Charlottenburg technical school. 


Proressor E. Fiscuer, of the Univers-ty of Erlangen, has 
been appointed professor of mathematics at the University 
of Cologne. 


At the Dresden technical school, Professor G. KowALEWSKI, 
of the German University at Prague, has been appointed pro- 
fessor of mathematics, Dr. M. LAGALLY, o Munich, professcr 
of applied mathematics, and Dr. L. Föprr, of the University 
of Wiirzburg, professor of the theory cf stability, hydro- 
dynamics, and aerodynamics. 

Dr. R. GRAMMEL, of the University 3f Halle, has been 
appointed to a professorship at the Stuttgart technical school. 


Dr.. W. Liztzmann has been appointed professor of the 
teaching of the exact sciences at the University of Göttingen. 


Prorzssor H. LIEBMANN has been appointed professor of 
mathematics at the University of Heidelberg. 


AssocIATE professor H. RoTHE, of th2 Vienna technical 
school, has been promoted to a full professorship of mathe- 
matics. 


Proressor E. STEINITZ, of the Breslau technical school, 
has been appointed professor of mathematis at the University 
of Kiel. ` e ' 


Proressor R. WEITZENBÖCK, of the German technical 
school at Prague, has been appointed professor of mathematics 
at the technical school at Graz. 
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Prorzssor A. Férrt, of the Munich technical school, has 
retired from active teaching. | . 


Tue following persons have been admitted as privat- 
docents: Dr. J. NELSEN, for pure and applied mathematics, 
at the University of Hamburg; Dr. O. v. GRUBER, for applied 
mathematics, at the Munich technical school; Dr. G. WIARDA, 
for mathematics, at the University of Marburg. 


Proressor J. HapamMarD has been appointed professor of 
mathematical analysis at the Ecole centrale des arts et manu- 
factures at Paris. 


M.. Cerr has been appointed associate professor of mathe-, 
matics at the University of Dijon. 


Dr. C. G. Knorr has been appointed to the'newly instituted 
office of reader in applied mathematics at the University of 
Edinburgh. : 


Me. F. J. Hartow, head of the department of mathematics 
and physics at the Sir John Cass Technical Institute, Aldgate, 
has been appointed principal of the Municipal Technical 
College, Blackburn. 


Miss Nora J. CatpERwoop and Mr..T. A. LUMSDEN have 
been appointed assistant lecturers in mathematics at the 
University of Birmingham. 


Ar the University of Nebraska, Dr..T. A. Pıercz has been 
promoted to an assistant professorship of mathematics, Mr. 
W. M. Bonn, Mr. O. C. CoLLins, of Oxford University, and 
Mr. C. R. SHERER have been appointed instructors, and Miss 
C. RuMuons assistant instructor. 


In’the department of mathematics ‘at the University of 
Illinois, associate professor R. D. CARMICHAEL has been pro- 
moted to a full professorship; Dr. C. F. Green, Dr. L. L. 
STEIMLEY, and Dr. B. MARGARET TURNER have been ap- 
pointed instructors; Professor E. R. SMITH, on leave of absence 
from Pennsylvania State College, has been appointed associate. 


Dr. LUDWIK SILBERSTEIN, author of works on mathematical 
physics, and formerly lecturer at the University of Rome, has 
accepted a, research position with the Eastman Kodak Com- 
pany at Rochester. 
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PROFESSOR HARRIET GLAZIER, on leave of absence from the 
` Western College for Women, has been appointed professor of 
mathematics at the Southern Branch of the University of 
California for the current academic year, during the absence 
of Professor MYRTIE CoLLIER. 


Ar the University of Pennsylvania, assistant professor F. H. 
SAFFORD has been promoted to a full professorship of mathe- 
matics, and Mr. H. M. Gemman and Mr. R. W. HARTLEY 
have been appointed instructors. Dr. R. A. Arms has re- 
signed, to accept a professorship at Pennsylvania College, 
Gettybsurg. 


In the department of mathematics at the United States 
Naval Academy, assistant professors J. A. BULLARD, A. 
Durmeram, and J. N. GALLOWAY have been promoted to 
associate professorships, and Mr. M. A. Eason, Mr. H. H. 
Gaver, Mr. H. M. Rosert, Jr., and Dr. W: F. SHENTON -to 
assistant professorships; Mr. E. A. Barre, Mr. A. J. Bar- 
RETT, Mr. E. R. C. Mies, and Mr. A. A. Rosınson have 
been appointed instructors. Í 


Mr. Oscar SCHMIEDEL has been appointed professor of 
mathematics at Nebraska Wesleyan University. 


Dr. O. J. RamLer has been promoted to an associate pro- 
fessorship of mathematics at the Catholic University of 
America. : 


Prorzssor H. S. Myers, of Huron College, has been 
appointed professor of mathematics at Southwestern College, 
Winfield, Kansas. 


Proressor R. A. WELLS, of Park College, has been ap- 
pointed associate professor of mathematics at the Michigan 
State Normal College. 


Mr. CoRNELIUS Gouwens, of the University of Kansas, ` 
has been appointed assistant professor of mathematics at 
Iowa State College. PO 


Proressor C. E. Horne, of the University of Porto Rico, 
has been appointed ‘dean of the college of agriculture and 
‘mechanic arts at the university of Mayagüez, P. R. 
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ASSISTANT professor F. C. Kent has been promoted to an 
associate professorship of mathematics at the Oregon Agri- 
cultural College. 


Mr. H. L. Orson, of the University of Wisconsin, and Mr. 
H. A. Smmons have been appointed instructors in mathe- 
_ matics at the University of Michigan. 


Ar the University of Alberta, Mr. T. H. Mins, of the 
University of Toronto, has been appointed lecturer, and Mrs. 
E. T. MiTcHELL instructor in mathematics; Mr. GEORGE 
Rosinson has resigned, to become assistant to Professor E. T. 
WHITTAKER in his mathematical laboratory at the University 
of Edinburgh. 


Miss Anna M. MULLIN and Miss Herma Hoımes have 
been appointed instructors in mathematics at the University 


of Texas. 


Me C. E. HARRINGTON has been appointed instructor in 
mathematics at the University of Buffalo. 


„. Mr.L.M. Graves has been appointed instructor in mathe- 
matics at Washington University. 


Dr. A. R. Wrzzrams and Dr. C. D. SHANE have been 
appointed instructors in mathematics at the University of 
California. | 

Proressor M. Krause, of the Dresden technical school, 
died March 2, 1920, at the age of sixty-eight. | 


Proressor L. PoCHHAMMER, of the University of Kiel, 
died March 24, 1920, at the age of seventy-eight. 


Tue death is announced of the distinguished geometer 
Professor K. F. W. Roun, of the University of Leipzig, on 
August 4, 1920, at the age of sixty-five. 


Tre death is announced of Professor E. SELLING, formerly 
of the University of Wiirzburg. 


ASSISTANT professor T. R. Davies, of McGill University, 
died August 12, 1920, at the age of fifty-six. 


. 
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_ NEW PUBLICATIONS.  - 


L HIGHER MATHEMATICS. 


Barry (E.). Géométrie synthétique des unicursales de troisième classe 
et ee ordre. Paris, Gauthier-Villare, 1920. 6 -+ 100 pp. 


Boorer (E.). tur des Kreises. 2te A: (Mathematische- 
, ae isch liothek, Nr. 12.) Leipzig, Tı ee 1920. 57 pp. 


Casoni (F.). A history of the conceptions of limits and fluxions in Great 
` Britain from Newton to Wo use. Chicago and London, Open 
Court, 1919. 300 pp. $2.00 


Corrut (J. Q. VAN DER). Over roosterpunten in het platte vläk. (De 
beteekenis van de methoden van Voronoi en Ffeiffer.) ( emisch 
Proefschrift.) GE Noordhoff, 1919. 


Dickson (L. E.). to te of the Eer of numbers. Volume 2: Dio- 
` pianino analysis. Carnegie Institution, 1920. 16 + 
PP 


Fear (H.). See LEVEUGLE R.). 
Fusmı (G.). Lezioni di analisi matematica. 3a edizione interamente 


tifusa. Torino, Società tipografico editrice nazionale, 1919. 8vo 
‘8 + 512 pp. 


Garm (A. 8.) and Warkers (C. W.). Elementary functions and applica- 
tions. New York, Holt, 1920. 20 + 436 pp. $2.60 


Leron (E.). Table de caractéristiques de base 30,030 donnant, en un seul 
coup œil, les facteurs premiers des nombres premiers avec -30,030 
et inférieurs à 901,800,900. Tome I, ler fascicule. Paris, Gauthier- 
Villars, 1920. 4t0. 56 pp. 


Lrvevcız (R.). Précis de calcul géométrique. Avec une ae de H. 
Fehr. Paris, Gauthier-Villars, 1920. 8vo. 5E -+ 400 pp. 


Macmanon (P. A.). An introduction to combinatory analysis. Cam- 


bridge, University Press, 1920. 8vo. 8+713p. . 7a. dd. 
Mansion (P.).' Derniers mélanges mathématiques. Paris, Gauthier- 
Villars, 1920. 8vo. 4 + 188 pp. Fr. 10.00 


Rovamr (L.). Le philosophie géométrique d’Henri Poincaré. Paris, 


Alcan, 1920. 8vo. 208 pp. Fr. 9.00 


Voorn (W. L. VAN DER). Grenswaarden, eene inleiding tot de differen- 
n en integraalrekening. Groningen, Noordhoff, 1919, 8vo. 
pp. D 


Wargers (C. W.). See Garm (A. 8.). 


WarreseaD (A. N.). The concept of nature. ` Tarner lectures delivered 
in Trinity Co ege November 1919. Cambridge, University Press, 
1920. 8vo. 10 + 202 pp. 


> 
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DL ELEMENTARY MATHEMATICS. 


Boxer (E.). Die Elemente der Mathematik. Vom Verfasser genehmigte 
deutsche A e besorgt von P. Stickel. 2ter Band: Geometrie. 
2te Auflage. ipzig, Teubner, 1920. 16 + 380 pp. 


Crantz (P.). Sphärische Trigonometrie sum Selbstunterricht. (Aus 
Natur und Geisteswelt, Nr. 605.) Leipzig, Teubner, 1920. 98 pp. 


Gray (J. C.). Number by development. Volume 3: Grammar grades, 
Philadelphia, Lippincott, 1919. 20 + 514 pp. , 


Guam (M.). Modern junior mathematics. Book 3. New York, Gregg 
1920. 13 + 246 pp. $1.00 


Hxpaıcx (E. R.). Logarithmic and trigonometric tables. Revised edi- 
tion. New York, Macmillan, 1920, 22 + 143 pp. 


(J.). Elementær Geometri. 2den Bog. København, Gjel- 
lerup, 1919. 8vo. 111 pp. 


Koduime (A.). Methodischer Führer und Ratgeber fur den mathe- 
à matischen Unterricht. Teil Il: Planimetrie, Trigonometrie und 
Stereometrie. Stettin, Fischer und Schmidt, 1919. 395 pp. 


Nuxvursxp (J. L.). Elementary algebra with a table of logarithms. Phila- 
delphia, Blakiston, 1920. 12 + 383 pp. 


SrioxeL (P.). See Borri (E.). 


II. APPLIED MATHEMATICS. ; 
ANDRIRU (—.). Les révélations du dessin et de la EE à la 
erte, incipes de métrographie. Paris, Gauthier illars, 1920. 

vo. 4-+ 138 pp. : o Fr. 16.00 


Barıs (G.). Statique graphique. 2e édition. Paris, Librairie de l'En- 
seignement technique, 1920. 8vo. 164 pp. : Fr. 15.00 


Saat A (Aus Natur und Gg SE KE 
1920. 106 pp. 

Bucæanax (D.). See Mouton (F. R.). 

Bua (T.). See Moon (F. R.). 

Carr (A.). See Krauss (M.). 


Cuwotson (O. D.). Lehrbuch der Physik. 2ter Band, Ite Abteilung: 
Die vom Schall. Herausgegeben von G. Schmidt. 2te 
Auflage. Braunschweig, Vieweg, 1919. 


Dusosata (J.). Etudes théoriques et pratiques sur les murs de soutène- 
- mert et les ponts et viaducs en maçonnerie. 6e édition. Paris et 
Liège, Béranger, 1920. 8vo. 380 pp. Fr. 48.00 


Ecmrer (H.). Lehrbuch der technischen Mechanik in vorwiegend 
graphischer Behandlung. lter Band: Graphische nn 
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Foppr (A.) und Päss, (L.). Drang und Z . Eine hohere Festigkeite- 
lehre für Ingenieure. liter Band. Munchen, Oldenburg, 1920. 


Forpu (L.). See Förpr (A.). 


FREUNDLICH (E.). Die Grundlagen der Einsteinscken Gravitationstheorie, 
3te Auflage. Berlin, Springer, 1920. 96 pp. Geh. M. 6.8) 


Garbary (C.). See Mourax (P.). 
GRIFFIN (F. L.). See MouLron (F. R.). 


Haun (K.). Grundriss der Physik. Leipzig, Teubner, 1920. Svo. 33) 
Ppp. 


Hurauens (C.). Traité de la lumière. (Les Maîtres de la Pensés 
scientifique.) Paris, Gauthier-Villars, 1920. _8mo. 10+ ge Pp 
T. 3.60 


Krauss (M.). Analysis der ebenen Bew: g. Unter Mitwirkung von 
A. Carl. Berlin, Vereinigung wissenschaftlicher Verleger (Walter de 
Gruyter), 1920. 


Lopes (A.). Mathematik des Geld- und Zahlungsverkehrs. Leipzig, 
Teubner, 1920. 8 + 273 pp. 


Loose (W. R.). See MouLtox (F. R.). 
MacMıLan (W.D.), See Moon (F. R.). 


Marcezin (A.). Propagation et réception des sons dans l’eau. (Thèse. 
Paris.) Paris, Imprimerie Lahure, 1920. 8vo. 92 pp. 


Moutan (P.). Cours de mécanique élémentaire à l'usage des écoles indus- 
trielles. 4e édition, revue et augmentée par C. Gerday. Paris et 
Liège, Béranger, 1920. 8vo. 1291 pp. Fr. 40.00 


Movuzron (F. R.). Periodic orbits. By F. R. Moulton, in collaboratior. 
with D. Buchanan, T. Buck, F. L. Griffin, W. R. Pong and W. D. 
MacMillan. (Carnegie Institution of Washinzton, tee No. 
161.) Washington, negie Institution, 1920. 4to. 16 + 524 pp. 


Pıczaup (G.). Résistance des matériaux et élasticité. Paris, Gauthier- 
Villars, 1920. 8vo. 16 + 772 pp. Fr. 64.00 


Rosn’(W.N.). Mathemacics for engineers. Part 2. London, Chapman 
and Hall, 1920. 8vo. 14 +419 pp. 138. 6d. 


Scemo" (G.). See Cæworson (O.). 


ADOLFO STAHL lectures in astronomy. Delivered at San Francisco by 
members of the staffs of the Lick Observatory, the Mount Wilson 
Solar Observatory, and the Students Obse-vatory at Berkeley. 
Published by the Astronomical Society of the Pacific. Stanford 
University Press, 1919. $2.75 


TRESLING (J.): Deformaties en trillingen in het vaste lichaam bij afwijk- 
ingen van de wet van Hooke, ook in verband met de toestandsverge- 
lijking. Leyden, E. Ydo, 1919. 80. 5 + 88 pp. 


Vries (H. DE). Leerboek der beschrijvnde mee-kunde. Eerste deel. 
a druk. Delft, Technische Boekhandel en Drukkerij, J. Walt- 
man, Jr., 1919. 
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THE THIRTEENTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION. 


Tue thirteenth regular meeting of the Southwestern Section 
of the American Mathematical Society was held at the Uni- 
versity of Nebraska at Lincoln, on Saturday, November 27, 
1920. About twenty persons attended the meeting, including 
the following members of the Society: 

Professor C. H. Ashton, Professor W. C. Brenke, Professor 
A. L. Candy, Professor C. A. Epperson, Professor M. G. Gaba, 
Professor E. R. Hedrick, Professor Louis Ingold, Professor 
T. A. Pierce, Professor H. L. Rietz, Professor W. H. Roever, 
Professor Oscar Schmiedel, and Professor E. B. Stouffer. 

On Friday evening, before the meeting, a smoker was given 
for the visiting members and their friends, in the University 
Temple. At this gathering, Professor Hedrick spoke in- 
formally concerning the reports of the National Committee on 
Mathematical Requirements. An interesting discussion fol- 
lowed this informal address. A feature much appreciated by 
those present was the exhibit of rare mathematical manu- 
scripts and textbooks, by Professor T. J. Fitzpatrick. 

At the business session it was decided to hold the next 
meeting of the Section at the University of Missouri at Colum- 
bia. The following committee was appointed: 

Professor E. R. Hedrick (Chairman), Professor W. C. Brenke, 
and Professor E. B. Stouffer (Secretary). 
The following papers were presented: 

(1) Professor H. J. ETTLINGER: “Existence and oscillation 
theorems for a system of n differential equations of the second 
order.” 

(2) Professor Orro DunkeL: “The curve which with its 
caustic encloses the minimum area.” 

(3) Professors E. R. Hepricx, Louis Inco, and W. D. A. 
WEstTFALL: “Classification of infinities of transformations.” 

(4) Professor W. C. Brenxe: “On the convergence of cer- 
tain types of infinite determinants.” 

(5) Professor Lours Incotp: “Rotation formulas and in- 

. variants.” 

(6) Professor T. A. Prerce: “Note on Bernoulli’s numbers.” 

(7) Professor Oscar SCHMIEDEL: “Summation of certain 
infinite series in finite form. Preliminary report.” 
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(8) Professor M. G. Gana: “A set of postulates for line 
geometry in terms of line and transformation.” 

(9) Professor E. B. Srourrer: “Calculation of the invar- 
iants and covariants for ruled surfaces.” 

(10) Professor E. B. Srourrer: “Semi-covariants of a 
general system of linear homogeneous differential equations.” 

(11) Professor H. L. Rmrz: “Frequency distributions that 
result from appyling certain transformations to normally 
distributed variates.” ; 

(12) Professor S. Lerscuztz: “On certain invariant num- 
bers of algebraic varieties, with applicaticn to abelian varie- 
ties.” 

In the absence of the authors, the papers of, Professor 
Ettlinger, Professor Dunkel, and Professor Lefschetz were read 
by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. Professor Ettlinger considers the syst2m 





d d 
de, EC An M 0, M) A — Gel, An, a, +++, Mu = 0 
i aa 
Au, (a) — BK (as, An, Ar, + °° An) SS 
| du (b, 
= Cu) — DK (bi, An An M) H. 


where Ay, Bu, Ciy, Dis are functions of M, Ae, +++, An, and 
where i = 1, 2, ---nandj= 1, 2. Under suitable restric 
tions, the existence of characteristic numbers for the system 
is proved, and an oscillation theorem established. 


2. Necessary conditions for the minimum area between 
a curve and its caustic were given by Professor P. R. Rider 
in a paper read at the April meeting of the Chicago Section 
of the Society. In this paper Professor Dunkel derives condi- 
tions for the minimum area which are necessary and sufficient. 
The properties of the minimizing curve and its caustic are 
studied, and it is shown that in the general case the first has 
a single cusp while the second has two, and that the three 
cusps have parallel tangents. Several cases of end conditions 
are examined. 
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3. In this paper Professors Hedrick, Westfall and Ingold 
eontinue the investigation of transformations of which an 
earlier portion was given in a paper at the summer meeting 
of the Society in Chicago. A classification of the infinities 
of a transformation is made, and their principal characteristics 
are discussed, in a manner analogous to the corresponding 
matter in the theory of functions of a complex variable. 


4, It can be shown easily that the infinite determinant 
D(a) converges to the value zero if the absolute values of its 
elements a, form a convergent series. Professor Brenke 
shows that this remains true if the elements have the form 
À + aa, where X is a constant and Zou converges; also 
that the infinite secular determinant, whose principal diagonal 
elements are x + gen, converges for |z| < 1, the value being 
zero for |x| < 1. 


5. In this paper Professor Ingold extends the application 
of the formulas of a former paper on “Rotations in a function 
space” and shows that certain of these formulas give rise to 
important invariants. The case of the rotations of a system 
of two vectors is treated in considerable detail. 


6. In his note Professor Pierce sets up an explicit formula 
for the nth Bernoulli number and uses this formula for de- 
termining certain factors of the denominators of Bernoulli’s 
numbers. 

7. In this paper Professor Schmiedel deals with series 
principally of the type 1 + 2x + 3222 +... + (m + 1), 
and seeks to find expressions for the sum valid for all integral 
values of a and m. Two expressions for each sum are found 
according as m is positive or negative, when one or the other 
of the series is convergent. The special case x = 1 is not 
excepted. 

Consideration of the sum for a negative being withheld, the 
paper is given as a preliminary report. 


8. Professor Gaba takes for his basis an undefined element 
called line and an undefined operation on lines called trans- 
formation. In terms of line and transformation point and 
plane are defined. His six postulates, which are theorems of 


- 


200 MEETING OF THE SOUTHWESTERN SECTION. [Feb., 


line geometry, are sufficient to prove as -heorems the postu- 
lates of -Hedrick-and Ingold or of Veblen and Young. Inde- 
pendence examples for the postulates are given. 


9. In Wilezynski’s Projective Differential Geometry of 
Curves and Ruled Surfaces, calculation is made of a system of 
invariants and covariants associated with non-developable 
ruled surfaces. In the present paper, Professor Stouffer 
obtains the same results by methods involving much less 
labor. The general system of two linear homogeneous differ- 
ential equations of the second order is first reduced to a 
canonical form, the invariants and covarisnts of this simplified 
form are then calculated, and the results thus obtained are 
finally expressed in terms of the coefficients and variables of 
the original system of differential equations. 


10. In a paper read before the Society in April, 1920 (see 
abstract in this BULLETIN for June, 1920) Professor Stouffer 
calculated a complete system of seminvariants of a general 
system of linear homogeneous diferential equations of the 
mth order in n variables. Those results are now extended 
by the calculation of a complete system of semi-covariacts 
of the same general system of differential equations. 


11. In this paper, Professor Rietz gives the results of an 
investigation into the nature of the frequency distributions 
that result from applying: certain transformations to each 
variate of a normal distribution. The transformations used 
are suggested by experience with various systems of variates, 
some of which are measurements of distances, others of sur- 
faces, and others of volumes. In particular, if the transforma- 
tion replaces each variate x by a variate z = ka", where k 
and n are constants, the frequency function that gives the 
distribution of z’s is found, and some of i-s interesting proper- 
ties are established for special values of x. 


12. Professor Lefschetz’s paper will appear in an early 

number of the Transactions. . 
Louis INGoL», 

Acting Secretary of the Section. 


1921.] SKEW PARABOLAS. 201 


A REMARK ON SKEW PARABOLAS. 
BY PROFRSSOR GINO LORIA. 
(Extract from a letter to Professor D. E. Smith.) 


Permettez-moi une remarque relative & deux articles publiés 
dans le BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY. 

Dans le cahier d’Octobre 1918 Mary F. Curtis a établi le 
remarquable résultat, que toute parabole gauche rectifiable 
est une hélice; elle s’est servi des formules suivantes pour 
representer une des courbes dont il s’agit: 


(1) | z= ab, y = bP, z= ct; 


en conséquence l’axe Oz est le tangente à la courbe à l’origine 
des coordonnées, tandis que le plan z = 0 est le plan oscula- 
teur; l’axe Oy est donc la normale principale de la courbe et 
Oz la binormale. Les formules (1) s’appliquent done & toute 
parabole gauche, les axes coordonnées étant orthogonaux. 

Or tout celà est échappé à M.: Hayashi, qui, un an après 
(BULLETIN, Octobre 1919) a er nécessaire de traiter la même 
question de nouveau & l’aide d’une représentation plus com- 
pliquée de le (1), ce qui l’a entrainé ä des calculs plus longs de 
ce qu’il est nécessaire. Cette remarque me parait utile, car 
les calculs du mathématicien japonnais pourraient faire croire 
que les formules (1), les axes étant rectangulaires, sont appli- 
cables seulement & une classe de paraboles gauches, tandis qu’on 
a droit de les appliquer & toutes. 
` Je vous authorise, cher Monsieur, de faire de tout celà, 
Tusage qui vous semble bon. 


GENOA, ITALY, 
November 13, 1920. 
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THE PSEUDO-DERIVATIVE OF A SUMMABLE 
FUNCTION. 


BY PROFESSOR WILLIAM L. HART. 


(Read before the American Mathematical Societ September 8, 1920.) 


Introduction. —In the present paper we shall consider two 
different types of derivative functions, ta be termed pseudo- 
derivatives. These derivatives will be defined for real-valued 
functions satisfying suitable conditions of summability. The 
definitions will state certain functional relations which the 
pseudo-derivatives must satisfy. These r2lations involve the 
well-known notion of convergence in the mean, explained in 
$1, below. The pseudo-derivative of ths first type is con- 
sidered in § 2, and that of the second type in § 3. The present 

‘paper is concerned merely with the definition of these deriva- 

tives and with a discussion of a few of their properties. 
Applications of such derivatives will be considered in a later 
paper. 

All integrals in this paper are taken in <he Lebesgue sense. 
A function f will be termed integrable if both f and P are sum- 
mable in the Lebesgue sense. All functiors and variables will 
be supposed real-valued. The phrase almost everywhere will 
mean with the exception of at most a set cf points of measure 
zero. In the discussion below two functions Fı(z) and Fatz, 
defined on a set E, will be called the same if they are equel 
almost everywhere on E. In all equations below, as for 
example Fı(x) = Eat), it will be understood that the equality 
may cease to hold on some sub-set of E of measure zero. 

1. Convergence in the Mean.—We shall have occasion to use 
a slight extension of the notion of convergence in the mean 
as it has been defined in the case of sequences of functions.* 
Let ois, h) be defined for |A| < ho, h +0, and for s on a 
measurable set Æ; where s may be considered as a single 
or as an m-partite variable (s1, 32, ---, 8m). For every hk, 
suppose that g(s, h) is integrable on E. x 

DEFINITION 1. The function g(s, h) co-werges in the mean 


* Cf. Plancherel, Rendiconti del Circolo Malemaaco di Palermo, vol. 30 
(1910), p. 292. 


\ 
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to an integrable function g(s) as h approaches zero in case 


(1) im Dan 3) — geo = 0 


We shall say that g(s) is the limit in the mean and shall 
write, for abbreviation, 


(2) lm. g(s, À) = g(s). 


This type of convergence has properties similar to those* 
possessed by convergence in the mean as defined for sequences. 
Certain properties of g(s) are listed below; the proofs of the 
statements will not be given because of their obvious relation- 
ship to proofs in the case of sequences of functions. 

(a) A necessary and sufficient condition that (1) should 
hold for some function g(s) is that ` 


lim | [q(s, 1) — g(s, ha) Pds = 0. 
An, M=0VE 

(b) If g(s) = g’(s) and g(s) = g’’(s) both satisfy (2), then 
giel = gei, 

(c) At least one sequence of values (fi, Re, +, Any +), 
with lim, ba = 0, can be selected so that Dm, lg, An) = g(8), 
almost uniformly for s on E. 

(d) The function g(s) satisfies the equation 


(3) tim f oe, Rds = | ods. 


(e) Every sequence (hı, ha, --+) with Dm, = 0, corre- 
sponding to which the sequence [g(s, Mn); n= 1, 2, 
converges almost everywhere on E, has the property that 


lim as, hx) = g(s), 
almost everywhere on E. 


2. The Pseudo-derivative of the First Kind.—Let f(x) be defined: 
and integrable for values of x on some measurable set E and 
let g(a, h) = [f(x + h) — f(z)|/h. For a given value of h, if 
(e +h) is not in E, define f(x + h) = f(x). I, for a given 
h and x, f(x + h) and f(x) are infinities of the same. sign, let 


\ * Cf. Plancherel, loc. cit., p. 294. 
f Cf. Plancherel, loc. cit., p. 202. 
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q(x, h) be given any arbitrary value, say zero. Then, for 
every h + 0, q(x, h) is integrable on Æ. 

Derinrrion 2. The- pseudo-derivative of f(x) is lm 
q(x, h), provided this limit exists. It will be denoted by the 
symbol Fe). ` 

As a corisequence of Definition 1, f.(x) is unique if it exists, 
and satisfies the functional equation f ; ; 


© Lim flat, D — fée = 0, 


` Moreover, at least one sequence (hi, As, --+) can be selected 
as in (c), § 1, such that ~ 


© lim as, In) = f(2), 


almost uniformly for x on E. Suppose, for example, that Æ 
is the set of all irrational numbers on the interval (0, Ù and 
let f(x) = z. Then it is easy to show that f.(x) = 1. i 

In analogy with the procedure followed in dealing with the 
classical derivative, let us denote the pseudo-derivative of 
order n of f(x) by the symbol f..(x), and let u3 define it to be the 
pseudo-derivative of f(z), for n = 2,3, +++. In the case 
of a function f(z; y1, «+--+, ys), let us define f.(x; bi, ---, br), 
the partial pseudo-derivative with respect to x at the point 
(yı = by, +++, yx = by), to beithe pseudo-derivative in the 
sense of Definition 2 of the function f(z; bi. ---, by). 

In the two theorems which follow, conditions are given 
under which the pseudo-derivative is equal to the classical 
derivative. 

THEOREM I. Suppose that the pseudo-derivative f(x) exists 
and that f(x) also possesses a derivative df(z)/dx almost every- 
where on E. Then df(x)/dx = f(x) almost everywhere on E. 

Since df(x)/dx exists, we haye the equation 

e af (a) 
almost everywhere on E. Since (5) and (6) both hold almost 
everywhere on E, it follows that the theorem is true. * 

THEOREM II. Let the set E be the closed interval (a, b) and 
suppose that a constant K > 0 exists such that, for all values of 
h + 0 and for all points x on (a, b), Jale, h)| SK. Then, 


vn 


H 
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if the classical derivative exists at each point of (a, b), the pseudo- 
derivative f.(x) exists and f,(x) = df(x)/de. 
For values x > b and x < a, define f(x) by the equations 


JO=0+e-0 02 @<ay, 


fe) =f h@- DER «>, 


Since f(x) is measurable, it is seen that df(x)/dx is also measur- 
able. Moreover, as a consequence of a well-known property* 
of Lebesgue integrals it is allowable to invert Dm, and fas) 
on the left side of the following equation and to obtain 


2 
lim |: | ac, i 22 [ae = 0. 
A=0 V (ab) 
Hence, by definition, f,(x) = df(x)/dz. 

It is easily verified that Theorem II remains true if, in 
place of the assumption of the theorem in regard to df(x)/dx, 
we assume that it exists everywhere on (a, b) except at points 
+ on a set H of measure zero. 


3. The Pseudo-derivative of the Second Kind.—Let us consider 
a function f(x, s) defined for values of the variable + on a 
closed interval (a, b) and for values of the m-partite variable 
8 = (31, +++, Sm) on a measurable set E. In all the discussion 
below suppose that, for every x on (a, b), f(a, 8) is integrable 


on E and let 
(7). g(a, h, 8) _ fe +h, 2 — f(x, s) | 


For a given value of A + 0, if the point (x + A) is not on (a, b), 
define f(x + h, s) = f(z, s). For points s at which f(x + h, 8) 
- and f(x, 8) are infinities of the same sign, let us give q(x, h, 8) 
any arbitrary value, say zero. Then, if z = zo is on (a, b), it 
follows that the function q(x, h, 8), for every h +0, is 
integrable on E. 
. DEFINITION 3. The pseudo-derivative of the second kind of 

f(a, 8)*with respect to x at the point x = zo, is 1.m..g(Xo, h, 8), 
provided this limit exists. It will be denoted by the symbol 
fz (2, 3). 

* Cf. de la Vallée Poussin, Intégrales de Lebesgue, p. 44. 
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For brevity, the designation “second kird” will be omitted 
in the future in this section of the paper in speaking of the 
pseudo-derivatives f./(x, s). As a conseqience of Definition 
1, if the function fz’(zo, 8) exists, it is unique and satisfies 
the functional equation 


(8) lim Las by 8) — Dis és = 


If f(x, s) is constant with respect to s it ir seen that f.’(x, si 
reduces to the classical derivative of a fumction of the single 
variable x. Moreover, from (c), $ 1, it fcllows that at least 


one sequence (lm; n= 1, 2, ---) can be selected with 
Jm, bn = 0, such that 
(9) lim (Xo, An ? 8) = LN (xo, 8), 


almost uniformly for son E. 

In the theorems that follow some useful properties of the 
pseudo-derivative f,’(z, 8) are considered. 

THEOREM III. Suppose that at x = x the pseudo-derivatine 
fe (to, 8) exists, and that at x = xp the partal derivative (in ths 
classical sense) Of(xo, s)/0x exists, finite or infinite, almost 
everywhere on E. Then it follows that afle, 8)/dx = fz (Xo, 3). 


By hypothesis we have, almost everywhere on E, 

(10) lim q(t, à, ») = Lens) 
A=0 T 

It is easily verified that the theorem is am immediate conse- 

quence of equations (9) and (10). 

THEOoREM IV. Let the function p(s) be bounded and measur- 
able on E, and let F(x, ai = f(x,s)p(s). Then, tf fz' (£o, 8) exists, 
it follows that there exists, likewise, F’ (xo, 8. = fz’ (to, 8)p(8). 

The existence of F,’ (xo, ai foJows from -he fact that 


lim m fi henh ona = O, 


in case Bee (8) holds. \ 

TurorEM V. Iffs (zo, 8) exists, and if p_s) is any integrable 
function, the function H(x) = [zf(x, s)p(s)d3 has a derivative at 
the point x = zo, given by the expression 


Hr 
(11) TI = Los daten 


a 
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Let AH = [H(z + h) — H(a)]. Then, because of the 
Schwarz inequality for integrals, it follows that 


= Lais, Opa tt d — azo A deiere 


<1 frod N Lët d — ga by dy 


and this expression, because of (8), approaches zero with Ah. 
This establishes the equation (11). 

Let us represent by M(x) the square root of the quantity 
[sf*(z, s)ds. Then we have the following theorem. 

Turorem VI. Suppose that, at z= zo M(x) #0 and 
that there exists Liz, 8). Then, at «= zo M(x) has the 
derivative 

dM (to) _ 


(12) E? = we J fe! eo MF eo, dir 


We shall establish the existence of dM?(a)/dz; from this 
result (12) will follow immediately. We obtain, by use of (7), 


M (ao + h) — Ma) _ ‘(ao + h, 8) — P(t, 8) 
: h -f h d 


= Te h, aide + 2 Tas h, 8)f(ao, s)ds. 
E A 
As h approaches zero, the first term on the right in (13) 


approaches zero by (d), $1. The second term approaches 
2 faf- (čo, 8)f(ao, aide because 


2 
| fiat, A à — ts Olten de 
< M(zo) ee h, 8) =: fz (Xo, s)]ds, 
which approaches zero on h. Consequently there exists 
dM? 
tes) 2 =2 Í fa’ (ao, 8)f (0, 8)ds. 


In the future suppose that Æ is a closed interval e < 8 < d. 
Consider an infinite system of integrable functions 


I= [pa(s); n= 1,2,:::], 











(13) 
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which are unitary and orthogonal on E ; that is, : 

4) pody (du=1,i=1,2, +5 dy=0,i4). 

If f(z, 8) satisfies the conditions of this section of the paper, let 


(15) ` al = frire, s)ds {a = 1,2, +++), 
E 
/ ! 

For brevity we shall term the z,(x) the Fcurier coefficients of 
f(x, 8) with respect to the system I and we shall call the vector 
E(x) = [z1(@), 22(2), ---] the Fourier vector of f(x, 3). As an 
immediate consequence of Theorem V we may state that, if 
Jz (£o, 8) exists, the Fourier coefficients have derivatives at 
z = % given by the expressions 


TT Tatta gë = Le) 


If tz ai exists, let n(x) = [yı(z), yo(x), ---] represent its 
Fourier vector with respect to the system T. It is seen from 
(16) that the y; and z, are related by the equation 


(x) = da,(a)/de. 


Let us suppose in the future that the system I is complete 
for the class of all integrable functions on E. That is, we 
assume that there does not exist any integrable function 
Giel + 0 such that f,k(s)p,(s) = 0 for 2 = 1,2, +-+.. Then 
we shall establish the following theorem. ; 

THEOREM VII. For a value of x at which fz' (x, 8) exists, 


wn, He E +A =a) oy j- à 


Are 1=1 


16) 


H 


It has been proved by F. Riesz* that, i? g(s) and h(s) are 
zwo integrable functions whose Fourier Ge with 
respect to the system I are (a1, as, ---) and {bı, ba, ---) respec- 
tively, then 


f g(s)h(s)ds = Sah: . 


From this Riesz formula, it is easily verified that the infinite 
* Cf. Plancherel, loc. cit., p. 296. 
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sum in (17) is equal to 


fiat A4 - di 


so that Theorem VII is an immediate consequence of (8). 

Before considering the next theorem, let us note some results 
which follow directly from the Riesz-Fischer* theorem con- 
cerning Fourier constants. If, for every x on (a, b), f.'(x, ai 
exists and is zero almost everywhere on E, then, because of 
(16), the Fourier coefficients of f(x, s) are constants. Con- 
sequently, by the Riesz-Fischer theorem, an integrable function 
g(s) exists such that for every x on (a, b), Te, 8) = g(s). 
If £(x) = [zi(z), z(x), ---] is an infinite set of functions 
defined for x on (a, b) and is such that 3, 2,?(z) converges 
for all values of x, then there exists, for every x on (a, b), a 
unique function w(z, 3) with the following properties: \ 

(a) w(x, 8) is integrable on E. 

(b) E(x) is the Fourier vector of w(x, s) with respect to I. 
Let n(x) = [yılz), y2(x), «+ +] be a second set of functions with 
the same properties as £(x), and. let u(x, ai be the function 
associated with (x) and having the characteristics corre- 
sponding to (a) and (©) above. Then, in regard to E(x) and 
n(x), we may state the following theorem. 

THEOREM VIII. If, for a certain x’ on (a, b), E(x’) and n(x’) 
satisfy (17), the function w(x, s) has a pseudo-derivative at 
x = x’ satisfying the equation ws (x, 8) = u(x’, 8). j 

To establish the theorem consider the expression 


(18) Í [= RE > — 2: De. u(x’, 8) [ae 


By the Riesz formula, expression (18) is seen to equal the infin- 
ite sum entering in (17) with x = +. Hence (18) approaches 
zero with h and, by definition, w./(x’, 8) = ulz’, 8). 
Let us now establish an analog of the mean value theorem, 
for functions possessing pseudo-derivatives. : 
THEOREM IX. For every x on (a, b) suppose that fs’ (æ, ai 
exists and that 


(19) lim d Läte, ai — ts, aide = 0. 


* Cf. Plancherel, loc. cit., p. 296. 








\ 
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Let us assume, also, that Lt, 8) is integrable with respect to 
(x, 8) in the rectangle (a Sz <b,c Ss <d). Then it follows 
that, for all points (x, x’) on (a, b), 


(20) f(z’, 8) — f(z, 8) = (éi — x) f ele + ule — x), sldu. 


In (20), it should be recalled that, for given values of (x, x’), 
the conventions of this paper permit that the equation should 
not hold for a set of points $ with measure zero. 

Let &(x) be the Fourier vector of f(z, s) relative to the com- 
plete system J. Then it is seen that the derivatives (16) 
exist and, moreover, that 


dz, dz,(2’ 
ou Z.I. Is, — fale’. pod 


On applying the Schwarz inequality for integrals to the right 
side of (21), it is seen by (19) that the functions dz,(x)/dz are . 
continuous for every value of x on (a, b). Therefore 





(22) sai — aa = (x — 2) fe + a =] = 


= (x — x) f | [port + u(z’ — x), sie | du, 


where the last reduction was accomplished with the aid of 
(16). Let Gei, x) be fixed and let us show that the left and the 
right sides of (20) have the same Fourier ccefficients. From 
this result, as an immediate consequence of the Riesz-Fischer 
theorem, it will follow that equation (20) is satisfied. 

Let K(a, x’, 8) represent the right of (20). From the theory 
of Lebesgue integrals* it follows that K(x, x’, ai is defined for 
all values of s on E except possibly for a set E, of measure zero. 
If arbitrary values are given to K(x, x’, 8) at points in Fy, K 
becomes an integrable function on the interval E. Let 
(ai, a2, +++) be the Fourier coefficients of K(x, zl, s) with 
respect to J. Then we obtain 


(28) a= @ —2) [no [fete + wie dn |as 


= Sr EE DCH l ( a I, 2, Kë di 
* Cf. de la Vallée Poussin, loc, cit., p. 53. 
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where the last reduction was made by interchanging integra- 
tions in (23) and by comparing the result with (22). The 
interchange was permissible* because of our present hypothe- 
ses. Since [z,(2’) — z,(x)] is the ith Fourier coefficient of 
the left side of (20), we have completed the proof of the 
theorem. 

In a later paper the author will consider applications of the 
present results in the theory of functionals whose arguments 
are summable functions. 


UNIVERSITY op MINNESOTA, 
December 15, 1920. 


NOTE ON MINIMAL VARIETIES IN HYPERSPACE. 
BY PROFESSOR C. L. B. MOORE. 
(Read before the American Mathematical Society December 29, 1920.) 


1. Ir is known that a necessary and sufficient condition 
that a surface of two’ dimensions in hyperspace be minimal 
is the vanishing of the vector mean curvature.f It is the 
purpose of this note to show that mean curvature of a variety 
Vm in a space of n dimensions can be defined in the same way 
and that its vanishing is a necessary and sufficient condition 
that Da be minimal. I shall use the absolute calculus, since 
one of its chief merits is the ease with which invariants can 
be written down. In fact the very form of an expression 
shows whether or not it is invariant. Enough vector analysis 
is used to simplify the form of the expressions. 

The variety Vm can be written vectorially in the form 


y= y (x1, GTM En); 


Then 
` ds? = dy-dy = 2 Graders, 
If we write 
3Y 
S Yr = Ja? 





* Cf. de la Vallée Poussin, loc. cit., p. 53. 
Wilson and Moore, “Differential geometry of two-dimensional surfaces 
in hyperspace,” Proceedings of the Amer. Acad., vol. 52 (1916). 
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we see at once that 
(1) | Ors = Me: Ms, 
Hence we may write 
dy-dy = Zyr ydada.. ù 


Differentiating (1) covariantly with respect to the first funda- 
mental form, 


2) , | Q = Zandrdts, 


remembering that the first covariant derivative of the coeffi- 
cients of the fundamental form is zero, we obtain 


, Yre Ye Mer Ma = 0, 
and since this relation holds for any r, s, t, we may write 

Yu'Yr + Ye Yer = 0, 

ee Yet Yr ya 0. 


The vector y is a function of 21, 22, --+,2%m. Since the second 
covariant derivative of a function is symmetric, we have 


Yrs  Yır- 
From the last four equations we have K 


7 YrYar = 0, r,8,t = 1, 2, 

These equations show that ys: is perpendicular to Yr and it e 
therefore perpendicular also to the tangent m-space of Vm. ` 
Since the y,, are vectors lying in the normal space, we can ex- 
press them as linear functions of mutually perpendicular vectors 

in that space, which is of n — m dimensions. Thus we find 


(3) ` Me = Dy fre®1 + baraza + SE + Dr ai Iran m: 
We have also the following relations: 
(4) 2-0, an ww =0. 


Differentiating these covariantly, we have 
(5) Zua Zj F Ri'Zyla = O; Zr Yo F Zi'Yr = H 
Then, multiplying (3) through by z, we have 


Zi Yrs = Ditrs = 7 Bifr° He, 


` 
` 
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2. The Second Fundamental Forms. —The coefficients bo 
are generalizations of the coefficients of the second fundamental 
form of a surface in n-space.* They may be taken as the 
coefficients of n — m fundamental forms which we can combine 
into a vector fundamental form 


(6) f y= Dy raider de. 
We now consider the m systems of curves 
ES 
(r) = — = ... 
A E @ = 1, 2, -+ m) 


where ds, is the element of arc along the curve À. Multiplying 
by the proper factor, we can make the quantities À; satisfy 
the relation i 

BAON = 1. 


We shall now assume that this relation is satisfied. Such 
systems are called unit systems. The Ns are called the 
coordinates of the congruence. If the congruences are ortho- 
gonal, the coordinates satisfy the relations 


EN (9 = Gis 
ZA, rd, Eray 


where eu = 0, if k + l, exx = 1. In terms of the coordinates, 
we can write the coefficients of the first fundamental form 
as follows:t 


Grs = È rite. 


The coefficients of the second fundamental form can be written 
as follows: 
Yrs = Zi, 3 OA ir ls 


where wy is a vector. The invariant vectors 
(7) & = EN: O Yr = Zi 


are mutually orthogonal unit vectors tangent to the curves 
whose covariant coordinates are Mr. Solving these equations 
for y, and y” we find 


Yr = LE Ar, yO = ZEN. 


* See Wilson and Moore, loc. cit., p. 808 
t Wilson and Moore, loc. cit., 813, P- 289, and §§26, 27, pp. 310-311. 





214 MINIMAL VARIETIES IN HYPERSPACE. [Feb., 


We now introduce Ricci’s coefficients of rotation* 
Yrkt = De, Andrae ENO. 
Solving these equations for A4, we find S 
(8) Ahira ES Diy Yaris 
Substitution of this value in the covariant derivative of (7) 
-gives 
(9) Eur = EW Asr + 2), Yu Ark: 


The condition that the congruence À; is a congruence of 
geodesicst is” 
Yin = 0. 


3. The Invariants wn. The curvature of a curve of the 
congruence À; which passes through a given point is obtained 
by differentiating £, with respect to the arc length o, Thus 
we find 
= Kaes OË, ; d?, 

ds, ot 08, 


which, by (9), reduces to 





= BEN ; 


Ci = Ou — Vis. 


The formula shows that the invariant vector wu is the normal 
component of the curvature of the curve of the congruence in 
question. The tangential component of the curvature is 


Y = Zut? 


The invariant y is then the geodesic curvature,f since the 
curvature of the projection on the tangential space is the 
projection of the curvature.§ If the congruence A; is geodesic, 
Y = 0. Hence the curvature of a geodesic is directed along 
the normal and is equal to wi. 

An important invariant connected with any two differential 
forms is 


= Sa yrs = Lary"? = Zut [APR EI U NUS = Zur. 


ie He ES en hr E ren DE ee er 
è * Ricci and Levi-Civita, “Méthodes de calcul différentiel absolu,” eto., 
Math. Annalen, vol. 54, p. 148. 
{ Ricci and Levi-Civita, loc. cit., p. 148. 
Ricci and Levi-Civita, loc. cit., p. 154. 
§ Wilson and Moore, loc. cit., p. 320. 


{ 
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Hence the sum of the normal curvature vectors of m mutually 
orthogonal curves on the spread is constant. We shall define 
the mean curvature* h by the relation 


mh = Dwi 


4, Minimal Varieties—Applying the preceding formulas, 
we can now easily derive the condition that the volume of a 
variety of m dimensions bounded by a variety of m— 1 
dimensions, chosen arbitrarily, shall be a minimum. The 
vector element of volume is 


ay A ð 
Pdede, «++ dem = Ex LX NS den day +++ dam. 
dn" 022 Om 


` The condition for a minimum is 
\ 


Topp den = f pal = f OP-MaY = 0, 


where M is the unit tangent n-space 


P 
M WSA 
Noe 
yy Uy UL ue se ay 
Dr dr x Xe, Ÿ dei * 92e * X On. 
CNET” 
RER ae 


The condition for a minimum then becomes the vanishing of 
n vector integrals. One of these integrals, after an integration 
by parts and the omission of the part which vanishes at both 
limits, becomes 


f (@x2x ed x gt). mar 
Em 


a 3 (U, oy 
= faxZ(Gex x x Gh ar) ar. 


dra 





* This is the direct generalization of mean curvature as used in the 
theory of surfaces. There is, however, à mean curvature definable in 
terms of the first fundamental form, and this is the one used by Einstein. 
The definition used in this note depends on the space in which V» lies. 
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H 


The complete condition then becomes 


fuxe (txea wi 2 (Hy 28 
(GEES GE Gas ae 
EI ô (3y E )|- ! 

x E M) tek (Sx. x sch = 0. 

Since dy is arbitrary, 


ee i se E 








deër: "Op Olm Dr \ 021° "dän 
nt ee (Bx x sh) = 0, 
which on multiplying out reduces to 
vy yy AN ay ayy ay OM, 
dm" "dire Otm Op Om" 0% dire OX, 
$= 0 


Now substituting 


d 
SS = e, Zrëchts 


M=&X EX X Em 


aM op as 

dus on EX +1: X En + EX ga, EXX Ent 

and using (9), the condition for a minimum becomes 
(Erwan) [ur] = 0. 


\ 

The determinant |A;.| is equal to Ya, where a is the deter- 
minant of the first fundamental form, for from the expression 
Ors = Dardis We have 


a= |a.| = [ZA Aa] = (Aal, | Aare] = Ar]? 


Hence the condition for a minimum is Zw, = 0. : 

The vanishing ‘of the mean curvature vector is a necessary and 
sufficient condition that the variety be minimal. This is the 
same condition as that for a 2-surface in hyperspace. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
November 24, 1920. 


N 


a 
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NOTES ON ELECTRICAL THEORY. 
BY PROFESSOR H. BATEMAN. 


1. The Production of Light.—According to an idea that is 
zenerally associated with the names of Faraday and J. J. 
Thomson, energy is radiated from an electric charge in the 
Torm of light or electric waves when the lines of electric force 
-ssuing from the charge assume a wavy form. This idea has 
Deen made more definite by a study of the form of the lines of 
Zorce in various types of electromagnetic fields. It is known 
aow that waves on the lines of force may be produced either 
2 an.oscillation of the electric charge or by the continual 
emission of either electric or magnetic doublets. The emission 
of a single electric charge produces a kink in each line of force 
while the emission of a single magnetic charge produces a 
cotation of each line of force. When charges of opposite signs 
are successively emitted in the same direction so as to be 
equivalent to a doublet, the successive kinks are in opposite 
directions and are thus equivalent to a solitary wave. When a 
succession of magnetic poles of one sign are emitted in one 
direction, the lines of force rotate about this direction but they 
rotate with different angular velocities. Thesame is true when 
magnetic poles of opposite signs are fired out in opposite 
directions. 

If a magnetic pole emitted in one direction‘is followed 
by a magnetic pole of the opposite sign so as to give a mag- 
netic doublet, the lines of force rotate first in one direc- 
tion and then i in the other returning finally to their original 
directions. The result again is that a solitary wave runs 
glong each line of force, but just as in the electrical case one 
Bine of force is unaffected. 

The question now arises whether two types of light pro- 
duction really occur in nature. This is a question that has 
been bothering physicists for some time and opinion is divided. 
An argument in favor of me dual nature of light may be 
presented as follows: 


2. The Reaction of an Electric Charge upon a Field which 
Alters its Motion.—It is usually assumed in electromagnetic 
theory that when an electric charge A is accelerated by an 


H 
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external electromagnetic field E, the fied E is modified in- 
directly only by the action of the electron's field on the sources 
of the field E. This reaction is, however, an after effect and 
it seems more in accordance with the principles of mechanics 
to suppose that the acceleration of A is accompanied by a 
direct local modification of the field E. Cf course the accelera- 
tion of A produces a modification of A’s field and it may be 
thought that this is the only local mod:fication that occurs, 
but this modification spreads out in all directions while Ais 
motion is changed only in one direction. At any rate the 
hypothesis that the field E is locally modified is worth con- 
sidering; it may be that the disregard of this modification 
has been the cause of the present difficulties in the electro- 
magnetic theory of radiation. 

To get an idea of the nature of this local modification we 
shall adopt a definite hypothesis with regard to the structure. 
of a line of electric force as viewed by an imaginary observer 
who is able to distinguish particles that are extremely small 
and exceedingly close together. : 

We shall suppose that a line of electric force issuing from 
a stationary positive charge P is built up of a series of doub- 
lets arranged as follows: 


PH -+ -+ -+ -+ A =+ -+ -+ -+ > 


These doúblets may be supposed to be moving in the direction 
of the arrow with the velocity of light. The free charge at P 
is only temporarily at rest, for it may be supposed to secure a 
negatively charged partner from a doublet which arrives at P 
and move away with the velocity of light, leaving the positive 
constituent of the doublet at P until this charge in its turn 
secures a negative partner. The charge at P may be really 
moving all the time along a zig-zag path in the neighborhood 
of the point P, the mean free path being comparable in size 
with the so-called “diameter” of the positive charge. If the 
mass of the charge is proportional to the number of collisions 
with doublets per unit time it is easy to understand why the 
mass is inversely proportional to the “diameter” or mean 
free path of the free electric charge, especially if the free charge 
always moves with the velocity of light in describing its zig-zag 
path. If n denotes the number of coLisions per second and 
m the mass of the positive charge, a lower limit to the value 
of n may, perhaps, be given by th2 equation mc = hn, 
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where c denotes the velocity of light and h, Planck’s constant. 
The value of n for the nucleus of a hydrogen atom is then of 
order 10%. So also if an electron is similarly constructed the 
number n is of oder? 10%. Let us now suppose that an 
electric charge of the same magnitude as one of the con- 
stituents of a doublet meets the line of electric-force at A. 
If the charge is positive it may be supposed to seize the nega- 
tive constituent of the doublet on the right leaving the positive 
constituent free. The effect is the same as if the SCH positive 
charge had been moved to the right, Le. as if it had been 
repelled by the free positive charge at P. As for the newly 
formed doublet, it may be supposed to fly away in some direc- 
tion which depends, perhaps, on the direction of motion of 
the free charge which entered at A. It is possible that the 
colliding charges are broken up into fragments which are 
scattered in all directions. This is a possibility that ought to 
be considered but at present it is simpler to assume that the 
charges remain intact. | 
In the latter case the result of the encounter between the 
free electric charge À and the line of force is that the free 
charge is displaced along the line of force, one of the doublets 
belonging to the line of force is annihilated and another doublet 
` is formed and emitted in some direction which is probably 
different from that of the line of force. Mathematically the 
annihilation of one doublet and the emission of another may 
be represented by the emission of two doublets one of which 
travels in the direction of the doublet that was annihilated 
and is of such a nature as to completely annul the effect of this 
doublet. Where the former doublet would have a positive 
charge the emitted doublet must have an equal negative 
charge. 
Electromagnetic fields in which pairs of doublets are emit- 
ted from a moving point have already been studied.f They 
may be derived from the elementary type of field in which 
charges which are equal but opposite in sign are emitted in 
different directions. 
When the electric charge which meets the line of force at A 


2 If a free charge moves with the velocity of light, the mean length of the 
frée path in the case of an electron may be of order 10%. This is about 
the order of magnitude of the radius of the ring electron. A free charge 
moving along a zig-zag path may be supposed to behave something like a 
ring electron. . 

Proc. London Math. Soc., (2), vol. 18 (1919), p. 9. 
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is negative, it may be supposed to seize the positive constituent 
of the doublet on the left, leaving the nezative constituent 
behind. The result is equivalent to a displacement of the 
free charge towards the free positive charge at P just as if 
the negative charge were attracted by ths positive charge. 
' There is also a breaking up of a doublet belonging to the line 
of force and the emission of a new doublet in some direction. 
The displacement or acceleration of the free electric charge 
in the direction of the line of force may ke regarded as an 
elementary process of which the equations of motion of an 
electric charge are a consequence. The tree charge of an 
electron may be supposed to encounter at least 10% lines of 
force from different charges in 1071 seconds and the resultant 
acceleration may consequently be proportional to a mean 
value of the electric force in this intervel of time.. It is 
difficult to derive formally the equations of motion from our 
hypothesis regarding the structure of a line of force; the diffi- 
culty may arise from the fact that the true Āne of force of the 
familiar type of electromagnetic field is a limit of the discon- 
tinuous line of force which we have picturec in order to make 
the argument clear. The discontinuous structure may, how- 
ever, be more nearly correct than the contnuity with which ` 
we are so familiar. The idea of mass being proportional to a 
frequency of collision seems reasonable when compared with 
other physical laws such as the law of mass action in chemistry 
and Planck’s relation between an energy quantum‘ and fre- 
quency. The idea arose originally in cennection with a 
theory | of EES which has already been sketched else- 
where.* 


3. The Lines of Force of an Oscillating E ectric Pole.—It is 
known that a line of electric force of a moving electric pole 
can be considered as the locus of a series of light particles 
projected from the pole at successive instan=s.f If v denotes 
the velocity of the pole at time r and the unit vector s indicates 
the direction of projection of the light particle emitted at this 
instant, s satisfies the differential equation 


(ce? — Ms = cs X ON (cs — v), 
where primes denote differentiations with en to r. "When 
* AM er of Mathematics, vol. 48, DE 1918, p 
l. 


T Lei age, Amer. Journ. KE ci., vo, ‘Aug. LA p. 169; H. Bate- 
man, ZE BULLETIN, March, 1 7 | 
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the motion is rectilinear and along the axis of z the above 
equation is easily solved. If (l, m, n) are the three components 
of s, we have* 


> 28 Ve — d cosa _ 28 Ve? — sina 
Tetit eey Tetite’ 
_eto— Ple-—o) 


nctr+Bßle—n’ 


where o and ß are constants for each line of force. 

It is easy to see that n increases with v and is stationary 
when v is stationary. Let us consider the case of a simple 
periodic oscillation about the origin in which v = ap cos pr. 
` The extreme values of n are then given by v = + ap and occur 
when the electric pole is at the origin. Let P be the position 
at time t of a light particle shot out in one extreme direction; 
.then remembering that I’, m’, and n’ are zero when the electric 
pole is at the origin, we see that as a point moves from P 
along the figures of the line of force at time t, the increments 
of the coordinates are 


"  de=—cldr, dy=—cmdr, ds=(v—cn)dr, 


where » = + ap. 

The direction of the tangent at P is found to be the same 
whether we take the upper or the lower sign in the expression 
for». Let us draw a line OQ parallel to the tangent and study 
the relation of the line of force to this radial line OQ. The 
line of force evidently has a wavy form and P is the crest of 
one Of the waves. The distance of P from the radius OQ is 
easily found to be ` 

2Buc(t — 7) 
P + ay el PT 


where u = + ap. As we move from crest to crest going’ 
away from 0, the height of a crest above OQ increases very 
slowly if u is small. Thus if we are considering the flight of a 
light particle, the height of a crest increases approximately 
at a rate 
. 2Bu 
eee cand 


* F. D. Murnaghan, Amer. Journ. of Math., April, 1917; Johns Hopkins 
Circular, July, 1915. 
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which is equal to u when 8 = + 1 and is -ess than u for other 
-values of 8. When 8 = 0 the line of force is straight. 

If the intensity of the ordinary light emitted from an 
oscillating electric pole depends on the square of the accelera- 
tion o, then for a given intensity u = ap is inversely pro- 
portional to p, so that for light of high frequency u may be 
very small indeed and the crests on a wavy line of force may 
be very close to the radial line OQ even at a great distance 
from the pole. It may be on this account that light of high 
frequency behaves much more nearly as i? it were corpuscular 
in nature than light of low frequency. 

The intensity of the light depends upon the slope of the 
line of force away from OQ rather than upon the distance of 
the crests from OQ. When v is very small in comparison 
with e the light vector at a great distaace from O may be 
taken to be equal to es’/er, where e is the electric charge 
associated with the pole and r is the distance from the poie. 


4. Lines of Electric Force in Some Other Types of Electro- 
“magnetic Fields.—If we suppose that an emission of light result- 
ing from an acceleration of an electron is accompanied by an 
emission of doublets owing to a local modification of the field 
which accelerates the electron, there is some uncertainty as to 
the way in which we should represent mathematically the 
resulting electromagnetic field when the light is of the fre- 
quency of visible light or even X-rays, for a large number of 
doublets may be emitted in a single period. It seems best 
at first to simplify matters by considering first fields in which 
doublets or charges are emitted in all directions and then 
some fields in which doublets and charges are emitted only, in 
a few particular dire¢tions. 

Let us first of all consider the field (E, H) given by 


. déi a 
H+iE= vo x vr + tye Ze) 


where r = c(t — r) is the distance of a point P whose co- 
- ordinates are (x, y, z) from a moving point @ whose coordinates 

at time 7 are (£, 7, ¢) and whose velocity isv. The quantity o 
is given by the equation ° 


` (att 


de (or) — cr’ 
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where l is a complex vector which is a function of r and k 
is a function of 7. The vector QP is denoted by r. 

In this type of field both electric and magnetic charges 
are emitted in all directions from the moving pole Q and the 
electric charge associated with the pole may vary. When 
l= ev’ and k = e(c? — SI, we obtain the field of a moving 
electric pole from which no charges are emitted. If. 
k = e(c? — 2) and the vector function l changes sign period- 
ically or represents a rotating vector the electric and magnetic 
charges which are emitted may be regarded as forming 
doublets. ` 

The lines of electric force may be considered as made up 
of light-particles projected from the pole Q when & is real. 
The differential equation satisfied by the unit vector s which 
indicates the direction of projection at time r is 


ks’ = p+ (8 X q) — s(s-p), 
ptiq=ad+iox) 


and both p and q are real vectors. 

We are interested in the case when a line of force returns 
periodically to its original form. Let us consider uniform 
circular motion and write o = (vcos wr, vsin wr, 0), 
l = (— eur sin wr, ew cos wr, ib); then 


where 


‘p=([— (b+ ecw) sin wr, (b + ecw) cos wT, 0], 
q = (0, 0, cb + eur). 


It is easy to see that if p + 0 the differential equation for s 
possesses only a finite number of solutions of type 





_ at B cos wr + 7 sin wr 
du f+ g cos wr + h sin wr 


and that there are consequently only a finite number of lines 
of force which return to their original form after a period of 
time 27/w. In the case when p = 0 and k = e(c? — 2”) the 
differential equation for s reduces simply to 


Ler eae 


dr 


where n is a unit vector in the direction of the axis of a, All 
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the solutions of this equation are periodic wath a period 27/w 
and so all the lines of force return to their original form 
. periodically. ‘The field in this case is of the type considered 
by Leigh Page.* 
As an example of a field in which charges are fired out in 
particular directions let us consider the following expressions 
for the components of E and A: 





VZ% 
tr en 
o Ap ` vay ee, H 
Se ete ete Foie 
o Mrt ç  ”"_ Get FREE 
h= repat air Harp are 
\ DEER) 


where A and » are functions of r = t — r/c. 

, We may write E = rds — csdT, where s is a unit vector 
with components (l, m, n) which at time 7 B in the direction 
of the radius vector r, provided 





d cv ‘In _ ch m 
dr e Btm e P+ rn’ 
dm o mn Aà | 
dr 6 P+m' e 2+ m: 
ne 

dr ` e 


These equations give 


cv n(l+ im) ich. + im 
e 1-n e 1— nm? 





d : 
g + im) = 


consequently when n has been expressed in terms of 7, 1 + im 
may be found by a simple integration. It may be noticed 
that when » = 0 and A is a constant the lines of force zevolve 
around the axis of z at different rates. If 0 denote the angle 
which a line of force makes with the axis cf z and ¢ denote 


* Proc. Nat. Acad. of Sci., March, 1920, p. 1165. 
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its angular velocity around this axis we have sin? @-¢ = oje. 
Tf each line of force carried a unit mass at unit distance from 
the origin the angular momentum of the mass would thus be 
the same for all the lines of force. « 

An attempt made previously* to obtain the lines of force 
when any system of charges or doublets is emitted from a 
moving pole is vitiated by an unfortunate oversight. It 
appears that Z cannot be made equal to unity as was assumed. 
The differential equations to be solved are consequently of type 


do ` de 
g(o, 5)7 = Jo, T), le, 0) Tr = Pio, T), 


where g is a function} whose form is independent of the emitted 
system and consequently independent of the form of f’. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
October, 1920. 
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Table de Charactéristiques de Base 30030, donnant en un seul 
coup d'oeil les facteurs premiers des nombres premiers avec 
30030 et inférieurs à 901,800,900. By Ernest LEBON. 
Tome I, Premier Fascicule. Paris, Gauthier-Villars, 1920. 
To one who has spent eight years of his life in making a 

factor-table for the first ten millions the plan to extend such 

a table to the limit 901,800,900 seems like a rather serious 

undertaking. If such a table were constructed according to 

the plan devised by Burckhardt and employed by Dase and 

Glaisher the number of pages would exceed one hundred 

thousand, and with five hundred pages to the volume would 

fill some two hundred volumes! If, as in the tables published 
by the Carnegie Institute, the multiples of 2, 3, 5 and 7 were 
omitted, and the pages somewhat enlarged to take care of the 
large divisors certain to appear, the number of pages would be 

Math. Soc., (2), vol. ee Phil. Mag., vol. 


* Proc. London 
84, Nov., 1917, p. 419. In the notation us paper the equations 
should be 


g(a, DE Th, gla, DE = fla, T). 
t In the case of a stationary pole, g = (1 + oo). 
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42,943, and the work would appear in 86 immense volumes! 
M. Lebon’s table omits multiples of 2, &, 5, 7, 11, 18; but a 
table of smallest divisors omitting such multiples, and con- 
structed according to the extremely condensed plan of the 
Carnegie tables would still run into some 34,594 pages, or 69 
large volumes! 

Furthermore, M. Lebon notes the inconvenience of tables 
which give only the smallest divisors, and in his table proposes 
to list all the divisors! Such a plan, followed out in factor- 
tables of the kind already published, would certainly multiply 
their bulk by two, and probably by five. This Table de 
Charact£ristiques is to take the place of three or four hundred 
volumes of the most compactly arranged factor-tables yet 
invented! If the author were not listed on the title page as 
Agrégé del’ Université, Professeur honoraire de Mathématiques 
au Lycée Charlemagne, Lauréat de l’Académie Français et de 
l’Académie des Sciences; if he were not able to cite favorable 
mention of it in the important mathematical societies of 
France, Italy, Spain and America; if the persons presenting 
his work before the various learned societies were not men 
like Volterra, Appell, Rouche, Neuberg, Nielsen, Darboux; 
if he had not been granted medals and prizes in recognition of 
his work, one would be inclined to dismiss the undertaking 
as absurd. With such a list of illustrious men and associa- 
tions behind it one must take the publication seriously. 

. Of the 56 pages of tables contained in the Premier Fascicule 
of Tome I the first 40 are devoted to numbers of the form 
Bk + 1, where B = 30080, and give the factors of all such 
numbers for values of k not greater than E. Tne table is not 
arranged with increasing values of k, however, but with in- 
creasing values of I where the number Bk + 1 = I-I". The 
factorization of both J and of J’ is given, and the corresponding 
value of k is also listed. This table of 40 pages not only serves 
to give the factors of all numbers not larger thar B, but is also 
used, as we shall see, in finding the factors of larger numbers. 

The second table, called a “Table of Characteristics,” gives 
the factorization of numbers of the form Bk + 1 for & less 
than B, arranged with increasing values of k. The Premier 
Fascicule carries this table up only as far as k = 4680. There 
are 14 pages in this table and when comp-ete up to k = Bit 
will cover some 90 pages altogether, unless the increasing 


/ 


number and size of the factors necessitate wider spacing be- . 
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tween the columns. This table, then, when complete, will 
serve to give the complete factorization of all numbers of the 
‘form Bk- 1 within the limits proposed for the table. A 
‚similar table, giving the factors of all numbers of the form 
Bk + I, where I is any one of the 5760 numbers less than, and 
prime to B, would complete the factor table, but as such an 
extension of the table would mean 518,400 pages, or over & 
thousand large volumes, M. Lebon has another plan to pro- 
pose. He undertakes to throw any number of the form 
Bx + I into the form Bk + 1. This is indeed not difficult. 
Multiply the number n = Bx + I by I’ where I-I’ = Bk + 1. 
An easy reduction gives nl’ = BK + 1 where K=«l'+k. 
If, now, K is less than B we can find the factorization of nl' 
in the table of 90 pages noted above, I’ being obtainable for 
any I in the first little table of 40 pages. But since I’ may 
have any value less than B, and « also may have any value 
less than B it is clear that K may have any value less than 
B X B = 901,800,900, “Avec le Tome II commencera la 
table des charactéristiques K > 30029.” It is worth while to 
pause to examine the extent of this “Tome II.” 

It is not quite true that K takes all values less than this 
limiting number, because those which give primes may be 
omitted. The number of pages necessary for the whole 
table will be, however, approximately B times the number 
necessary for the table as far as K = B, that is to say 90 
pages: A simple multiplication gives then, 2,702,700 as the 
approximate number of pages in “Tome II.” Truly a stu- 
pendous volume! Equal to 5,405 volumes of 500 pages each! 

The reviewer believes, from his-own experience in such 
matters that one page a day for the computation alone would 
be exceedingly rapid work. Allowing 300 working days for 
the year, “Tome II” will be completed some 9,000 years from 
now! Those who are looking forward eagerly to the appear- 
ance of this volume will be pained to note that M. Lebon has 
received from the Academy a notice “qui provoque un arrét 

` dans les calculs”: 

“Le Conseil d’Administration, d’accord avec la Commission 
technique, a décidé, dans sa derniére séance, qu’il y avait lieu 
d’attendre, pour continuer ses subventions, que la partie . 
déjà exécutée de votre travail fût imprimée.” 

D. N. LEHMER. 
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Newton. By Gino Loru. Rome, A. F. Formiggini, 1920. 

69 pp. 

Tmas little volume, written by one who seems never to rest 
in his literary labors, is number 52 of a series of biographies 
issued under the rather poetic title cf Profili. The title is 
quite appropriate, for each number is a kind of side glance at 
the profile of the individual whose biography is rapidly 
sketched by some worthy and skilled literary artist. 

What Professor Loria has done is to set forth in popular 
style the incidents in Newton’s life that are more or less 
known to mathematicians but are not so familiar to the general 
‘cultured public. It is needless to say that he has not at- 
tempted to present material not already known, since this 
was not his problem. In this case his is the mission of a 
popularizer. He has apparently drawn, directly or indirectly, 
from Brewster’s well-known work, as all other historians of 
mathematics have done for the last two generations. 

The life of Newton is briefly told,—ais rataer unpromising 
boyhood, the unusual promise shown by him at Trinity 
College, Cambridge, his power of easily grasping the theories 
of his predecessors, his rise to fame, his discovery of the laws 
of gravitation and of the fluxional calculus, and his later 
contributions to mathematics in general. The writer calls 
attention to the fact that the respect due to Newton is partly 
a case of hero worship, not less marked than the mental atti- 
tude of devout pilgrims to the Holy Sepulchre when in the 
presence of a portion of the true cross. In this he gives us 
the view of one who sees the Anglo-Saxon civilization from 
without, and it is a fair question whether we who see it from 
within have not been guilty of unduly exalting the contribu- 
tions and powers of the author of the Principia. The fact is 
that Newton is today a good deal of a mystery, and there is 
need for a mathematica] scholar of jucicial mind, of literary 
ability, and of sufficient leisure to give us a new biography of 
the discoverer of the fluxional calculus, and a bibliography 
that is worthy of the man. We have Brewster and De 
Morgan and various minor'writers, but we need an authorita- 
tive life of Newton and a definitive edition of his works, with 
a list, approximately complete, of published Newtonidna in 
general. It is very strange that we have modern editions of 
the works of the great mathematicians of Germany, France, 
and Italy, and of British scholars like Cayley and Sylvester, 
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but that Newton seems so sacrosanct that we feel that we 
must consult his works only in a first or second edition of two 
centuries ago, or in the Opera quae exstant omnia which 
Horseley published in 1779-1785. As an example of our lack 
of information, we do not really know why it's that Newton 
left Cambridge and spent the last thirty years of his life in 
London. The usual reasons are familiar, but no one of them 
seems sufficient to account for this substantially complete 
break with Cambridge; and if one will seek to ascertain, for 
example, what Newton was doing in 1720, he will very likely 
find an absolute blank. Did the story of his serious mental 
failure have any foundation in fact? We do not know from 
any authoritative evidence. We can say that on such a year 
he contributed an article on a certain subject, that at such a 
time he was corresponding with one of the Bernoullis, that 
he was president of the Royal Society during such a period, 
and we can link these facts together in a fragmentary fashion; 
but some capable historian is needed to take the problem up, 
basing his solution upon trustworthy documentary evidence 
and giving to the world a biography that shall be worthy of 
such a genius. 

_ Needless to say that Professor Loria has not, in sixty-nine 
pages, attempted anything of this kind; but when he speaks 
of the state of hero worship that exists in all our Anglo-Saxon 
minds, with respect to Newton, he does us a good service. 
It is not a question of Newton’s greatness,—it is a question of 
the precise facts by the knowledge of which we can properly 
measure that greatness. 

It must not be thought that Professor Loria is an iconoclast, 
—far from it. Voltaire, in one of his baser moods, wrote that 
he had once believed that Newton was made the master of 
the mint because of his great merit, but that he “avait une 
nièce assez aimable, nommée Madame Conduit; elle plut 
beaucoup au grand trésorier Halifax. Le calcul infinitésimal 
et le gravitation ne lui auraient servi de rien sans une jolie 
niéce.” If Professor Loria had a biased mind, he might have 
repeated the story without comment, but he shows, as we all 
know, that the statement was false and was unworthy the 
better’ nature of the “old invalid of Ferney.” 

The famous priority controversy relating to Newton and 
Leibniz is considered briefly, but the facts are now fairly well 
known and the dispute no longer has its former interest. 
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The Profili now sell for three lira each in Italy,—about 
fifteen American cents, at the present rate of exchange. They 
are artistically printed and each is the work of a schalar. 
It seems strange that we have never, in this country, been 
able to support a series of this kind. The chief criticism of 
the work of this Italian press lies in the number of typo- 
graphical errors that appear. On a single page (68), for ex- 
ample, we have the “Leiters of Sis Isaac Newton,” “R. 
Benthey” (for Bentley), “and other autenthic documents,” 
“Eeral of Macclesfield, “ Côtes” (for Cotes), and “ Comptes- 
Rendus,” while on page 66 there are no less than nine errors 
"of a similar nature. 

Davip EUGENE SMITE. 


Mathematiker Anekdoten. Zweite, stark veränderte Auflage. 
Von W. Anrens. Teubner, Leipzig and Berlin, 1920. 
42 pp. 

WHETHER the telling of an anecdote shall provoke the 
interest of a pleased smile or the different amusement which 
leads to a shrug of the shoulders depends intimately end 
delicately upon the mental associations which arise involun- 
tarily when a story is related; and the latte? in turn depend 
upon the varied elements, and even the most minute, which 
make up the daily life and experience and environment. 
Hence it has always been, and perhaps always will be, difficult 
for one people to appreciate the humor of another. It is 
therefore natural that a book of anecdotes, containing humor- 
ous ones among others, shall be addressed by an author prin- 
cipally to his own countrymen. 

These stories related by Ahrens of mathematicians and 
things mathematical are evidently intended primarily for his 
own countrymen; hence it is fitting that far the greater space 
should be given to men and things that are German. One of 
the pleasing features of the booklet is the inclusion of fifteen 
or more excellent likenesses of mathematicians. The stories 
range in excellence from some of high quality to some which 
are not pleasing. We do not find much of value in the story 
of the boys who convinced a simple old man that in their 
use of logarithm tables they were mastering the house num- 
bers of Europe. We are only mildly interested when we are 
told of L. Fuchs’ surprise when a long computation in his 
lecture led to the result 0=0, that he first pamfully suspected 
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an efror, but that he then regained his composure and said 
‘Null = Null’ ist ja ein sehr schönes und richtiges Re- 
sultat.” But the story of the youth of Gauss will please 
every one who enjoys the activity of genius. An effective 
impression of the progress of mathematical instruction is 
made by a brief account of mathematical instruction in the 
“good old times.” The account of the self-taught’ Arago’s 
successes when examined on one occasion by Louis Monge 
and on another by Legendre is inspiring; any one who does 
not know these stories will be repaid if he looks up the booklet 
for them alone. 
R. D. CARMICHAEL. 


Leçons sur les Fonctions automorphes. Par GEoRGES GIRAUD. 
Gauthier-Villars, Paris, 1920. 126 pp. [Colection de 
Monographies de Emile Borel.] 

In a course of lectures at the College of France the author 
of this monograph has treated several aspects of the theory 
of automorphic functions.. His central object was to present 
from a single point of view properties of several sorts of auto- 
morphic functions as investigated by many authors following 
the lead of Poincaré and Picard. The present volume contains 
an exposition of a part of these lectures. 

The plan of treatment proposed places certain limitations 
upon the choice of material and its method of organization. 
No attempt is made to give a complete exposition of the 
theory of the fuchsian functions of Poincaré. Of the topics 
not treated the following may be mentioned: the theorems on 
the representation of the coordinates of algebraic curves; 
those on the integration of linear differential equations with 
algebraic coefficients and regular singular points; generaliza- 
tions of these for functions of more than one variable; the 
theory of the so-called Kleinian functions of Poincaré. A 
treatment of certain of the omitted topics, it is said (page 4), 
will be given later in the form of a memoir or perhaps in the 
form of another volume similar to the present one. 

The author’s principal purpose of unification is realized 

f through the use of a certain general class of groups (T) satisfy- 
ing certain hypotheses (H) of a rather general character. In 
the first instance the groups are given, not explieitly but only 
implicitly through their possession of certain properties. The 
postulational basis of this treatment is laid at the beginning 


i 
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of the first chapter (pages 8-11); it is too long for reproduc- 
tion in thereview. The whole treatment proceeds in intimate 
dependence upon this logical basis. Certain central results 
are first obtained in association with any group for which 
hypotheses H are satisfied. 

Chapter II is devoted to a class of linea? groups: for the 
case of one variable these became the fuchsian groups whose 
properties have been treated by Poincar&; for the case of two 
variables they become the hyperfuchsian groups of Picard; 
for the case of more than two variables they are groups which 
have been studied by Fubini. All the groups of the class are 
shown to satisfy hypotheses H of the first chapter. Further 
properties of this special class are developed. In Chapters 
ITI and IV there is a similar treatment of certain quadratic 
groups, and of certain groups formed from a set of several 
given groups. The treatment in these four chapters (pages 
8-90) is general and abstract in character and is intimately 
dependent upon the basic postulates H. The final Chapter V 
(pages 91-123) is devoted primarily to the functions of Poin- 
caré. On account of the special features of the more restricted 
theory, certain results become more precise than in the more 
general theory; and this fact is brought out by a derivation 
of the detailed results. 

R. D. CARMICHAEL. 


Archimedes. By Sm Tuomas Le Hearu. Society for 

the Promotion of Christian Knowledge, London, 1920. 

_ vit 60 pp. . 

AFTER becoming familiar with the larger works which have 
made Sir Thomas Heath so widely known, the reader who 
takes up the little work under review will do so with a feeling 
of surprise. The academic world has come to expect from his 
pen only such extended treatises as he has written upon 
Apollonius of Perga, Diophantus, Aristarchus, Euclid, and 
Archimedes,—treatises filled with erudition and written in 

- that classical style of which he is a master. If the reader is a 
man of the cloister, the surprise will be unpleasant; if he is a 
man among men, it will be the opposite. Since the spirit of 
the time makes scholars more and more men of the world, the 
balance of judgment is certain to be in favor—shall we say 

_ of the appellant or the defendant? 
What Sir Thomas Heath has done is to give a brief and 
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popular summary of the results which he has set forth in his 
well known treatise on the great Syracusan, and in his pamph- 
let on the recently discovered manuscript (1906) on the 
method of treating mechanical problems. He has done this 
by means of seven brief and easily read chapters as follows: 
I. Archimedes; II. Greek Geometry to Archimedes (sub- 
stantially the subject of the first volume of his forthcoming 
history of Greek mathematics); IH. The Works of Archi- 
medes; IV. Geometry in Archimedes; V. The Sandreckoner; 
VI. Mechanics; and VII. Hydrostatics. To this summary 
he has added a brief bibliography and a chronological table. 

The story is told in a style that will easily appeal to the 
popular taste,—that is, to a taste that has not been trained 
to enjoy the more severe intellectual food served at the tables 
of erudition. The opening chapter, on the life of Archimedes, 
will fascinate any youthful reader and will be read with 
pleasure by those of more mature years. The chapter on 
Greek geometry requires a little knowledge of algebra and 
geometry, but can easily be read by any one with a high school 
education. The third chapter sets forth briefly the nature 
of the extant works of Archimedes and gives a list of those 
which are now known only by title. The chapter on geometry 
in Archimedes reaches a little further into the domain of 
mathematics, but will give the college freshman, in brief 
space, the essential information which he needs with respect 
to the contributions of the Greeks ‘to the calculus. The 
sandreckoner is within the easy reach of the high school 
student, but the chapters on mechanics and hydrostatics will 
be found, in view of the denatured courses in physics in our 
American high schools, beyond the average pupil. 

The frontispiece is from David Gregory’s edition of Euclid 
(Oxford, 1703), already used in the author’s work on Diophan- 
tus, but for some reason (perhaps the size of the page) there is 
no indication of the interesting source. 

As a piece of technical bookmaking the work is, of course, 
not in the same class with the other publications of the author. 
The products of but few publishing houses can compare with 
those of the Cambridge and Oxford presses. Moreover, the 
book is published for popular use, and expense is a weighty 
consideration. The Society for the Promotion of Christian 
Knowledge has done and is doing a praise-worthy work in 
placing such works within the reach of every purse. It is a 
matter of great regret that we have not, in this country, a simi- 
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- lar foundation which enables us to publish a series of works of 


this nature at a nominal price, as is done in several European 
countries. No better field than this is today open in this 
country for establishing a relatively small foundation which 
should seek to satisfy a hunger for good reading. With the 
work of this British society in mind, one can readily excuse 
the lack of an index, and the poor paper which war conditions 
have imposed. 
Davin EUGENE SMITH. 


The Theory of the Imaginary in Geometry together with the 
Trigonometry of the Imaginary. By J. L. S. Harton, 
principal and professor of mathematics, East London Col- 
lege. Cambridge, England, University Press, 1920. 216 
pp. and 96 figures. 

Tue word theory in the above title is to be understood in a 
very non-technical sense. Indeed, apart from the idea of the 
invariant elements of an elliptic involution on a straight line, 
no theory is found at all. The purpose of the book is rather 
to furnish a certain graphical representation of imaginaries 
under a number of ‘conventions more or less well known. 
Three concepts run through the work: first, an incompletely 
defined idea of the nature of an imaginary; second, the analogy 
with the geometry of reals; third, the use of coordinate 
methods, assuming the algebra of imaginaries. 

Given a real point O and a real constant k, an imaginary 
point P is defined by the equation OP? = — k. The two 
imaginary points P and P’ are the double points of an involu- 
tion having O for center, and ik for parameter. The algebra 
of imaginaries is now assumed, and a geometry of imaginary 
distances on a straight line is built upon it. The reader is 
repeatedly reminded that in themselves there is no difference’ 
between real and imaginary points; that differences exist 
solely in their relations to other points. In the extension to 
two dimensions both + and ix are plotted on a horizontal line, 
while y and zy are plotted on a vertica line. Imaginary lines 
are dotted, and points having one or both coordinates imagi- 
` nary are enclosed by parentheses, but otherwise the same 
figures are used for proofs, either by the methods of elementary 
geometry, or by coordinate methods. 

In the algebra of segments it is shown that an’ imaginary 
distance OI DI can be expressed in the form 70D, wherein OD 
is a real segment, or at most by OD tim2s some number. Now 
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follows a long development of the extension of cross ratios, etc., 

to imaginaries. In fact every word of this is found implicitly 

. in any treatment of the invariance of cross ratios under linear 
fractional transformation. : 

In Chapter I the conic with a real branch is introduced, 
beginning with involutions of conjugate points on lines having 
imaginary points on the conic. If the coefficients in the equa- 
tion of a circle are real, the usual graph of #° + y? = a? for 
real x and real y is followed by replacing y by zy, then proceed- 
ing as before. , The former locus is called the (1, 1) branch, 
and the latter the (1, 7) branch of the circle. Similarly, it has 
a (4, 1) branch, and another, (i, 1), but the latter has no graph. 
This idea is applied in all detail to ellipses, hyperbolas, and 
parabolas; in the case of the central conics it is also followed 
by replacing rectangular coordinates by a pair of conjugate 
diameters. The ordinary theorems of poles and polars, and 
the theorems of Pascal, Brianchon, Desargues, Carnot are 
shown to apply. Indeed, after having established the applica- 
bility of cross ratios in the earlier chapters, all these proofs 
can be applied in the same manner as to reals, without changing 

'a word. 

Imaginary angles are brought in in Ghapter II. The < 
reasoning by analogy has no meaning when applied to mini- 
mal lines. It is not shown why the results should be definite 
and unique in all other cases, but the statements on pages 71 
and 73 are restricted by an undefined “in general.” On page 
73 it is tacitly assumed that the angle between the two bi- 
sectors of an imaginary angle is a right angle, and it is stated 
as a theorem later on that the sum of all the imaginary angles 
on one side of a straight line, measured at a point on the line, 
is two right angles. An imaginary line may rotate about a 
real line from a position of coincidence to one of perpendicu- 
larity with the real line. “A right angle may be divided into 
a series of imaginary angles.” On page 70 we are told that 
“the point at infinity on_the line is of the same nature as the 
base point. It can be regarded as real or imaginary.” On 
page 91 we find: “the sine of & increases from 0 to io.” 
After some skirmishing, trigonometry of imaginary angles is 
treated by the usual exponential formulas. 

A curious mixture of premises introduces the critical lines, 
that is, those passing through the circle points. It is by no 
means clear that these are the only exceptions to be made in 
the application of the preceding theory. 
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The most satisfactory part of the entire treatise is that 
‘founded on the analytic basis. Here the reason for the excep- 
tional nature of the critical lines becomes at once evident. 
The book could have been materially improved if the direct 
contradiction met in attempting to measure either distances 
or angles concerned with these lines had been pointed out. \ 

Notwithstanding the preceding remarks, the book under 
review is not without merit. It is plainly and consistently 
written, the development frequently involves considerable 
skill, the results include a large number that are distinctly 
worth while, and the exercises furnish mental gymnastic 
material for many a lesson. The reviewer must contend, 
however, that it does not furnish a theory of imaginaries. 

VIRGIL SNYDER. 


COMMENT ON A Previous REVIEW. 

In Professor Wilson’s review of Eddington’s Space, Time 
and Gravitation, which appeared in a recent number of this 
BULLETIN, he expresses his doubt as to the accuracy of Ed- 
dington’s statement that Riemann never dreampt of a phys- 
ical application of his analysis. That this doubt is amply | 
justified and that Eddington’s statement shows a lack of ac- 
quaintance with certain portions of the historical background 
of the general relativity theory, may be reedily shown by a 
brief quotation from Riemann’s famous Habilitationsschrift 
Uber die Hypothesen welche der Geometrie zu Grunde legen. 
(We make use of Clifford’s translation.) 

“ Either, therefore, the reality which underlies space must 
form a discrete manifoldness, or we must seek the ground of 
its metric relations outside it, in binding forces which act 
upon it. The answers to these questions cen only be got by 
starting from the conception of phenomens which has hith- 
erto been justified by experience, and which Newton assumed 
as a foundation, and by making in this conception the suc- 
cessive changes required by facts which it cannot explain. 

This leads us into the domain of another science, of 
physics, into which the object of this work does not allow us 
to go to-day.” 

This statement (made in 1854) foreshadows the Work of 
Einstein, and thus furnishes further evidence, if further evi- 
dence be deemed necessary, of the remarkable insight into 
mathematical and physical questions possessed by Riemann. 

CHARLES N. Moore. 
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NOTES. 


At the Chicago meeting of the American Association for the 
Advancement of Science, Professor E. H. Moore was elected 
president for the next two years. Dr. R. S. Woodward, ex- 
president of the Carnegie Foundation and of the American 
Mathematical Society, was reelected treasurer, and Dr. B. E. 
Livingston permanent secretary, each for a term of four 
years. Professor Oswald Veblen was elected chairman of 
Section A (mathematics), and a vice-president of the Asso- ” 
ciation. The winter meeting of 1921 will be held at the Uni- 
‘versity of Toronto. ` 

At the sixth annual meeting of the Mathematical Associa- 
tion of America, held at Chicago, December 28-29, the follow- 
ing officers were elected: president, Professor G. A. Miller; 
vice-presidents, Professors R. C. Archibald and R. D. Car- 
michael; members of the Board of Trustees, to serve until 
January, 1924, Professors A. A. Bennett, Florian Cajori, 
H. L. Rietz, and D. E. Smith. Professor C. F. Gummer was 
chosen to fill the vacancy on the Board caused by the election 
of Professor Carmichael as vice-president. 

On the occasion of the mathematical congress held in 
Strasbourg in the summer of 1920, the folowing mathe- 
maticians were elected honorary members of the Society of 
Sciences, Agriculture, and Arts of the Lower Rhine: Professor 
L. Crelier, of the University of Bern; Professor L. E. Dickson, 
of the University of Chicago; Professor G. Koenigs, of the 
Sorbonne; Professor J. Larmor, of Cambridge University; 
Professor N. E. Nörlund, of the University of Lund; Professor 
E. Picard, of the Sorbonne; Professor C. de la Vallée Poussin, 
of the University of Louvain; Professor V. Volterra, of the 
University of Rome. 

Announcement has just been made that Professor Dunham 
Jackson will present the principal paper of a symposium on 
the general theory of approximation by polynomials and 
trigohometric sums on Friday afternoon, March 25th, at the 
meeting of the American Mathematical Society at the Uni- 
versity of Chicago. The meeting of the Society will extend 
over Saturday, March 26th. 
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On account of the meeting of the Central Association of 
Teachers of Mathematics and Science in St. Louis during 
Thanksgiving week of this year, the officers of the South- 
western Section of the American Mathemat:cal Society and 
the officers of the Missouri Section of the Mathematical 
Association of America have decided to hold the meetings of 
these organizations also in St. Louis, at Washington Uni- 
versity, instead of at the University of Missouri, as had been 
announced previously. 


The opening (January) number of volume 22 of the Trans- 
ACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY contains 
the following papers: Arithmetical paraphrases, by E. T. Bell; 
The construction of algebraic correspondences between two 
algebraic curves, by Virgil Snyder and F. R. Sharpe; Con- 
cerning certain equicontinuous systems of cu-ves, by R. L. 
Moore; Fundamental systems of formal modular seminvariants 
of the binary cubic, by W. L. G. Williams; A property of two 
(n + 1)-gons inscribed in a norm-curve in n-space, by H. S. 
White; Recurrent geodesics on a surface of negative curvature, 
by H. M. Morse; On the location of the roots of the jacobian of 
two binary forms, and of the derivative of a rational function, 
by J. L. Walsh; On functions of closest approximation, by 
Dunham Jackson. 

The concluding (October) number of volume 42 of the 
AMERICAN JOURNAL OF MATHEMATICS contains the following 
papers: Geometrical significance of isothermal conjugacy of a 
net of curves, by E. J. Wilczynski; Observations weighted accord- 
ing to order, by P. J. Daniell; Some determinant expansions, by 
L. H. Rice; A general implicit function theorem with an appl- 
cation to problems of relative minima, by K. W. Lamson; On 
the Laplace-Poisson mixed equation, by R. F. Borden; Char- 
acteristic subgroups of an abelian prime power group, by G. A. 
Miller. 

The December number (vol. 22, no. 2) of the ANNALS OF 
MATHEMATICS contains the following papers: The mean of a 
functional of arbitrary elements, by Norbert Wiener; On certain 
determinants associated with transformations employed in 
thermodynamics, by J. E. Trevor; The permanent gravitattonal 
field in the Einstein theory, by L. P. Eisenhart; On the structure 
of finite continuous groups with a finite number of exceptional 
infinitesimal transformations, by S. D. Zeldin; Conformal 
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mapping of a family of real conics upon another, by T. H. 
Gronwall; On the location of the roots of the derivative of a 
polynomial, by J. L. Walsh. 

The January number (vol. 14, no. 1) of THE en 
TEACHER announces the change in the management of that 
journal, :which will be hereafter the official organ of the 
newly-formed National Council of Teachers of Mathematics. 
The new staff of editors is constituted as follows: J. R. Clark, 
editor-in-chief; E. R. Smith, assistant editor; and Alfred 
Davis, H.D. Gaylord, Marie Gugle, and J. W. Young. This 
staff will be assisted by an advisory board,of twenty members 
under the chairmanship of Dean W. H. Metzler, formerly 
editor-in-chief of the same journal. 

The March number of the AMERICAN MATHEMATICAL 
Monrtaty will contain a short statement concerning the 
scientific and editorial work of Professor F. N. Cole, who was, 
until the first of January of this year, the editor of this BULLE- 
TIN, and the secretary of the American Mathematical Society. 

The October number of the BULLETIN OF THE NATIONAL 
Resrarcy Counc (vol. 1, no. 5) consisted of a report on the 
quantum theory by Professor E. P. Adams. A few copies of 
this number are available for free distribution. 


The Paris Academy of Sciences announces the award of the 
following prizes in pure and applied mathematics, in addition 
to those listed in the December BULLETIN D 139): the 
Grand prize of the mathematical sciences, to Ernest Es- 
clangon, director of the Observatory at Strasbourg, for his 
memoir New researches on quasi-periodic functions; the 
Montyon prize for mechanics, to Stéphane Drzewiecki, for 
his work on the general theory of the helix, with special refer- 
ence to aerial and marine propellers. The Academy an- 
nounces the following problem for its Bordin prize, to be 
awarded in 1923: To find all the cases in which the search for 
the surfaces admitting a given linear element leads to a partial 
differential equation of the second order that is integrable by the 
method of Darboux. The Damoiseau prize was hot awarded in 
1920, no satisfactory memoir on the announced subject, the 
figures of equilibrium of a rotating fluid mass subject to new- 
tonian attraction (see this BULLETIN, vol. 24, p. 316), baving 
been received; the same problem is DCH again as the 
subject for 1923. A 
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The Ackermann-Teubner memorial prize for 1920 was 
awarded to Professor Gustav Mie for his memoirs on the 
theory of matter which appeared in volumes 37, 39, and 40 
of the ANNALEN DER PHYSIK. 


The $5,000 prize offered through the SCIENTIFIC AMERICAN 

‚for a popular essay on the Einstein theories was awarded to 

Mr. L. Bolton, of London. The essay appears in the number 
of the SCIENTIFIC AMERICAN for Februery 5. 


The Edison medal, awarded annually for work in electrical 
engineering by the American Institute of Eleczrical Engineers, 
will be presented this year to Professor M. I. Fupin, of Colum- 
bia University. 

Announcement has been made at Brown University of the 
completion of the Nathaniel French Davis fund in honor of 
Professor Davis, now emeritus, who was for forty-one years a 
teacher of mathematics in that university. The fund amounts 
to ten thousand dollars, and the income is to supplement the 
regular library appropriations in purchasing mathematical 
books and periodicals for the mathematizal seminary of Brown 
University. 


A series of four lectures on Four great geometers (Archimedes, 
Galileo, Newton, and Maxwell) was given in November, 1920, 
by Mr. W. D. Eggar at Gresham College, London. 


Professor Paul Painlevé, of the University of Paris, has 
returned from an educational mission to China. He has suc- 
ceeded in arranging for an institute cf the higher Chinese 
studies to be subsidized by the Chinese goverament in Paris, 
and for a branch of the University of Paris to be created in 
one of the Chinese universities and supported in part by the 
French government. An interesting account of these arrange- 
ments is given in the number of Scrence for February 4. 


Professor Emile Borel, of the University of Paris, has ben 
appointed honorary director of the Ecole normale supérieure. 

Dr. David Owen, of Birkbeck College, has been appointed 
head of the department of physics and mathematics at the 
Sir John Cass Technical Institute, Aldgate, England. 

Dr. P. Schafheitlin has been admitted as privat-docent at 
the technical school at Berlin. 
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- Associate professor S. L. Boothroyd, of the department of 
mathematics and astronomy of the University of Washington, 
is spending the year at the Lick Observatory. He has been 
appointed to succeed Professor O. M. Leland as professor of 
astronomy and geodesy at Cornell University in September 
1921. ` as 

Professor H. C. Wilson, of the department of mathematics 
and astronomy at Carleton College, has been granted leave 
of absence for the current academic year, part of which he 
will spend in research at Mt. Wilson Observatory. His 
position will be filled by Professor E. A. Fath, of Beloit 
College. f 

Associate professor Florence P. Lewis, of Goucher College, 
Baltimore, has been promoted to a full professorship of mathe- 
matics. 

Dr. F. E. Wood, of the University of Chicago, has been 
appointed assistant professor of mathematics at the Michigan 
Agrieultural College. 

Dr. W. L. Crum, of Yale University, has been granted leave 
of absence for the second half of the present academic year to 
fill a temporary vacancy at Williams College as assistant 
professor of mathematics. 

Dr. Teresa Cohen, of Johns Hopkins University, has been 
appointed instructor in mathematics at Pennsylvania State 
College. _ 

Dr. Mary G. Haseman has been appointed instructor in 
mathematics at the University of Illinois. 

Professor R. H. Weber, of the University of Rostock, died in 
August, 1920, at the age of forty-six years. 

Dr. J. E. Clark, professor of mathematics in the Sheffield 
Scientific School of Yale University from 1873 to 1901, died 
January 3, 1921, in his eighty-ninth year. Professor Clark 
has been a member of the American Mathematical Society 
since its foundation. 

Professor William Rinck, of Calvin College, Grand Rapids, 
Michigan, was killed in an automobile accident November 11, 
1920,’at the age of forty-three years. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Bauper (P. J. H.). Het limietbegrip. Rede ui roken bij de aan- 
vaarding van het ambt van Ee aan de Technische Hoogeschool 
te Delft. Groningen, Noordhoff, 1919. 19 pp. 


Bzocarp (H.). See Mato (E.). 
Burzer (N. M.). See Kıarpar (P.). 


Carey (F.S.). Infinitesimal calculus. Re-issue. New York, Longmans, 
1919. 10 + 352 pp. $4.25 


GÉRARDIN (A.). See Mazo (E.). 


Grtweaum (H.) und Jacosr (J.). Funktionenlehre und Elemente der 
erential- und Integralrechnung. 4te Auflage. Leipzig, Teubner, 
1920. 194 pp. M. 6.00 


Harpy (G. H.). Some famous problems of the theory of numbers and in 
particular Waring’s problem. An inaugural lecture delivered before 
the University of Oxford. Oxford, Clarendon Press, 1920. 36 pp. 
8vo. Paper. ' 2s. Bd. 


Heare (T. L.). Pioneers of progress: Archimedes. (“Men of Science” 
Series.) London, Society for the Promotion of Christian Knowledge, 
1920. 8vo.2+58pp. Cloth. Ze, 


Hurgens (C.). Œuvres complètes. Tome 14: Calcul des probabilités. 
Travaux de mathématiques pures 1655-1666. The Hague, Nijhoff, 
1920. 5 +557 pp. 4to. 


Jaconi (J.). See Grunpavar (H.). 


Kıapper (P.). College teaching. Studies in methods of teaching in the 
college. Edited by P. Klapper with an introduction by N. M. Butler. 
[Chapter on the teaching of mathematics by G. A. Miller.] Yonkers, 
N. Y., World Book Company, 1920. 16 + 583 pp. 


Knorr (K.). Funktionentheorie. 2ter Teil. 2te Auflage. Berlin, Verein- 
igung wissenschaftlicher Verleger (Walter de Gruyter), 1920. 138 pp. 


Mato (E.). Sur le décomposition des nombres en leurs facteurs. Résolu- 
tion des tions numériques. Préfaces de A. Gérardin et de H. 
Brocard. ancy, Sphinx. ipe, 1920. 128 + 48 pp. 


Miner (G. A.). See Kuappnr (P.). 


Os (C. van). Iets over de ontwikkeling der meetkunde. Rede, vit- 
esproken bij de eee het ambt van hoogleeraar aan de 
Bis e Hoogeschool te t. Gronirgen, Noordhoff, 1919. 
Pozerrt (L.). Tavoli di numeri primi entro lmiti diversi, e tavole affini. 
(Manuali Hoepli.) Milano, Hoepli, 1920. 16mo. 20 + 201 pp, 
. 10.50 
Struyvawrt (M.). Algèbre à deux dimensions. Gand, Van Rysselberghe 
© et Rombaut, 1920. 8vo. 223 pp. : 
ZEUTHEN (G. H.). Sur l’origine de l'algèbre. Kgbenhavn, Høst, 1919. 
Zeen (T.). Lehrbuch der Logik auf positivistischer Grundlage mit 
Berücksichtigung der Geschichte der Logik. Bonn, A. Marucs und E. 
Webers Verlag, 1920. ; 
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II. ELEMENTARY MATHEMATICS. 
AMMERMAN (C.). See Ford (W..B.). 
Batt (W. W.R.). An introduction to string figures. An amusement 
for everybody. Cambridge, W. Heffer and Sons, 1920. 8vo. 38 pp. 
aper, | 


Ford (W. B.) and AmMerman (C.). Teachers’ manual, second course in 
algebra. New York, Macmillan, 1920. 6 247 pp. $1.20 


Grenpr (M.). Raumlehre für Baugewerkschulen und verwandte bau- 
technische Schulen. 2ter Teil: iecksberechnung und Körperlehre. 
öte, neubearbeitete Auflage. Leipzig, Teubner, 1919. 


Hoxton (E. E.). See Pappocx (C. E.). 


Pappocx (C. E.) and Horton (E. E.). Vocational arithmetic. New 
York, Appleton, 1920. 10 + 232 pp. 


Rupert (G.). Die Grun des funktionalen Denkens in ihrer Bedeu- 
f tung für den ersten mathematischen Unterricht. Berlin, Salle, 1919. 
106 pp. / M. 3.50 


. THUN (A. van). Leerboek der stereometrie. Vijfde druk. Groningen, 
J. B. Wolters, 1919. 


OI. APPLIED MATHEMATICS. 


ALLIAUME (M.). Cours d'astronomie. Partie générale élémentaire. 
Louvain, Uystpruyst-Dieudonné, ét Paris, Gauthier-Villars, 1920. 
8vo. 14 + 368 pp. 


Bapne (H. G.). Grundlagen der Flugtechnik. Entwerfen und Berechnen 
von Flugzeugen. Leipzig, Teubner, 1920. 8 + 194 pp. 


Bayu (G.). Cours de résistance des matériaux un aux machines, 
Paris, Librairie de l'Enseignement technique, 1920. 8vo. ER P, 
36.00 
| | 


Bovuasse (H.). Théorie de l’élasticité. Résistance des matériaux. Paris, 
, Delagrave, 1920. 8vo. 562 pp. 


Boureartt (P.). Lezioni di meccanica razionale. 2a edizione. Bologna, 
Zanichelli, 1919. 8vo. 12 + 545 pp. 


CARMICHAEL (R. D.). The theory of relativity. 2d edition. (Mathe- 
matical Monograph Series, No. 12.) New York, Wiley, 1920. 112 
pp. $1.50 

Croyorn (A. C.). The new physics. San Francisco, published -by the 
Journal of Electricity, 1920. 128 pp. $2.00 


DELAFONTAIND (F. L.). Abaques pour le calcul des dalles, poutres et 
poteaux en ciment armé,’ Paris et Liège, Béranger, 1920. 4to. 
24 pp. + 18 abaques. Fr. 24.00 

Disrrr (P.). Theorie der Entwicklung der Kometen aus den Prinzipien 
der Gravitation. Montabour, W. Ka, 1919. 


Ersten (A.). Relativity: the special and the general theory. A popular 
exposition. Authorized translation by a W. Lawson. London, 
Methuen, and New York, Holt, 1920. 13 + 138 pp 5s. 


Fonrviotant (B. DE). Les méthodes modernes de la résistance des 
matériaux. 2eédition. Paris, Gauthier-Villars, 1920. 8vo. le E: 
` | r. 9. 


H 
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“Firm (R.). Schwankungserso cinungen in der Physik.“ (Sammlung 
Vieweg, Nr. FE er ee leweg, 1920. 


GIANFRANCESCH (G.). La fisica dei corpuscoli. 2a-edizione. Torino, 
Fratelli Bocca, 1920. 8vo. 264 pp. 


GERÜBLER (M.). Getriebelehre. Eine Theorie‘ des Zwanglaufes und der 
ebenen Mechanismen. „Berlin, Springer, 1918. 


Haren Ke Be nsammlung sur P eitslehre mit en 
2te A’ rlin, Vereinigung wisse icher Verleger (Walter 
de Gruyter), 1919. ‘89 pp. 


Krarrcnrk (M.). Les tables graphiques financières. Paris, ce 
Villars, 1920. 4to. 20 pp. Fr. 7.50 


Lawson (R. W.). See EINSTEIN (A.). 


Morang (J.). Nautik. 2te Auflage. (Aus Natur und Geisteswelt, Nr. 
255.) Leipzig, Teubner, 1919. 116 pp. Geb. 


p’Ocaane (M.). Principes usuels de ao ot PVR avec application A 
divers problèmes concernant l’artillerie et ’aviaticn. Paris, Gauthier- 
. Villars, 1920. 8vo. 4 + 70 pp. Fr. 9.00 


RarTeau (A.). Théorie des hélices ie et marines et aériennes et des 
avions en vol rectiligne. Pans, Gauthier-Villars, 1920. 8vo. 6 + 
160 pp. Fr. 20.00 


BAINTIGNON (F. DE). Le mouvement ininterrompu des molecules dans les 
fluides et autres hypothèses. Luxembourg, Imprimerie de ia Cour. 
Victor Buck, 1917. 4to. 175 pp. 


SCHAU (A.). Statik. ter und 2ter Teil. 2te Auflage. Leipzig, Teubner, 
1919. S 

Vorcuarprs (G.). Feldmessen und Nivellieren. “te Auflage. Leipzig, 
Teubner, 1919. 
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-~n 
—~ THE TWENTY-SEVENTH ANNUAL MEETING OF 
THE AMERICAN MATHEMATICAL SOCIETY. 


The twenty-seventh annual meeting of the Society was held 
at Columbia University on Tuesday and Wednesday, Decem- 
ber 28-29, 1920, extending through two sessions on each day. 
The attendance included the following eighty-six members: 

Professor J. W. Alexander, Professor R. C. Archibald, Pro- 

m~ -) fessor R. A. Arms, Professor Clara L. Bacon, Dr. Charlotte C. 
., Barnum, Professor W. J. Berry, Mr. William Betz, Professor 
A G. D. Birkhoff, Professor Joseph Bowden, Professor R. W. 
Burgess, Professor B. H. Camp, Professor W. B. Carver, 
Professor F. N. Cole, Dr. G. M. Conwell, Professor J. L. 
Coolidge, Dr. W.’ L. Crum, Professor C. H. Currier, Dr. 
Tobias Dantzig, Professor J. V. DePorte, Dr. Jesse Douglas, 
Professor C. A. Fischer, Professor W. B. Fite, Professor C. H. 
Forsyth, Professor Tomlinson Fort, Mr. Philip Franklin, 
Dr. T. C. Fry, Professor R. E. Gilman, Professor O. E. Glenn, 
Professor W. C. Graustein, Dr. T. H. Gronwall, Professor 
Olive C. Hazlett, Professor E. R. Hedrick, Dr. A. A. Himwich, 
Professor L. A. Howland, Professor W. A. Hurwitz, Mr. S. A. 
Joffe, Professor Edward Kasner, Dr. K. W. Lamson, Mr. 
Harry Langman, Professor Gillie A. Larew, Professor Florence 
P. Lewis, Professor P. H. Linehan, Professor Joseph Lipka, 
L. L. Locke, Professor W. R. Longley, Professor C. R. 
M es, Professor H. F. MacNeish, Professor R. M. 
Mathews, Professor H. H. Mitchell, Professor Frank Morley, 
‚Dr. H. M: Morse, Professor G. W. Mullins, Professor G. D. 
Olds, Professor F. W. Owens, Dr. Helen B. Owens, Mr. George 
Paaswell, Dr. Alexander Pell, Professor Anna J. Pell, Dr. G. A. 
Pfeiffer, Dr. E. L. Post, Professor H. W. Reddick, Professor 
R. G. D. Richardson, Dr. J. F. Ritt, Dr. G. M. Robison, Dr. J.' 
E. Rowe, Professor F. H. Safford, Dr. Caroline, E. Seely, 
-— _ Professor L. P. Siceloff, Professor Clara E. Smith, Professor 
P. F. Smith, Professor W. M. Smith, Professor Elijah Swift, 
© Dr. JS. Taylor, Professor H. D. Thompson, Mr. H. S. 
Vandiver, Professor Oswald Veblen, Professor J. N. Vedder, 
__ - Professor J. H. M. Wedderburn, Professor H. S. White, 
_- » Professor E. E. Whitford, Dr. Norbert Wiener, Professor A. 
H. Wilson, Professor Ruth G. Wood, Dr. T. S. Yang, Professor 
J. W. Young, Dr. S. D. Zeldin. 
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President Frank Morley occupied the chair, relieved by 
Professors G. D. Birkhoff and R. G. D. Richardson, on Tues- 
day; Professors Richardson and H. S. White presided at the 
sessions on Wednesday. The Council announced the election 
of the following persons to membership in the Society: Pro- 
fessor L. M. Coffin, Coe College; Professor I. H. Fenn, Poly- 
technic Institute of Brooklyn; Dr. Ludwik Silberstein, East- 
man Kodak Company; Dr. W. L. G. Williams; Cornell Uni- 
versity. One hundred twenty-one applications for member- 
ship were received. 

A report was received by the Council from Professor E. R. 
Hedrick, chairman of the committee on increase of member- 
ship and sales of publications, presenting one hundred ten 
applications for membership in the Society and sixty-six 
subscriptions to the Transactions. The report was accepted, 
with the thanks of the Council. 

Professor T. S. Fiske, as representative of the contributors 
to the Bécher memorial fund, tendered the fund to the Society 
to be held in trust and the income to be employed for the 
advancement of mathematical science. The trust was 
accepted, and a committee appointed to ccnsider the most 
appropriate use to which the income of the fund could be 
devoted. 

A committee was also appointed to make the necessary 
arrangements for the meeting of the Society to be held at 
Wellesley College in the summer of 1921. 

The total membership of the Society is now 770, including 
87 life members. The total attendance of members at all 
meetings, including sectional meetings, during the past year 
was 517; the number of papers read was 215. The number 
of members attending at least one meeting during the year 
was 306. At the annual election 189 votes were cast. 

The Treasurer’s report shows a balance of $8,994.53, includ- 
ing the Life Membership Fund, which amounts to $7,518.37. 
Sales of the Society’ s publications during the year amounted 
to $2,067.74. 

The Library now contains 5,862 volumes, excluding some 
500 unbound dissertations. 

The afternoon session on Tuesday wes especially marked by 
the retiring presidential address of Professor Frank Morley, 
on Pleasant questions and wonderful effects. A dinner was 
held at the Faculty Club Tuesday evening. at which firty 
members were present. 


= 
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At the annual election, which closed on Wednesday morning, 
-the following officers and other members of the Council were: 
chosen: 
President, Professor G. A. Biss. 
` Vice-Presidents, Professor F. N. Cort, 
Professor DUNHAM JACKSON. 


Secretary, Professor R. G. D. RICHARDSON. ' 
Treasurer, Professor W. B. rs, 
Librarian, Professor R. C. ARCHIBALD. 

Committee of Publication, S 


Professor E. R. HEDRICK, 

f Professor W. A. Hurwrrz, 

Professor J. W. Youne. 
Members of the Council to serve until December, 1928, 
Dr. T. H. GRONWALL, ` Professor FLORENCE P. Lewis, 
Professor O. D. KELLOGG, Professor A. D. PITCHER. 

At the close of the morning session on Wednesday, Professor 
H. S. White in a short address tendered the thanks of the 
Society to Professor Cole for his distinguished services during 
his long term of office as secretary of the Society and editor 
of the BULLETIN. Professor White said in part: 

“With the close ofithe year 1920, the resignation of Pro- 
fessor Frank Nelson Cole ends his long period of service as 
secretary of the American Mathematical Society. Since 1895 
he has held that office, and since 1897 has been editor of the 
Society’s BULLETIN, a periodical issued ten times a year, and 
has published all the Society’s programs and announcements. 
From these onerous duties, and others, he now withdraws. 

“With deep regret we acquiesce. But we desire to express 
to our retiring secretary our gratitude for his labors. He has 
dignified and amplified his office. With few precedents to 
guide him, he has met with energy and tact its problems. 
The meetings of the Society he has prepared and managed 
with skill and eminent success. Its membership he has aided 
greatly to enlarge, maintaining cordial and helpful relations 
with alt. As editor he has made the BULLETIN increasingly 
interesting and useful, securing an expanding line of active 
contributors. He ‘has maintained its high standards, while 
extending its range to keep pace with the augmenting activi- 
ties of the Society. 

“Surely fortunate is he who is able to sustain for twenty- 
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five years labors so varied and so strenuous; who can through 
steady, cumulative efforts develop and execute so fully his 
plans and policies. We extend to him our congratulations, 
in grateful recognition of his achievements; and we felicitate 
him now on bis return to the engrossing problems`of pure 
science.” 


The list of papers read at the meeting, together with ab- . 
_ stracts of the papers, is as follows: ` 


(1) Professor C. E. Wilder: Einstein’s four-dimensional 
space is not contained in a five-dimensional linear space. 

In 1880 Voss gave necessary and sufficiert conditions that 
any curved manifold be contained in any higher-dimensicnal 
manifold. Using these conditions, Professor Wilder shows 
that any four-dimensional manifold that is contained in a five- 
dimensional linear space cannot satisfy the defining equations 
for an Einstein space. 


(2) Dr. J. L. Walsh: On the convergence of the Sturm- 
Liounlle series. 
Dr. Walsh considers the differential system 
(1) u” (x) + [° — g(x)lu(z) = 0 
(0 =z = 1, u(0) = ul) = 0), 


a special case of which is the differential system 
(2) w(x) + pu(x) =0 OX251, u(0) = u(1) = 0), 


whose normal solutions are the functions {sin nrg}. If f(x) 
is an arbitrary function integrable and with an integrable 
square, there is formed the series composed of the term-by- 
term difference of the formal expansions of f(x) in terms of the 
normal solutions of (1) and of (2); it is proved that this series 
converges uniformly and absolutely to zero on the entire inter- 
val considered. The method of proof is entirely elementary. 


(3) Miss Anna M. Mullikin: Certain theorems concerning 


connected point gets. ` 
Miss Mullikin establishes the following theorems. 
I. If in a plane S, m1, me, Ma, --- is a countable collection 


of closed, mutually exclusive point sets, no one of which dis- 
connects S, and if m, the sum of these poirt sets, is closed, 
then m does not disconnect S. 
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DO. If in a plane S, P and Q are two closed point sets with 
no point in common and H is a closed, bounded, conneeted set 
of points containing at least one point in common with P and 
at least-one point in common with Q, then H contains a con- 
nected subset Hj, such that (1) H: contains no point in common 
with P or with Q, and (2) each of the point sets P and Q 
contains at least one limit point of H, 


(4) Dr. A. R. Schweitzer: On homogeneous functions as 
generators of an abstract field. 

Dr. Schweitzer points out that the algebra of logic, the 
theory of abstract groups, and the theory of abstract fields, as 
special disciplines on iterative compositions, so far as is 
known, have been first emphasized by him. In further 
development of the abstract field as an iterative’ theory, he 
considers the possibility of generating an abstract field by 
rational functions of m variables (m = 2), (1) homogeneous 
and integral of degree = 2, (2) homogeneous and rational of 
degree zero. In particular, he finds that the following func- 
tions may serve as undefined relations for an abstract field: 
x — yz, (x + y)-2, (x + y)-y, and z/y — 1, the latter function 
being also quasi-transitive. In connection with the latter 

‘functions, it is worthy of note that the non-homogeneous 
functions (1 + x)-y generate a field under suitable postula- 
tional assumptions. 


(5) Dr. A. R. Schweitzer: The concept of an iterative 
compositional algebra. 

Dr. Schweitzer defines an iterative compositional algebra 
as a set E of elements a, az, +++, bi, be, «++, ete., subject to 
the following assumptions. Let d,(a,b;) (€= 1, 2, ---, m; 
j= 1, 2, ---, mn) be generating relations of a given (formal 
or material, proper or improper) pseudo-group PG with a set 
(which may be vacuous) of adjoined conditions R on the 
functions A, ` then the author defines 


A,(AB) = [A:(@b1) ve Aula) 


where A and B are n-ads in the sense defined by him in the 
AMERICAN JOURNAL OF MATHEMATICS (1909). Let the n-ads 
{A} be elements of compositions r,[Aı, 42, +++, Apl, p = 2, 
8 = 1, 2, 3, ---, where the r, satisfy a given set of equations 
in iterative compositions in the sense previously defined by 
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the author. In particular, closure under tke compositions r 
may exist. The relation of the compositions À; to r, will be 
the subject of special i inquiry; in general, the À; and r, satisfy 
explicitly stated equations in iterative compositions of order 
Æi+s. More generally, for the pseudc-group PG, one 
might substitute any set of necessary properzies of any postu- 
Jationally defined calculus of iterative compositions. See, e.g., 
Schroeder, ARCHIv (2), vol. 5. 


(6) Professor Joseph Lipka: Transformations of trajectories 
on a surface. 

In a paper read at the October meeting of the Society, Pro- 
fessor Lipka proved five geometric properties which completely 
characterize the trajectories on a surface for any positicnal 
field of force. In the present paper, a study is made of the 
point transformations which convert systems of curves on a 
surface © possessing some or all of these properties into like 
systems on the transformed surface $ı. Tke general results 
are that systems of curves possessing the first property or the 
first two properties are invariant under an arbitrary point 
transformation, while all other systems are only invariant 
under a geodesic transformation. A similar study is made 
for the point transformations of “ n ”-systems—brachisto- 
chrones, catenaries, velocity curves, ete..—on a surface. 


(7) Mr. Harry Langman: E transformations of 
period n and groups generated by them 

Professor Kasner has studied the groups of transformations | 
generated by conformal transformations of period 2. 

Mr. Langman’s paper is principally concerned with a gener- 
alization of a problem studied by Kasner. The generalized 
problem, following Kasner’s notation, consists in ‘finding 
whether two transformations f(z) and g(z) can always be 
found such that f(z) = Mm(2) = z and g[f(x)] = F(z) identi- 
cally for some integral values of m and n. Te subscripts here 
denote the iterated functions of corresponding order. In the 
more general problem no such numerical relation as that found 
by Kasner for the case m = n = 2 is found necessary (other 
than Ku = 1). The complete result states that if Ki + 1, 
then F(z) is always factorable; if Ki = 1, the periods of the 
factor transformations, if they exist, must be 2qual; if Ki = 1 ` 
and K, + 0, then F(z) is always factorable into two trans- 
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formations of arbitrary period > 2; if Ki = 1, Ke = K; 
= ... K,=0, and K. + 0, then F(z) can not be fac- 
tored into transformations of order r, or any factor of r, but 
can always be factored into transformations of any other 
order > 2. . 

In the first part of the paper it is shown that if the trans- 
formation F(z) is of period n, then it may be put uniquely 
into implicit form. The well known fact that F(z) is conform- 
ally equivalent to a rotation about the origin is then readily 
deduced. The method also gives complete solutions of similar 
functional equations of the symbolic forms: fe = g, where g is 
given and g*=1;1+f+f?+4+---+f"7=0; ete. It is 
also shown that, corresponding to every function f, where 
f* = 1, there are others, F, satisfying the last functional 
equation. 

Kasner has considered other transformations of period 2, 
termed by him conformal symmetries, defined by f(zo), where zo 
is the conjugate of z. It is here shown that no other kind of 
transformation of this type exists, i.e. that all reverse conformal 
transformations are of period 2. 


(8) Professor O. E. Glenn: On a new treatment of theorems 
of finiteness. Second paper. (Preliminary report.) 

Professor Glenn’s paper consists, in its present form, of two 
parts. A third part, dealing with certain amplifications, is to 
be added. The first part comprises a proof of the finiteness of 
binary formal modular concomitant systems (modulo P), 
which has been an outstanding unsolved problem since the 
publication of Dickson’s first paper on modular invariants 
(1907) and of a paper by A. Hurwitz (1903). This proof is 
based upon the algorism on modular concomitants apper- 
taining to domains mentioned in the present author’s memoir 
in the Transactions for 1920. The second part of the paper 
gives statements and solution of certain finiteness propositions 
in the realm of differential invariants. The present paper is, 
in regard. to general method, a sequel to the one published 
under the same title in the TRANSACTIONS for 1919. 


(9) Professor J. E. Rowe: The efficiency of projectile and 
gun. 

The purpose of this investigation is to formulate mathe- 
matically a means by which the efficiencies of different pro- 


1 
t 
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jectiles fired in different guns may be compared, using as a 
criterion the energy wasted in propelling the projectile to the 
point of fall.. It is possible also to obtain from this the 
economic efficiency, by taking into account the cost of the 
material used. 


(10) Dr. S. D. Zeldin: On the structure of finite continuous 
groups with one two-parameter subgroup. 

This paper considers groups with one two-parameter sub- 
group. By imposing certain conditions on groups meroed- 
rically isomorphic with the given ones, the author shows how 
the structure can be simplified. 


(11) Dr-S. D. Zeldin: On the structure of finite continuous 
groups with a finite number of exceptional irfinitesimal trans- 
formations. 

In a previous paper, presented to the Society in December, 
1919, Dr. Zeldin discussed the structure of finite continuous 
groups having one exceptional infinitesimai transformation. 
The present paper deals with the structure of groups having 
any finite number of exceptional transformations. 


(12) Mr. H. S. Vandiver: On quadratic congruences and the 
factorization of integers. 

In this paper, Mr. Vandiver considers th2 problem of the 
practical determination of the integral valves x in the con- 
gruence =? = a (mod m) where a and m are rational integers 
prime to each other, a positive. A metkod of trial and 
exclusion is given, based on the theory of the quadratic form 
u? — av®, which supplements another method due to H. J. S. 
Smith (Collected Papers, vol. 1, p. 148), wbo used a definite 
in lieu of an indefinite quadratic form. A similar procedure 
is convenient in finding the factors of an integer n, if n can 
be expressed in the form y? — kz’, where k is a small positive 
integer. 


(18) Professor E. V. Huntington: A mathematical theory 
of proportional representation. 

When N representatives are distributed among the several 
states, the true quotas are usually fractional, aad are negessarily 
replaced by whole numbers. Various methcds of minimizing 


the injustice involved in these replacements have been pro- 
posed (by Willcox, Hill, d’Hondt, etc.), but without satis- 
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factory mathematical analysis. Professor Huntington shows 
that in the case of two states the logarithmic error, log (x/y), 
where x = the ratio of the assignments as they actually are, 
and y = the ratio of the assignments as they ought to be, 
provides a eomplete criterion for the best apportionment. 
If there are more than two states, the following principle is 
proposed: If the injustice belonging to any pair of states can 
be reduced by a transfer of representatives within that pair, 
this improvement should be made. It is shown that in any 
given case there is just one apportionment which is incapable 
of such improvement, and may therefore be regarded as the 
best. It is also shown how this best apportionment may be 
very easily found, by the use of a priority list formed by 
multiplying the population of each state by the series of factors 


wo, 1/V1-2, 1/23, 1/vB-4, ..., 


and arranging the results for all the states in order of magni- 
tude. 


(14) Dr. H. M. Morse: Recurrent motions of the discon- 
tinuous type. ` 

In investigating the nature of the trajectories in a stable 
dynamical system for unlimited values of the variable which 
represents the time, Professor Birkhoff has shown that one is 
led to types,of motions which he calls recurrent motions, and 
which he divides into discontinuous and continuous types. 
Simple examples of motions of the continuous type can be 
given. The present paper by Dr. Morse offers the first proof 
of the existence of recurrent motions of the discontinuous 
type for the case where the motion is represented by a curve 
with a continuously turning tangent. This proof is the 
outcome of a complete classification, from the point of view 
of analysis situs, of geodesics on surfaces of negative curvature. 
The paper will’be published in the TRANSACTIONS. 


(15) Professor Frank Morley: Presidential Address: 
Pleasant questions and wonderful effects. 

President Morley’s address will appear in full in the April 
number of the BULLETIN.. 

(16) Professor Edward Kasner: Properties of orbits in the 
general theory of relativity. 

The orbits in the Einstein theory are the geodesics of the 
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four-dimensional manifold M, defined by ds? = Zort, 
Professor Kasner considers an arbitrary map of M, upon & 
4-flat (x, y, z, t). The properties of the œ curves mapping 
the geodesics are studied. These curves are then projected 
orthogonally upon a 3-flat (x, y, 2). ‘The ©! orbits correspond- 
ing to a 'given world-point (x, y, 2, t) and a given direction 
(dx : dy : dz) are shown to have the property that the locus 
of the centers of curvature is the inverse of a conic. If in 
particular the ds? is of the static form, studied by Levi-Civita 
and others, so that the world splits up into ordinary time and 
space, then it is shown that the conic becomes a circle through 
the given point; this means that the Meusnier property 
- (relating to the variations of the curvature and the osculating 
plane) holds. In the Newtonian dynamics of a positional 
field of force, the locus becomes merely a straight line, since 
the œ! trajectories then have a common osculating plane. 
Some further properties obtained for the general case are too 
complicated for brief statement. 


(17) Professor Edward Kasner: The solar gravitational field 
in finite form. 

" In the last of his five notes on the Einstein theory presented 
at the summer meeting, Professor Kasner showed that there 
are no four-dimensional manifolds obeying Einstein’s equa- 
tions Go = 0 which can be immersed in a 5-flat; but that 
for a 6-flat there exist an infinity of solutions, including in 
particular the solar field. He now examines this field, taken 
in the Schwarzschild form, in detail. The final result is 


dè = — dz? — dy? — dé + dX? + dY? — dZ, 
where 


—2 — 2 
X=" AT sit, Y= S cos £, 








where m is the mass of the sun, and r? = 2?+ 7+ 2% We 
thus have in finite form a model of the solar field. The model . 
is situated in a flat space of six dimensions; or, using the 
more exact terminology of Weyl, in an affine-euclidean space 
of (2 + 4) dimensions. 


Î = 
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(18) Dr. Norbert Wiener: The average of an analytic 
functional. 

Dr. Wiener discusses in this paper the notion of the average 
value of a functional which can be expanded in a series of 
multiple integrals, and develops an average which, over a 
considerable range of cases, is identical with that treated in his 
other papers, but which will apply directly to functionals that 
are not bounded. 


(19) Dr. Norbert Wiener: The average of a functional. 

Dr. Wiener gives a definition of the average value of a func- 
tional which reduces to a special case of the type of Daniell 
integral already treated by him in his paper entitled The 
mean of a function of arbitrary elements, presented to this 
Society at its meeting in December, 1919. The average thus 
developed is in intimate relation with the theory of prob- 
abilities, for it is based on the assumption that the distribution 
of the values of F(Tı + Tz), where F ranges over all con- 
tinuous functions such that F(T:) has a certain determinate 
value Xi, is what is known statistically as a normal distri- 
bution and is independent of Tı and i. 


20) Dr. Norbert Wiener: Further properties of the average 
of a functional. 
Dr. Wiener defines the average of the bounded continuous 
functional F as 


AUF) = lim "TT ne" [ren 
o mw eu) 

* ep] ed T2 — Tı Tn  Tn-1 dy dyn» 
where 2, ---, 2, is a set of numbers satisfying the conditions 
zo = 0, In = 1, ku > ae for every k, 

and where 


(IG) = (Wey m) +2, ls 
ts thatfunction of x which for 2; < x < z assumes the value 


Tk 


Ys + Se QG — Ye) (yo = 0). 


Tkp — T 
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The operation lim refers to. the.limit taken as the w’s fill the 
interval from 0 to 1 more and more closely. 

Dr. Wiener shows that A{F} exists for every bounded 
continuous F. He shows, moreover, that the notion of 
average defined here is capable of a Daniell extension which is 
identical with the notion of average defined in the preceding 
paper. 


(21) Professor Gillie A. Larew: The Hilbert integral and 
Mayer fields for the problem of Mayer in the calculus of varia- 
tions. 

A. Mayer and Bolza have shown that it is possible to extend 
to the problem of Lagrange in the calculus of variations the 
Hilbert theory in which an invariant integral is utilized in the 
proof that a certain set of conditions is sufficient for the 
existence of an extremum. À similar extension of this theory 
to the problem of Mayer is the subject of Professor Larew’s 
paper. An integral is constructed effective in establishing a 
Weierstrass theorem, and it appears that the imposing of 
conditions for this integral to be independent of the path is 
equivalent to placing on the field of extremals conditions 
analogous to those characterizing the Mayer fields well known 
to students of the Lagrange problem. The study is confined 
to a Mayer problem in non-parametric representation and with 
fixed end-points. It may be noted that Kneser, using other 
. methods, has found results consistent with these for the same 
problem in parametric form. 


(22) Professor R. M. Mathews: Generalizations of the 
classical construction of the strophoid. 

In the classical construction of the strophoid the curve is 
defined as the locus of the intersection of a pencil of circles 
with a pencil of lines. The circles have their centers on a 
line J and all pass through a point O on l. Each circle cor- 
responds to that line of the pencil (F) which passes through 
its center. O is the node, F is the singular focus, and / is 
parallel to the asymptote. Professor Matkews generalizes 
this construction in two ways: first, for a vencil of circles 
through the node with their centers on any line through that 
‘ point; and second, for a pencil of circles through amy two 
points whose tangents meet on the curve. 


(23) Professor W. A. Hurwitz: Some properties of methods 
of evaluation of divergent sequences. 


H 
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In case a linear transformation, y, = Dei Ankkı, Carries 
every convergent sequence (zn) into a sequence (yn) converging 
to the same value as (x,), the transformation is said to be 
regular; necessary and sufficient conditions for regularity are 
furnished by the Silverman-Toeplitz theorem. In the present 
paper, Professor Hurwitz investigates the conditions under 
which a regular transformation of real elements maintains the 
property of regularity even in the case of the improper limits 
+ œ, and also the conditions under which it carries a divergent 
sequence into another which, if it is-not convergent, at least 
has its limits of oscillation not further separated than in the 
original sequence. Application is made to the particular case 


.of analytically regular transformations, as defined by Hurwitz 


and Silverman. 


(24) Professor W. C. Graustein: Parallel maps of surfaces. 


Two rea] surfaces, in continuous one-to-one point cor- 
respondence, with the directed normals parallel at correspond- 
ing points, are said to correspond by a parallel map; or more 
specifically, by a directly parallel or an inversely parallel map, 
according as corresponding directions of rotation about cor- 
responding points are the same or opposite. In Professor 
Graustein’s paper, parallel maps are further classified as 
hyperbolic, elliptic, or parabolic, after the manner of the 
classification of one-dimensional projective correspondences, 
and each parallel map is characterized by an invariant analo- 
gous to the invariant of such a éorrespondence. ‘The classi- 

cation of parallel maps thus obtained is instructive in the 
light it sheds on known theorems concerning parallel maps, 
and it proves to be of value in developing new results. 


(25) Professor J. H. M. Wedderburn: On the maximum 
value of a determinant. | 

Professor Wedderburn gives a proof, due to J. Schur (MATHE- 
MATISCHE ANNALEN, vol. 66 (1909), pp. 488-510), of Hada- 
mard’s theorem that the maximum value of the determinant of 
a matrix A = (ars) is |A| = &(|a,.?|/n)"®. As this inequality 
was not the main purpose of Schur’s paper, his exposition does 
not show how brief the proof really is. If &,, denotes the 
conjugate imaginary of a, and A = (G;,), then A'A is a 
positive Hermitian form whose roots, as is well known, are 


real and positive/ The sum of these roots is Z,,a,.ä,,—2|a,?|; 
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hence their product is less than or equal to (Z]a..?|/n)". This 
product is equal to the determinant of A’A which is equal to 
the absolute value of |A|*, thus proving the required in- 
equality. , 

(26) Professor J. H. M. Wedderburn: On the automorphic 
transformation of a bilinear form. 

The problem of the automorphic transformation of a bilinear 
form is usually discussed on the basis of the Cayley-Hermite 
solution. This solution is rational but becomes indeterminate 
under certain conditions. Professor Wedderburn derives a 
very simple solution in transcendental form which includes 
the exceptional cases and reveals their analytical nature 
clearly. = 


(27) Professor J. W. Lasley, Jr.: Some special cases of the 
flecnode transformation of ruled surfaces. 

‘The process of obtaining the flecnode surface of a ruled 
surface leads to the consideration of a suite o? surfaces, called 
the flecnode suite. Questions arise as to the cases in which 
this suite terminates or returns into itself. It is the purpose 
of Professor Lasley’s paper to study some of these questions. 
It is found that the suite terminates with its first transform if 
and only if the given ruled surface has a straight line directrix. 
In case the termination occurs with the sezond transform, 
both branches of the flecnode curve on the given ruled surface 
may be obtained without integration. The suite is of period 
two if and only if the flecnode curve meets every generator 
in two coincident points. The flecnode suize cannot be of 
period three, nor of period four. The conditions for termina- 
tion and periodicity considered are expressed in terms of the 
invariants of the differential equations which define the given 
ruled surface. 


(28) Professor R. G. D. Richardson: The theory of relative 
maxima and minima of quadratic and hermitian forms and its 
application to a new foundation for the theory cf bilinear forms. 
First paper: Equivalence of pairs of bilinear forms. . 

The theory of maxima and minima, which plays an ever 
increasing röle in analysis, suggests a simpler and direct 
method for the discussion of a pair of forms. In the case of 
quadratic or hermitian forms, one of which is definite, each 
zero of thè A-determinant can be interpreted as a maximum 


1921.]. THE ANNUAL MEETING OF THE SOCIETY. ` 259 


of a certain isoperimetric problem and as a minimum of 
another. This point of view enables Professor Richardson in 
this simplest case to obtain a direct method for reducing the 
pair of forms to the normal type as follows. Denoting by 
"An +++, An the zeros of the A-determinant, and setting A = M 
in the corresponding A-matrix ||a;; — Xd,;| |, the rows are 
regarded as the coefficients of linear homogeneous equations 
and the solution used as the first row of a matrix. The other 
Tows are obtained in the same way by setting in the matrix 
A = Ag, +++, An, The elements of the columns also serve as 
coefficients of linear equations which determine a second 
matrix. In the case of quadratic forms, this is identical with 
the first. When the A-matrix is multiplied by these two 
matrices it is reduced to one with terms in the main diagonal 
only. 

By a generalization of this process suggested by the formal 
work in the problem of taking the relative extreme, any pair 
of non-singular bilinear forms is reduced to its normal type. 
‘When the multiplicity of any À; is greater than its index (the 
number of linearly independent solutions of the corresponding 
linear equations) some of the rows and columns of the multi- 
plying matrices are solutions of non-homogeneous equations 
extended from the original homogeneous equations’ by a 
process resembling the taking of a derivative. 

The equivalence of pairs of bilinear forms is then based on 
three simple notions: (1) the equivalence of polynomials in À; 
(2) the equality of the indexes of À;; (3) the possibility of 
solution of certain non-homogeneous linear equations. 


(29). Dr. J. S. Taylor: The analytic geometry of complex 
variables with some applications to function theory. 

Dr. Taylor’s paper lays the foundations for a development 
of the analytic geometry of éomplex variables and applies 
some of the results to a geometric interpretation of function 
theory. A pair of complex numbers X and Y is represented 
by a point in four-space. Several definitions of distance are 
discussed, a geometric meaning is given to a complex angle, 
and six new pseudo-trigonometric functions of a complex 
angle are defined. The surfaces representing equations of the 
first and second degree in two complex variables are investi- 
gated in detail. Finally, a comparatively simple geometric 
meaning is given to the derivative of a function of a single 
romplex variable, to its differential, and to its integral. 
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(30) Professor C. H. Forsyth: The value of a bond to be 
redeemed ultimately, both principal and interest, in equal install- 
ments. 

The formulas for computing the value of a bond to yield a 
specified rate of interest have been derived for all cases where 
the principal is to be redeemed in one sum or in equal install- 
ments. The formula has been derived for the case where 
both principal and dividend are to be redeemed in equal annual 
installments. Professor Forsyth derives the formula for the 
more general case where the principal and dividend are to be 
redeemed in equal installments, but where the first installment 
is to be repaid at the end of f years and the rest at intervals 
of ¢ years. 


(31) Professor C. H. Forsyth: Valuation of bonds bought 
to realize a specified rate of interest, assuming the amortizations 
to accumulate at a savings-bank rate. 

Investors in bonds realize only too well the usual impossi- 
bility of obtaining the rate of interest corresponding to the 
price computed by the ordinary formulas simply because the 
amortizations are relatively small sums, and small sums can 
rarely demand as high rates of interest as can such large sums 
as the principals of the bonds. Professor Forsyth derives a 
formula for computing the price of tke conventional bond to 
yield actually a specified rate of interes: since the amortizations 
are assumed to accumulate at a practical rate of interest, such 
as that of a savings bank. The formula thus derived proves 
singularly convenient for the solution of the inverse problem, 
which is the determination of the rate of interest that a given 
price will yield. In fact, the solution of the inverse problem 
is almost as easy and quite as simple as that of the direct 
problem. 


(32). Dr. Einar Hille: Zeros of Legendre functions. 
In this paper Dr. Hille considers solutions of Legendre’s 
differential equation 


(1 -a8 2 + a(a + 1)w = 0 


with respect to the location of their zeros in the complex plane. 
The distribution of zeros along rays from z = + Lis investi- 
gated by means of two fundamental integral equalities which 
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are generalizations of well known formulas generally attributed 
to Green. It is proved that P,(+), the solution regular at 
z = + 1, has its zeros in the interval (— 1, + 1) when a is 
real, and in the interval (+ 1, + ©) when a = — $+ ui. 
The number of zeros has‘been previously determined by Dr. 
Hille. When a = A + ut A> — 3,4 > 0) it is proved that 
the zeros lie in a certain sector of the upper half of the plane. 
Finally, the ‘solution Q.(z) which belongs to the exponent 
.1+ a at infinity is shown to have no zeros in the finite plane 
as long as À > — 4. 


(33) Professor W. B. Carver: Systems of linear inequalities. 

In a paper on Systems of linear inequalities (ANNALS 
oF MATHEMATICS, vol. 20, p. 191; March, 1919), Professor 
L. L. Dines gives a necessary and sufficient condition for the 
existence of solutions of such a system. His conditions are 
expressed in terms of the J-rank of the matrix, the definition 
of Lenk being somewhat analogous to that of rank. 

In the present paper Professor Carver gives a necessary and 
sufficient condition that solutions of the system should not 
exist, the condition being expressed in a form similar to that 
ordinarily used ta define linear dependence. Independence 
of a system and equivalence of two systems are then defined, 
and necessary and sufficient conditions found for them. 


(34) Professor J. L. Coolidge: Differential geometry of the 
complex plane. 

Professor Coolidge’s paper is devoted to the study of systems 
of points in the complex plane, whose coordinates are analytic 
functions of two real variables, yet which do not lie on a real' 
curve. Some attention is also paid to three-parameter sys- 
tems. | 


(35) Professor C. L. E. Moore: Note on minimal varieties 
in hyperspace. 

Professor Moore’s paper appeared in the February number 
of this BULLETIN. 


(36) Professor I. J. Schwatt: Independent expressions for 
the Bernoulli numbers. 

Laplace, Stern, Kronecker, Shovelton and others have 
developed independent expressions for the Bernoulli numbers. 
Professor Schwatt has established methods which have 
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enabled him to find new independent expressions for these‘ 
numbers. The methods are believed to be more direct and 
the results more simple than those obtained hzretofore. 


(37) Professor I. J. Schwatt: Relations incolving the num- 
bers of Bernoulli and Euler. 
By the methods of the preceding paper, Professor Schwett 


has developed new relations involving the numbers of Ber- 
noulli and Euler. 


(38) Professor I. J. Schwatt: Independent expressions for 
Euler numbers. 

Very few independent expressions for the Euler numbers 
have been developed. The simplest among them is the one 
by Worpitzky (JOURNAL FÜR MATHEMATIK, vol. 94, p. 208). 
The expressions by Scherk (ibid., vol. 4, p. 299), and by 
Saalschütz (Vorlesungen über die Bernoullischen Zahlen, p. 
100) are rather complicated. By means of aperations with 
series Professor Schwatt has been enabled to devise meth- 
ods and to obtain results which are believed to Ee quite simple. 


(39) Professor I. J. Schwatt: Independent expressions for 
the Euler numbers of higher order. 

Lucas (BULLETIN DE LA SOCIÉTÉ MATEÉMATIQUE DE 
FRANCE, vol. 6, p. 53) has introduced the Euler number of 
higher order. Professor Schwatt has been at e to find only 
two independent expressions representing these numbers, one 
by Ely (AMERICAN JOURNAL OF MATHEMATICS, vol. 5, p. 339) 
and the other by Shovelton (QUARTERLY JOURLAL op MATHE- 
MATICS, vol. 46, p. 220). By means of operations with series 
methods have been devised which lead to simple independent 
expressions of these numbers. Three independent expres- 
sions for Tap, the coefficient of x?*t?/(2n + p)! in the expan- 
sion of tan? 2, are also given. 


(40) Professor I. J. Schwatt: Summation of a type of 
Fourier's series. 
The principles used in the direct summation of 


= „Sin (a + ng) , F 
2 1) bF nh T's 


when r may be 1, in which case g = 0 (mod 2r) is first applied 
to X%o(— 1)"[1/(b + nh)]. The method given by Professor 


AS 
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Schwatt in this paper is more general in its application than 
the one which he has presented in an article in the NoUVELLES 
ANNALES DE MATHÉMATIQUES, (4), vol. 6, pp. 203-209 (May, 
1916). ‘ 


(41) Professor F. W. Owens: On the projectivity assumption 
in projective geometry. 

Various forms of the projectivity assumption in projective 
geometry have been made by different writers., A number of 
these are given and shown to be equivalent in Veblen and 
Young’s Projective Geometry. In this paper, Professor Owens 
derives the ordinary forms of statement from milder forms 
‘of the assumption. 


(42) Professor R. W. Burgess: On certain simple skew 
frequency curves. 
© To facilitate the discussion of frequency distributions which 
do not conform to the normal probability curve, Pearson in 
1895 obtained a series of skew frequency curves by inte- 
grating the differential equation 
È 1 dy a + br 


l yde e+ dz eat’ 


This equation is a generalization of thè slope. property of the 
normal curve 


yde an. 


The aim of the present paper is to give, by considerations 
based on the elementary theory of probability, a new basis 
for some of Pearson’s curves, and to propose modifications in 
his methods of fitting these curves to given data. Professor 
Burgess’ point of view is that the individual items summarized 
by the frequency curve may be regarded as being deviations 
all in one direction from a fixed origin, and, in the discrete 
case, as being built up by successive increments, the prob- 
ability of adding each increment being variable. Among 
the curves derived on this basis are those of the family 
y = cx"e**, These curves are one type of those introduced . 
by Pearson, and are also cases of Knibbs’ flexible curve. 

In view of the fundamental importance of the area in work 
with frequency curves, Professor Burgess proposes to use, as 
the criterion for goodness of fit, the sum of the differences of 
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area from the origin to various values of x, between the actual 
frequency distribution and the trial curve. The trial curves 
for this method are obtained by the use of a table giving the 
percentage of area to the right of the centroid for important 
values of n. This method requires the construction of tables 
of areas of these curves, that is, of the integral 


‘ t 


I(x, n) = J: amle dae] T (m. 


Such tables may be easily constructed for values of n which 
are integral multiples of one-half by the use of the difference 
equation ( 


Š I(z, n+ 1) Ss I, n) er ya, tr 1) 
and of tables of the exponential and the error functions. 


(43) Dr. G. M. Robison: Divergent double series and 
sequences. 

For any given double sequence sm, a nev double sequence 
Oma may be defined by a linear transformation: 

mn o 

KS Amnki’Skl- 

Ł=1, tel 
Dr. Robison establishes a necessary and sfficient condition 
that the transformation be regular, i.e., that when it is applied 
to a bounded convergent sequence the new sequence shall 
be convergent to the same value as the 2riginal sequence. 
Further investigations determine when a regular trans- 
formation carries a sequence which becomes positively infinite ` 
into a sequence which becomes positively infinite. The 
condition that a transformation transform a bounded con- 
vergent sequence (smn) into a bounded corvergent sequence 
(on), the limits not necessarily being the same, is given; 
also the condition that a transformation =arries a bounded 
sequence into a bounded convergent sequence. These the- 
orems are also extended to the case where tke new sequence is 
defined as follows: 


Omn 


®©, © e 


Omn = > Anmnkl’ Sil, 


k=l, [=1 


each element cmn depending upon all the elements of the 
original sequence. 
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(44) Professor G. D. Birkhoff: An extension of Poincaré’s 
geometric theorem. 

The hypothesis of Poincaré’s geometric theorem* requires 
that the two boundaries of a ring be invariant. As Professor 
Birkhoff shows, it is sufficient to require the invariance of 
only one of these boundaries. The extension is very con- 
venient for the dynamical applications. 


(45) Dr. J. L. Walsh: On the location ZS the roots of poly- 
nomials. 

Dr. Walsh proves that if the ba gi, Qo, *+*, ay lie on or 
within a circle whose center is œ and radius rı and if the 
points bı, bs, +-+, by lie on or within a circle whose center is 8 
and radius rs, then all the roots of the polynomial 


fe) = @- a)r a) — a) 
| — Alz — b)a—b) b) A+], 
lie on or within the‘% circles whose common radius is 
(rı + JAF |r) + Lan 


and whose centers are the k points (a — BAU#)/(1 — A), 
where Jk takes all the k values possible. If any one of these 
k circles is exterior to all the others, that circle contains pre- 
cisely one root of f(z). This theorem holds with a very slight 
change if A = 1. There is a similar fo for the poly- 
nomial (z — a) — 9) (3 — a) — A = 0. 


Miss Mullikin was introduced by Professor R. L. Moore, 
and Dr. Hille by Professor G. D. Birkhoff. In the absence 
of the authors, the papers of Professor Wilder, Dr. Walsh, 
Miss Mullikin, Dr. Schweitzer, Dr. Rowe, Mr. Vandiver, Pro- 
fessor Lasley, Professor Moore, and Professor Birkhoff were 
read by title, and Professor Schwatt’s papers were read by 
Professor H. H. Mitchell. Dr. Zeldin’s second paper, Pro- 
fessor Kasner’s first, Dr. Wiener’s second, and Professor 
Forsyth’s first paper were also read by title. 

R. G. D. RicHARDSON, 
Secretary. 

* An in attempt at a direct demonstration of the theorem has 

been given recently by Mr. E. Gaü, BULLETIN pas Scrpnces MATHAMA- 


TIQUES = voL 43 (1919), p. 12-17. Unfortunately it is tacitly assumed (p. 
15 that radial lines are carried over into curves met by any radial line 
y once. 
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RECIPROCAL SUBGROUPS OF AN 
ABELIAN GROUP. 


BY PROFESSOR G. A. MILLER. 
(Read before the American Mathematical Society September 8, 1920.) 


$ 1. Introduction. Every two subgroups of the group G 
which have the property that the product of their orders is 
equal to the order of G have been called reciprocal subgroups of 
G.* A group may have subgroups which have no recipzocals. 
For instance, the tetrahedral group contains subgroups of order 
2 but it does not contain any subgroup of order 6. If a group 
is abelian, each of its subgroups is known to have at least one 
reciprocal subgroup. A necessary and sufficient condition 
that every subgroup of @ have one and only one reciprocal is 
that G be cyclic. 

Two invariant subgroups of G will be called corresponding 
“ reciprocal subgroups of G if each of them is simply isomorphic 
with the quotient group of @ with respect tc the other. One 
of the objects of the present paper is to prove that every 
subgroup of an abelian group has a corresponding reciprocal 
subgroup. All the subgroups in a complete set of conjugate 
subgroups under the group of isomorphisms of G, that is, all 
the subgroups in a set of J-conjugate subgroups of G, must 
evidently have the same reciprocal subgroups. Hence the 
theory of corresponding reciprocal subgroups of an abelian 
group establishes a correspondence between pairs of sets of 
I-conjugate subgroups. In what follows it will be assumed 
that G is abelian. 

As G is the direct product of its Sylow subgroups when the 
order of G is not a power of a prime number p and as the 
number of [-conjugates of a subgroup of such a G is the product 
of the numbers of the I-conjugates of the Sylow subgroups of 
this subgroup it will be assumed in what follows that the 
order of G is of the form p” and that G has À invariants which 
are separately equal to p™, À invariants which are separately 
equal top”, ---, A, invariants which are separately aqual to 


gn. Hence 
Arm, + km + +++ + Am, = m. 
It will be convenient to assume that m; > m > Dr m. 
* This BULLETIN, vol. 9 (1903), p. 541. 





a 


1921. ] RECIPROCAL SUBGROUPS OF AN ABELIAN GROUP. 267 


Since every subgroup of index p" contained in @ contains 
the p'th power of every operator of @, these powers constitute 
the cross-cut of all the subgroups of index p”. The quotient 
group Q, of G with respect to this cross-cut is simply isomorphic 
with the characteristic subgroup of G composed of all the 
operators of G whose orders divide p”. This characteristic 
subgroup and the given cross-cut are characteristic cor- 
responding subgroups of G. That is, the subgroup composed 
of the p’th power of every operator of G and the subgroup 
composed of all the operators of @ whose orders divide p” are 
two characteristic corresponding subgroups of G. 

Hence there is a (1, 1) correspondence between the sub- 
groups of G which give rise to quotient groups involving no 
operators whose orders exceed p” and the subgroups Q.. In 
particular, there is a (1, 1) correspondence between the sub- 
groups of G which give rise to quotient groups of type (1, 1, 

--) and the subgroups of the characteristic subgroup of G 
generated by all its operators whose orders divide p. Since 
the latter is known to contain as many subgroups of order p” 
as it contains subgroups of index p” we may state the following 
theorem. 


THEOREM 1. In every abelian group of order p™ the number 
of the subgroups of order p” and of type (1, 1, 1, ---) is equal to 
the number of the subgroups of index p” which separately give 
rise to a quotient group of type (1, 1, 1, ++). 

In this theorem r has an arbitrary value from 1 to the number 
of the independent generators of the abelian group in question. 

The subgroups of index p” which separately give rise to a 
quotient group of type (1, 1, 1, ---) may be of various types. 
- Hence the theorem stated near the end of the preceding 
paragraph relates to an enumeration in which no distinction 
is made between subgroups of somewhat different types. It 
should be noted that the present method is based on relative 
properties of subgroups whose largest operators are of a 
given order and subgroups which give rise to quotient groups 
involving operators of this order but of no larger order. 

If two reciprocal subgroups of G are such that their cross- 
cut is the identity then the sum of an arbitrary set of inde- 
pendent generators of one of these subgroups and an arbi- 
trary set of independent generators of the other is a set of 
independent generators of G. Any two such reciprocal sub- 
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groups are corresponding reciprocal subgroups. A necessary 
and sufficient condition that two reciprocal subgroups of an 
abelian group generate this group is that their cross-cut is the 
identity. 


§ 2. Form of the Number of Subgroups of Certain “Types. It 
is well known that the number of the subgroups of a given 
order contained in G is always of the form 1+ kp. As the 
“ subgroups of the same order may be of various types it is of 
interest to inquire whether there is any general theorem 
relating to the number of the subgroups of the same type. 
It is easy to prove that whenever G contains subgroups of the 
same order but of different types then the number of the 
subgroups of each of these types except one ia divisible by p. 
That is, every abelian group of order p™ contains one and only 
one type of subgroups of order p*, a < m, such that the 
number of the subgroups of this type is of the form 1 + kp. 

To prove this theorem it is only necessary to observe that 
the number of the subgroups of a given type zan be obtained 
by dividing the number of ways in which a set of independent 
generators of such a subgroup can be selected from the oper- 
ators of G by the number of ways in which such a set can be 
selected from the operators of this subgroup. The numerator 
and the denominator of this quotient are commonly repre- 
sented as the product of binomial factors. The first term of 
such a factor represents the order of the group generated by 
all the operators of the order in question contained in the group 
under consideration, while the second term represents the 
order of the subgroup of the former group composed of its 
operators which cannot be used as independent generators 
after the preceding independent generators, if any, have been 
, chosen. 

In order that the number of subgroups of a ziven type be of 
the form 1 -++ kp it must therefore be necessary that the second 
‘term of a factor of the given numerator is always the same as 
the corresponding second term in the dencminator. This 

implies that the subgroup in question must have the property 
that if it contains operators of different orders it must involve 
all the operators of G of the same orders with the possible 
exception that the operators of highest ordez found in this 
subgroup need not include all the operators of the same order 
found in G. Whenever at least one of these second terms in 


Bo 
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the numerator is larger than the corresponding second term 
in the denominator the number of subgroups is clearly divisible 
by p. Hence the following theorem has been established. 

THEOREM 2. Whenever an abelian group of order p™ contains 
subgroups of the same order but of different types then the number 
of the subgroups of one and of only one of these types 18 of the form 
1+ kp. The number of the subgroups of each of the other of 
these types is divisible by p. 

While G contains one and only one type of subgroups of each 
order which divides p” such that the number of its subgroups 
of this type is of the form 1+ kp it may contain one or 
more than one type of subgroups of a given order such that 
the number of the subgroups of this type is a power of p. It 
is not difficult to determine a necessary and sufficient condi- 
tion that the number of the subgroups of a given type be of 
the form p*. In fact, one such condition is that each binomial 
factor of the numerator of the given quotient which represents 
the number of these subgroups is the product of a power of 
p by the corresponding factor in the denominator of this 
quotient. Hence we have the following theorem. 

THEOREM 3. A necessary and sufficient condition that the 
number of the subgroups of a given type contained in an abelian 
group G of order p™ be a power of p is that the number of its inde- 
pendent generators of each order increased by the number of its 
larger independent generators in this set be equal to the number of 
. the independent generators of G whose orders are not less than 

this order. 

In the special case when there is only one subgroup of a 
given type the number of these subgroups may be said to be 
both a power of p and also of the form 1+ kp. Hence in 
this special case the conditions involved in the two theorems 
stated above coincide. In order to illustrate the conditions 
under which the number of subgroups of a given type is a 
power of p we shall consider the special case when G is of 
type (1, 2, 3, ---, m’). To every combination ‘of one or 
more of the numbers 1, 2, 3, ---, m’ there corresponds one 
and only one such type, except the combination which involves 
all of these numbers. Hence this G contains 2m’ — 2 different 
types of subgroups besides the identity such that the number 
of the subgroups of each of these types is a power of p. This 
is also the number of such types when G has equal invariants 
but when its distinct invariants are p, P’, p?, +--+, P”. 
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In general, when the different invariants of G äre p™, p™, . 
+, D'À, it is not difficult to find the number of the different 
‘ies of subgroups such that the number of the subgroups of 
each of these types is a power of p. In every one of the 
possible combinations of numbers m1, ma, - - -. m, each of these 
numbers may be replaced by every smaller integer which 
exceeds the one which follows it in this set. The sum of the 
sets thus obtained is the required number. In particular 
when G is of type (m — 1, 1) the number of such types of 
subgroups besides the identity is 2(m — 2), and when all the 
invariants of G are equal to p” this number is m’ — 1. 


$ 3. Quotient Groups and their Corresponding Subgroups. 
It is well known that every possible quotient group of any 
abelian group is simply isomorphic with at least one subgroup 
of this abelian group, but two simply isomorphic subgroups 
of G do not always give rise to simply isomorphic quotient 
groups of G. Hence the question arises whether it is possible 
to associate with an arbitrary subgroup H: cf G another sub- 
group H: of G such that G/H, is simply isomorphic with H3 
and G/H3 is simply isomorphic with Hj, that is, whether for 
every subgroup of @ there is at least one corresponding 
reciprocal subgroup. 

For the sake of simplicity it will first be assumed that OH, 
is cyclic, and it will be useful to note the following three 
possible cases: In the first case at least one operator in the 
co-set of G which corresponds to a generator of G/H; is of the 
same order as this generator. In the second case the ratios 
of the order of the smallest operators in a co-set and the 
order of the corresponding operator in G/H, are equal to the 
same number greater than unity for all the co-sets, excluding 
the co-set which corresponds to the identity in G/H;. In the 
third case, the ratios of these orders are equal to p > 1 distinct 
numbers. The significance of conditions which are satisfied 
in these three cases can easily be determined and may be 
formulated as follows: 

In the first case, any set of independent generators of Hı 
together with an arbitrary operator of lowest order in a co-set 
corresponding to a generator of G/H, constituzes a set of inde- 
pendent generators of G. Conversely, whenever a set of 
independent generators of G can be so chosen that all of them 
except one generate H, then this case will present itself. In 
this case it is evident that H, and the cyclic subgroup gener- 
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‘ated by the remaining independent generator of G are cor- 
responding reciprocal subgroups. 

The second case implies that a set of independent generators 
of G can be so selected that all except one of them are inde- 
pendent generators of H, while the remaining independent 
generator of H, is a power of the remaining independent 
generator of G. This generator s is an arbitrary operator of 
lowest order in a co-set corresponding to a generator of G/H. 
Conversely, whenever a set of independent generators can be 
so selected that all except one of them are found in H, but 
do not generate H;, then this second case will present itself. 
The cyclic subgroup of G which constitutes a corresponding 
reciprocal subgroup of Hı is generated by the power of s which 
is simple isomorphic with G/H;. It should be noted that 
the group generated by this power s’ does not have only the 
identity in common with H: in fact it may be contained in Hj. 

In the third case, the largest number of operators of any set 
of independent generators of G that can be selected from the 
operators of H; is p less than the total number of the inde- 
pendent generators of G, and the ratio of the orders of any 
two of these p generators cannot be less than p?. On the 
other hand, whenever the ratio of the orders of any two of p 
generators of G is at least p° it is possible to find such a sub- 
group Hı. In fact, for the independent generators of Hy 
we may take the independent generators of @ exclusive of 
these p generators, plus the pth power of the largest of these 
p generators multiplied by the next in size, plus the pth power 
of this second multiplied by the next following in order of mag- 
nitude, ---, plus the pth power of the next to the last of these 
p EE multiplied by the last one. Hence we have the 

. following theorem. 

THEoREM 4. If Gis any aban group of order p™ and p is 
the largest number of operators belonging to a set of independent 
generators of G and satisfying the condition that the ratio of the 
orders of any two of these p operators is not less than p*, then G 
contains a subgroup H, which gives rise to a cyclic quotient group 
and satisfies the condition that at least p of the operators of every 
possible set of independent generators of G are not found in Hı. 

The main element of interest connected with this theorem is 
the fact that the lowest operators of G which correspond to 
the various operators of a cyclic quotient group G/H, together 
with the order of this quotient group determine completely 
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the set of I-conjugate subgroups to which H, belongs as well 
as the set of I-conjugate subgroups of G to which G/H, must 
correspond in order that H, and G/H; may be corresponding 
reciprocal subgroups. The p or p — 1 independent generators 
of Hı which are not also independent generators of G can be 
obtained as follows. 

First select the p independent generators cf G 81, 8, +++, 8, 
which are not contained in H: by noting that the first of these 
generators is any one of the operators of lowest order in the 
co-set of G which corresponds to a generator of G/H;. The 
second is any operator of lowest order in the first lower co-set 
- in which a power of sı is not an operator of lowest order. The 
third is any operator of lowest order in the next lower co-set 
in which a power of sz is not an operator of lowest order. . . . 
The last is any operator of lowest order in the highest co-set 
in which a power of s,-ı is not an operator of lowest order. 
The independent generators of H, in question are then the 
product of 8 into the inverse of the power cf sı which occurs 
in the same co-set as &, the product of zs into the ER of 
the power of s which occurs in the same co-set as 83, ---, the 
product of s, by æ the inverse of the power of 8,1 which 
appears in the same co-set is 8,, the power of s, which appears 
in Hı whenever this power is not equal to the ‘identity. 

The cyclic subgroup of G which corresponds to G/Hi may 
be obtained as follows: Let ei, 8’, ---, 3,’ represent the 


powers of 81, ës, ---, 8, respectively such that these powers 
are of the same orders as the operators of G/H, which cor- 
respond to 81, 8, +++, 8, respectively. The product ay’, 62", 


+++, 8’ generates a cyclic subgroup Hy’ which is simply iso- 
morphic with G/H ‚and G/H:' is also simply isomorphic with Hy. 
When @/H, is non-cyclic it is the direct product of cyclic 
groups and the preceding arguments apply to these separate 
cyclic groups. At least one independent generator of @ cor- 
responds to each of these cyclic groups. Hence it results 
that in this case H, has again a corresponding reciprocal sub- 
group, and we have established the following theorem. 
THEOREM 5. Every subgroup of an abelian group nas at. 
least one corresponding reeiprocal subgroup. 
TEE UNIVERSITY op ILLINOIS. 
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PROOF OF AN ARITHMETIC THEOREM. DUE 
TO LIOUVILLE, 


BY PROFESSOR E. T. BELL. 


1. The theorem, quoted from volume II, page 337, of Dick- 
son’s History of the Theory of Numbers, is as follows. If 
f(m), F(m) are two arbitrary functions having definite values for 
m = 1, 2, 3, ---, and 


X,(m) = Zdrf(d),  Z,(m) = EdF), 


where each summation extends over all divisors d of m, then for 
any real or complex numbers u, v, and ö = mjd, we have | 
(A), Zdr”X,(d)Z,(8) = Xd" "Z,(2)X,, (8). 

No reference to a proof being given, presumably none has 
been published. But Liouville remarks* that “there is an 
exceedingly simple method which I shall develop on another 
occasion, and which will lead us very rapidly by a kind of 
regular and general algorithm to the formula (A).”” Without 
going into more detail than suffices for the proof of (A) we 
shall indicate the nature of an algorithm of this type. Arbi- 
trary functions such asf, F which take definite values for 
` integral arguments are called numerical functions All of the 

functions considered in this paper are of this kind. 


2. Let (d, ô) denote any pair of conjugate divisors of m. 
Form the value of gı(z)y(y), where gı and d are arbitrary 
functions, for (x, y) = (d, ô), sum pı(2)y(y) over all pairs (d, ô), 
and denote the result by Zmpıld)Y(ö). Let (6:, 52) denote 
any pair of conjugate divisors of 5,30 that m = dô, 6 = 6162, 
m = dêz, and put ¥(m) = Lnge(d)y2(5); whence 
Zeg LÉIWE) = Lm [e1(d)Zspa(ô1)6s(02)] = Zmei(di)¢2(de) ys (ds) 
- the last summation extending over all triads (dı, dz, ds) of 
divisors defined by m = didods. If now (p, q, 1), (t, j, k) are 
any permutations of (1, 2, 3), it is obvious that 


Zn [p(d)Zayq(b1) or (52)] = Imp: (digd) ex (ds), 
which may be written in the purely symbolic form . 


7 Pr'PaPr = vk, 
* Liouville, JOURNAL DES MATHÉMATIQUES, (2), vol. 3 (1858), p. 68. 
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This can be extended to any number of symbolic factors. 
Thus for four numerical functions ¢1, p2, Ps, ¢4, and (p, q, 7, 8), 
(i, j, k, D) any permutations of (1, 2, 3, 4), we have 


PPa PrPs = Pr PPRPI = Pi Gin Pi = MP5pRpı, etc. 
In non-symbolic form, oa: Gres is 


Em [Zar (di) G2 (de) Z sps (81) e4 (83.1, 


the sums Im, Za 2; extending to all (d, ô), (di, dh), (61, 32), 
respectively, such that m = dô, d= dida, 8 = did; and 


PrP; PrP1 18 
Zelt: lest len (ds)¢r(ds), 


the sum 2,, extending to all tetrads (dı, da, ge, da) of divisors 
such that m = dusel, The identity of these sums is obvious. 

In precisely the same way the ¢’s in a product es, -pn 
of any number n of symbolic factors are subject to the asso- 
ciative and commutative Jaws of formal algebra, and the 
interpretation of these laws for the general zase in terms of . 
multiple summations with respect to all the divisors of m 
distributed into sets of n or fewer each, is evident from the 
above illustrations. 


3. Although it is not required for the proof of (A), we may 
point out that if each ø is such that (1) + 0, there is a 
unique division in this algebra. For it Las been shown 
elsewhere* that for each p there is a unique ei satisfying 
the equations 


Zuetdie äi = 1, Lnp(dy’(6)=0 (m>1). - 


Expressing this symbolically we write pp’ = 1, or ei = lie, 
and see that pp; = er implies p; = eu, or in another form, 
p; = or/pi. When the arithmetical or algebraic definition 
of ¢ is given there is no difficulty in writing down the zeta 
functiont which generates it. The zeta generator of ei is 
obviously the reciprocal of the generator of o 





* Bell, Tôsoxu MATHEMATICAL JOURNAL, vol. 17 (1920), p. 221. 

t The zeta function generator of gis by definition zhe Dirichlet series 
in which the coefficient of n~ is y(n); viz. it is Ior p(n)/ne. For prasti- 
cally all the p(n) existing at present in arithmetio, s can be chosen so that 
the series converge absolutely, and for an important cass of ¢’s, those in 
which (mn) = p(m)o(n) for m, n relatively prime integers >0, the 

enerator is decomposable into factors, etc., ci. ; y 
B 2 Kap. 11.- From these decompositions the relations between the ¢’s 
are developed isomorphically to the multiplicative proparties of integers by 
means of the algorithm of this note. Such a course was evidently followed 
«by Liouville in obtaining his results on numerical func-ions. 
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4. Write u,(m) = m*, and put = 
Xr (m) = Xx(m)/m*, Zy (m) = Z,(m)/m*. 
Then from the definitions of the functions, 
Xa = Uf, Za = u_,F, 
and from the associative and commutative laws, 
u_,F-u_,f = Uuf uF, 
w= ‘find Z/X, = X,’Z,’, which may be written in full as 
fdlows: 
2,0 X.) _ , Xu(6) ZD 
ër di TE Dr 
Multiplying this throughout by m”, we get (A). 


Tus Universiry oF WASHINGTON, 
_ November 80, 1920. f 
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A SEQUENCE OF POLYNOMIALS CONNECTED 
WITH THE nTH ROOTS OF UNITY. 


BY DR. T. H. GRONWALL. = 
(Read before the American Mathematical Society September 7, 1920.) 


In constructing examples of power series bounded in their 
ciccle of convergence and having specified convergence defects 
on the circle, it is frequently useful to consider polynomials 
of degree n — 1, such that at each of the nth roots of unity, 
tke absolute value of the polynomial is less than or equal to a 
given constant M. Under these conditions, the maximum 
absolute value of the polynomial inside or on the unit circle 
is less than 4M log n.* 

It is the purpose of this note to determine those polynomials 
waere this maximum is as large as possible. The result may 
be stated in the following theorem. ; 


THEoREM. When the polynomial 
F(z) = a + a3 + +++ + as et 


* E. Landau, Bemerkungen zu einer Arbeit des Herrn Carleman, MATHE- 
M_TISCHB ZEITSCHRIFT, vol. 5 (1919), pp. 147-153. 
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has the property that 
(1) |F(e”) | =] | (v=0,1,-+-,n—TI; e = ein) 
and n > 1, then 


1 1 | 
Ipal +1: for |£. 
In 
/ j 2n 
except when F(z) has the form e**f(€ hai, where o is a real number, 
k is an inieger, and 
a—l — 
| \ e (€ U)’ 
(3) fe) = 2 — Bi 


Fest D 
n sm T 


(2) 





2n 


in which case the upper bound for |F(z)| is reached when 
z= R, The polynomial f(z) has all it: zeros on the uni! 
circle, one in each of the intervals between two consecutire nth 
roots of unity, except the interval between 1 azd e, which contains 
no zero. 

The upper bound giren on the right-hand sde of (2) is asymp- 
totically equal to 


2 2 
2 (tog n 2. log) + c(1), 
where C is Euler’s constant, and o(1) tends tc zero as n increases 
indefinitely. 
Let the absolute maximum of the absolute value of | F(z) 


for |z| = 1 occur between? e and e**!. I= we write 
F(a) = F(z), 
the absolute maximum of |F;(z)| for |z| = 1 occurs between 


lande. By (1), we have for » = 0,1,-- ,n—1, 
Fe) = Me”, 0=M,=]; 
and since : 


ge) =1+3+ 2+ enne E 





* If it occurs at an nth root of unity, then the maximum | F(z) | is less 
than or equal to unity, which is less than the ression on the right in (2°, 
each sine being less than unity, except the >ne corresponding to 
p= (n — 1)/2 when n is odd. 
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is equal to n for 3 = 1, and is equal to zero for s = e &, 
-.., e* 1, we have, by Lagrange’s interpolation formula, 


4 n—1 
(4) bi = 24 Mate" 
H 
Now SN ee 
g(e e ) RER a E ag) 2 
a 
Ce) 2 





H EE 
sin; = T 
and consequently, if we write ern = en, 


(5) nb" = JS ote) i x 





. . ng 
NZ „m sin > 
er ua Bd e DE 
X| Mo 5 2: Me ee om er 
sin = sin > 
2 2 n 


For 0 < 8 < 2z/n, all the sines in this formula are obviously 
positive, so that for any value of @ in this interval, we have 








sin win sin 
n| Fı(e®‘) | = +2 S 
sing "e miho #2" ) 
where the equality sign holds when and only when we have 
Mo = My, = +++ = Myi=1 and er = — "le, that is 
when F,(2) = aer where, by (4) and (5), 
a—l 
Ö nf) = id — Letter), 
M=. 


n—1 sin. 3 n-i sin 2 


GIE HE 
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Since g(z) =1+2+---+ 27, the coefficient of 2” in `’ 
nf1(2) is, by (6), 





n—1 QAR] _ -[URM-+rIn 
€ — € 
LS eri gel unreal 
8 eR] LI 
=ils 1 — € 02] 
2 je Ode 
Tr _ I yt 
sin x 
2n 


Consequently, defining f(z) by (3) and a@ by a= a+ r/2 
— r/(2n), we find fi(z) = ie/*f(z), and since the absolute 
maximum of |f(z)| for |z] = 1 occurs when all terms to the 
right in (3) are positive, that is when z = di or 0 = mjn 
(which is the midpoint of the interval from 0 to 2r/n), it 
follows that the absolute maximum for |z| = 1 of |F on is 
less than the right-hand member of (2), unless F(z) = e*fi(z) 
= e**f(z), that is when F(z) = ef (ez). ; 
The zeros of f(z) are evidently those of f1(+), and (7) shows 
that (0) = ef, (e°?) is real. Since, by (6), f1(1) = 1, 
file) = — P for v= 1, 2, -.., n— 1, it follows that 
(0) = 1, and g(2yr/n) = (— 1)” for» = 1, 2, ---,n— 1,80 
that (0) has an odd number of zeros in each of the intervals 
2yr/n < 0 < (2v + 2)x/n, and consequently fı(z) has an odd ` 
number of zeros on the unit circle in each of the n — 1 inter- 
vals from e” toe! (x = 1, 2, ---,n—1). Butfi(z) being of 
degree n — 1 has exactly n — 1 zeros, all of which therefore 
lie on the unit circle, one in each of the intervals mentioned. 
To find the asymptotic value of the expression to the right in 
(2), we observe that the »th and (n — 1 — v)th terms in the 
sum are equal, and that for n odd, there is a middle term equal 
to unity. Hence, for n even or odd, 


1221 1 KN —1 1 1 
127 2+1 n 2 . +1 +o (3) 
~~ sin —>—— + sin —j— 7 

2n 2n 


and by the definition of a definite integral 
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' Using the familiar asymptotic formula 











or 
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where C is Euler’s constant, we find 


t a—1 1 
ot ae à 2 (log n + C+ log — 2)+ o(1). 
8 On T 
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THE MINIMUM AREA BETWEEN A CURVE 
AND ITS CAUSTIC. 


BY PROFESSOR PAUL R. RIDER. 
(Read before the American Mathematical Society April 9, 1920.) 


If rays from a given source of light are reflected by a curve, 
the envelope of the rays after reflection is called the caustic 
of the curve. It is an interesting problem to find the curve 
which connects two fixed points and which with its caustic 
and the rays reflected from the fixed points will enclose a 
minimum area. Euler* proposed and solved a similar problem 

* Euler, Methodus inıeniendi lineas curvas mazimi mınimive proprietate 
gaudentes or German translation in Ostwald’s Klassiker der exakten Wis- 


ten, no. 46. See also Todhunter, Researches in the calculus of varia- 
tions, © pter 13. i 





H 
280 A PROBLEM IN MINIMUM AREA. [Mar., 


concerning the curve which with its evolute and its normals 
at the fixed points will enclose the least area. The curves 
that furnish a solution of Euler’s problem are cycloids. The 
curves that afford a solution of the problem concerning a 
curve and its caustic are transcendental curves of a more 
complex type. Their parametric equations are obtained in § 1. 
The determination of the arbitrary constants that occur in 
the solution is considered in $2*. In §3 a problem is solved 
which includes the evolute problem and the caustic problem 
as special cases. 


§ 1. Solution of the Problem. We shall consider the case in 
which the source of light is at an infinite distance, and shall 
assume that the rays are parallel to the y-axis. Let the two 
fixed points be Po(2o, yo) and PG, yi), to + zı We assume 
that the curve y = y(z) which joins these two points and 
which with its caustic and the reflected rays at Po and Pı 
encloses the minimum area, is single-valued with respect to 
x, and is continuous and possesses continuous derivatives. 

If 7 = arctan y’, the equation of the reflected ray from the 
point (x, y(x)) is readily found to bet 


Y — y(z) = — cot 2r. (X — x), 
or ` . 
Fo 
where X, Y are the current coordinates on the reflected ray. 
Since the caustic is the envelope of the reflected rays, its 
parametric equations are obtained in the usual way by differ- 
. entiating equation (1) with respect to the parameter x, and 
combining the new equation with (1). The equations of the 
caustic turn out to be 
1 — y°(@) 


y(x) 
X=2-4%, 
y” (x) 2y” (x) 

The distance from the point (x, y(x)) on the curve to the 
corresponding point X, Y on the caustic is 
1-1+#@ 

Zwei", 
“Sufficient conditions, etc., will be treated in a later paper. 
+ Throughout the paper accents denote differentiation with respect to x. 


(X — 2), 


Y= y) + 
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and the differential of area between the curve and its caustic is 


1+y"(2) 
4y" (2) 


where ds is the element of arc on the curve. Thus our problem 
Teduces to that of minimizing the integral 
ali fit) 
| 4), "wi 
By the usual process of the calculus of variations* it is 
found that if the integral A is to be a minimum, y(x) must 
satisfy the differential equation 


au di+y” ` 
SE SC = const. = 2a. 


dA = ŻE cos r-de = dx, i 


de. 


(2) 





Moreover, if the direction of the curve y = y(x) at Po and Pi 
is not prescribed, then we must have (1+ y°)/y” = 0 at 
these points, that is the curve must have cusps at these points, 
and furthermore the caustic must pass through the points. 

If we substitute tan 7 for y’, we can easily reduce equation 
(2) to the form 

cos? r-T”- 
-= = a, 
= 


from which we find 
at 


— Z= asedr-T. 
T’ 
Integrating this equation, we get 


euer, 
= 
or 
dz = a tan rdr + bdr. 
This gives 
x = a log see r + br +o, 
or, if we set p = y' = tan T, 
(3) z = a log V1 + p? + b arctan p + c. 


`£ Bee Bolza, Vorlesungen úber Variationsrechnung, p. 152, Ex. 43. 
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Differentiating (3) with respect to y, we get 





zart 
p Ltd" 
from which we find that 


y = blog Vi+ p° — a arctan p + ap + d. 
Thus the parametric equations of the minimizing curves are 
t—c=alog V1 + p°+ b arctan p = a log sec r + br, 
y — d= blog Po Sell 
= b log sec r — ar + a tan T. 


The area between a curve of this set and its caustic is 


PL+ y” SUP, 
Ale E 








i ral 1+ EES 
_@ ab i + p? 
= 7 1 — Po) + log 1+ pe? 
+ S 2 (arctan pi — arctan Po) 


sect:  b%— a? 
°8 sec 4 4 mn). 
' 1 

$ 2. Determination of the Constants. If it s prescribed that 
the curve shall have the slope po = tan ro at the point Po(zo. yo) 
and the slope pı = tan 71 at the point P:(a1, y1), we have the 
following four equations from which to determine the constants 
a,b,c,d 


a; = alog di + pê + b arctan p; + c, 
(4) : 
y, = blog + p,2?—aarctan p,+ap.+d, (i=0,1). 








2 b 
=F (tan 71 — tan 70) + F1 


The determinant of this system is 


log di + p? arctan po 2 
log di +p? arctan pı S 
po — arctan po log V1 + po 


© 
n = © o 


> 


pı — arctan pı log Vi + pr 
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which reduces to 
(pı — Po)(rı — To) — (T1 — 70)? 

— (log VI+ pè — log V1 + pò’. 
Thus if 
(pi — Delen — To) + (71 — ro)? 

+ (log V1 + pi? — log VI + pò), 
the equations (4) can be solved for a, b, c, d. ) 


$ 3. A more general Problem. If the integrand of the integral 
to be minimized is 
f= (+ pP, 


where p = y’, q = y", we have a type of problem which 
includes the caustic problem for m = 1, n = — 1, and Euler’s 
evolute problem for m = 2, n = — 1. 

It is found* that the minimizing curve must be a solution 
of the differential equation 
(5) 2m(—n)p n(—n)g _ À 

EP É. Greg 
in which A is an arbitrary constant. If we multiply both 
sides of equation (5) by dp = qdz, we get 
2m(1 — n)p ee n) 

LFP 


which reduces to 


dp + ——— dq = — ——— 


A —d 
+ pr? 
Adp 

Be 


1-mf=Apr+B. 
Replacing f by (1 + p?)”g" and solving for q (that is dp/dx), 


(1 — n)d log f = 
Integration gives: 


we obtain 
dp ` 1 (Ap + By!" 
š dx (1— n)Ur (L+ pin ? 
from which 
min 
(6) Bere +p) 


(4p F Byr 





, * See Bolza, loc. cit. 
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Differentiating with respect to y, we get 


1 a-nu CEM dp 
= E ap + BYP dy’ 


and consequently j 
„a [0t 
y= nym ade. 


Thus (6) and (7) are the parametric equations of the mini- 
mizing curves. 


October 12, 1920. 


SHORTER NOTICES. 


Il Problema dei Tre Corpi da Newton at Nostri Giorni. By R. 
Marcolongo. (Manuali Hoepli.) Milan, Ulrico Hoepli, 
1919. 162 pp. 

This little book, in the well known style of the Hoepli 
manuals, presents, as its title indicates, an account of the 
problem of three bodies from the time of Newton to the 
present. The author has limited himself strictly to a descrip- 
tive account of what has been accomplished in this interval 
of time, with full references to original memoirs and papers 
where the interested reader can find the complete develop- 
ments. 

Professor Marcolongo is well known as an authority in the 
field of dynamical systems, and this book from his pen will be 
welcomed by all who are interested in the development of 
mathematical astronomy. Here will be found references to 
the works of over 200 authors who have contributed to one or 
more phases of this celebrated problem, together with a short 
description of the aim, the method of attack, and the results, 
attained. 

The book is divided into six chapters. The title of each 
sufficiently indicates its content. 

J. The works of the geometers of the eighteenth century. 

II. Reduction of the differential equations to least order. 


` 
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III. Problem of n bodies. Particular cases. 
IV. Uniform algebraic integrals in the problem of n bodies. 
V. Approximate solutions by infinite series; by trigono- 
metric series. Researches of Sundman. 
VI. The restricted problem of three bodies. Periodic solu- 
tions. List of authors cited. 

The American student will be interested to find among the 
authors mentioned the names of Hill, Newcomb, Longley, 
Brown, Lovett, Macmillan, Moulton, Birkhoff, Wilczynski; 
and to feel that his own country has not been behind in con- 
tributions to this specia] field of knowledge, important alike 
in its theoretical aspects and its practical bearings. 

The complex development of modern mathematics calls 
for more books of this type: mathematical Baedeckers, with- 
out symbolism, with concise statements of aim, method of 
attack, and results, and with full references to original sources. 

L. W. Dowrine. 


Darstellende Geometrie. By Th. Schmid, associate professor 
of geometry at the technical school of Vienna. Volume 1, 
second edition. (Sammlung Schubert, LXV.) Berlin and 
Leipzig, Vereinigung wissenschaftlicher Verleger, 1919. 278 
pages and 170 figures. 

Tuae first edition of Volume I appeared in 1912, and was 
reviewed in this BULLETIN (vol. 21 (1914), pp. 204-205.) 
We are told in the preface to this second edition that the 
second volume of the first edition has not yet been published. 
The manuscript is completed, but as the entire edition of the 
first volume was exhausted, it was decided to publish this 
second edition of the first volume before proceeding with the 
second volume. 

In the present volume, the exercises appear in smaller type 
than the text, and are more numerous than in the former 
edition. At the end of § 12, marked § 35 in the new edition, 
'paragraphs 1 and 2 are interchanged, and four pages of his- 
torical and bibliographical matter are added. A similar addi- 
tion of two pages appears at the end of the volume. Otherwise 
it is almost a verbatim copy of the first edition. 

VIRGIL SNYDER. 
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NOTES. 


The date of the April meeting of the American Mathe- 
matical Society at New York has been changed by vote of 
the Council from April 30 to April 23. At this meeting Pro- 
fessor W. A. Hurwitz will present the opening paper of a 
symposium on divergent series. 


The March number (vol. 22, no. 3) of the ANNALS op 
MATHEMATICS contains the following papers: The asymptotic 
expansion of the Sturm-Liounille functions, by F. H. Murray; 
On the conformal mapping of a region into a part of itself, by 
J. F. Ritt; Conjugate nets R and their transformations, by 
L. P. Eisenhart; The application of modern theories of integra- 
tion to the solution of differential equations, by T. C. Fry. 

Volume 55 (1919-1920) of the PROCEEDINGS op THE AMER- 
ICAN ACADEMY OF ARTS AND SCIENCES contains the following 
mathematical papers: The functional relation of one variable 
to each of a number of correlated variables determined by a 
method of successive approximation to group averages. A con- 
tribution to statistical methods, by G. E. McEwen and E. L. 
Michael; Contribution to the general kinetics of material trans- 
formations, by A. J. Lotka; Rotations in space of even dimen- 
sions, by H. B. Phillips and C. L. E. Moore; Orbits resulting 
from assumed laws of motion, by Arthur Searle; Some geometric 
investigations on the general problem of dynamics, by Joseph 
Lipka. 

The October number (vol. 6, no. 10) of the PROCEEDINGS 
oF THE NATIONAL ACADEMY OF SCIENCES contains: On a 
condition for Helmholtz’s equation similar to Lamé’s, by A. G. 
Webster; Motion on a surface for any positional field of force, 
by Joseph Lipka; The November number contains: Semin- 
variants of a general system of linear homogeneous differential 
equations, by E. B. Stouffer; The permanent gravitational 
field in the Einstein theory, by L. P. Eisenhart. 


The following doctorates in mathematics were recently 
conferred by the University of London: H. E. J. Curzon: 
The reversal of Halphen’s transformation; S. R. U. Saveer: 
On the instability of the pear-shaped figure of ee of a 
rotating mass of homogeneous liquid. 
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The following persons have been appointed associate editors 
of the TRANSACTIONS OF THE AMERICAN MATHEMATICAL 
SocIETY: Professors O. E. Glenn, A: J. Kempner, H: H. 
Mitchell, and J. H. M. Wedderburn. ~ 

The following persons have been appointed associate editors 
of the BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY 
for the year 1921: Professors Dunham Jackson, Edward 
Kasner, D. N. Lehmer, Tullio Levi-Civita, and H. L. Rietz, 


At the meeting of the Edinburgh Mathematical Society 
on December 10, 1920 the following papers were read: by 
G. D..Stokes, Analytical treatment of the cam problem; by 
D. G. Taylor, Multiply perspective polygons inscribed in a 
plane cubic curve; by T. A. Brown, Converse of the Le Roy- 
Lindelöf theorem. At the meeting on January 14, 1921, the 
following papers were read: By P. Humbert, Some extensions 
of Pincherle’s polynomials; by T. M. MacRobert, Some 
asymptotic expressions for the Bessel eer and the Fourier- 
Bessel expansions. 

At the meeting of the London Mathematical Society on 
December 9, 1920, the following papers were read: by S. 
Beatty, The algebraic theory of algebraic functions of one vari- 
able; by F. Debono, The construction of magic squares; by 
A. S. Eddington, An application of the calculus of tensors to the 
theory of finite differences; by A. R. Forsyth, Developable 
surfaces through a couple of guiding curves in different planes; 
by J. E. Jones, The distribution of energy in the neighborhood 
of a vibrating sphere; by L. J. Mordell, I: The reciprocity 
formula for the Gauss’s sums in a quadratic field; II: A new 
class of definite integrals; by G. N. Watson, The product of two 
hypergeometric functions; by W. H. Young, I: Integration 
over the area of a surface and transformation of the variables in a 
multiple integral; II: A new set of conditions for a formula for 
an area. At the meeting on January 13, 1921, papers were 
read by A. S. Eddington, Dr. Sheppard’s method of reduction 
of error by linear compounding; by W. F. Sheppard, Conjugate 
sets of quantities; by E. A. Milne, A problem concerning the 
maxima of certain types of sums and integrals; by H. J. Priest- 
ley, The linear differential equation of the second order; by M. 
_ Kössler, The zeros of analytic functions; by A. C. Dixon, The 
theory of a thin elastic plate, bounded by two circular arcs, and 
clamped; by G. A. Miller, Determination of all the character- 
istic sub-groups of an abelian group. 
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The following courses in mathematics are announced: 

COLUMBIA UNIVERSITY (summer session, July 5 to August 
12).—By Professor Edward Kasner: Genera- survey of modern 
- mathematics, five hours; Mathematical introduction to Ein- 
stein’s theory of relativity, five hours. —By Professor W. B. 
Fite: Differential equations, five hours.—By Dr. G. A. 
Pfeiffer: Theory of functions of a real variable, five hours. — 
By Dr. J. F. Ritt: Theory of numbers, five hours. 

COLUMBIA UNIVERSITY (academic year 1921-1922).—By 
Professor T. S. Fiske: Differential equations, four hours. — 
By Professor F. N. Cole: Invariants and hizher plane curves, 
three hours (second term); Theory of groups, three hours. — 
By Professor D. E. Smith: History of mathematics, two hours; 
Practicum in the history of mathematics, four hours.—By 
Professor C. J. Keyser: Modern theories in geometry, four 
hours; Introduction to mathematical philosophy, two hours 
(first term).—By Professor Edward Kasner: Einstein’s theory 
of gravitation, two hours.—By Professor W B. Fite: Infinite 
series, three hours (first term); Calculus of variations, three 
hours (second term).—By Dr. G. A. Pfeiffer: The theory of 
sets of points, three hours.—By Dr. J. F. Ritt: Functional 
equations, three hours. 

CORNELL UNIVERSITY (summer session, July 9 to August 
19).—By Professor V. Snyder: Projective geometry, six 
hours.—By Professor W. A. Hurwitz: Analysis, six hours. 

CORNELL University (academic year 1921-1922).—By 
Professor J. H. Tanner: Mathematics of finance, two hours 
(given in each term).—By Professor F. R Sharpe: Hydro- 
namics and elasticity, three hours.—By Professor W. B, 
Carver: Modern algebra, three hours.—By Professor A. 
Ranum: Non-euclidean geometry, three hours.—By Professor 
D. C. Gillespie: Advanced calculus, three hours.—By Professor 
W. A. Hurwitz: Linear integral and differential equations, 
three hours.—By Professor C. F. Craig: Functions of a com- 

‚plex variable, three hours.—By Professor F. W. Owens: 
Theory of probability, three hours.—By Dr. H. M. Morse: 
Elliptic functions, three hours.—By Dr. Helen B. Owens: 
Projective geometry, three hours.—By Ir. F. W.* Reed: 
Dynamics, three hours.—By Dr. G. M. Robison: Differential 
equations, three hours.—By Mr. H. S: Vandiver: Theory of 
groups, three hours.—By Dr. W. L. G. Wiliams: Advanced 
analytic geometry, three hours. 


à 
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PRINCETON UNIVERSITY. (academic year 1921-1922). —By 
Professor H. B..Fine: Functions of a complex variable, three 
hours.—By Professor O. Veblen: Projective geometry, three 
hours. —By Professor J. W. Alexander: Differential equations, 
three hours. Professors Eisenhart and Veblen will conduct a 
seminar in relativity. 


Professor R. Courant, of the University of Münster, has 
been called to the chair of mathematics at the University of 
Göttingen that was vacated By Professor Felix Klein on his 
retirement. 

Professor P. R. Scott Lang, for more than forty years 
Regius professor of mathematics at the University of St. 
Andrews, has been knighted. 

Professor W. W. Rankin, of the University of North Caro- 
lina, who has been on leave of absence for the last two years 
acting as instructor at Columbia University, has been ap- 
pointed head of the department of mathematics at Agnes 
Scott College. 

At Cornell University, Professor V. Snyder has been granted 
` leave of absence for the academic year 1921-1922. For the 
‚second term of the year he has been awarded a subvention 
by the Heckscher Research Foundation for the prosecution of 
research on the theory of algebraic surfaces. 


Professor Arthur Searle, Phillips professor of astronomy, 
emeritus, at Harvard University, died October 24, 1920, at the 
age of eighty-three years. 

Dr. Alexander Pell, formerly professor of mathematics and 
astronomy and dean of the engineering school at the Univer- 
sity of South Dakota, and associate professor at Armour Insti- 
tute, died January 26, 1921, at the age of sixty-two years. 
Dr. Pell had been a member of the American Mathematical 
Society since 1898. 


NEW PUBLICATIONS. 


°, I. HIGHER MATHEMATICS. 


ANDERBEN (A. F.), Bome (H.) Me Poe (J.). Cesäro’s Summa- 
bilitetametode med Anvend KE Fourier’ske og Dirichlet’ske 
Rækker. Tre Foredrag holdt i matisk Forening (København). 
København, Gjellerup, 1919. 8vo. 51 +20 + 25 pp. 


Bong (H.). See ANDERSEN (A. F.). 
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Bovrroux (P.). L’idéal scientifique des mathématiciens. Paris, Alcan, 
1920, 16mo. 274 pp. 


BRENDEL (M.). See Eis (F.). 


` Buet, (A.). Géométrie et ne des intégrales doubles. (Scientia, 
No. 36.) Paris, Gauthier-Villars, 1920. 68 pp. 


Curzon (H. E. J.). The reversal of Halphen’s transformation. London, 
Constable, 1920. 15 pp. ls. 


FRAENKEL (A.). See Kimry (F.). 


Fraser (D. C.). Newton’s interpolation formulas. London, C. and E. ` 
(published under the authority of the Institute of Actuaries); 
1919. 52 pp. 8. 


Hæwpeman (W. J.). Wiskundige hoofstukken dienende als noodzakelijke 
inleiding tot de differentiaal- en ifitegraalrokening voor den technicus, 
die de hoogere wiskunde door zelfstudie wil leeren; tevens bevattende 
de eigenschappen en constructies der kromme lijnen en oppervlakken, 
weke voor den technıcus van belang zijn. Deventer, Kluwer, 1919. 

pp. 


Kıam (F.), BrenpeL (M.) und Sortesinaer (L.). Materialien fir eine 
wissenschaftliche Biographie von Gauss. Heft 8: Zahlbegriff und 
Algebra bei Gauss, von A. Fraenkel. Mit einem Anhang von A. 
Ostrowski: Zum ersten und vierten Gaussschen Beweise des Funda- 
mentalsatzes der Algebra. Leipzig, Teubner, 1920. 8vo. 60 pp. 


Loria (G.). Newton. Roma, A. F. Formiggini, 1920. 69 pp. L. 3.00 


Macs (E.). Die Leitgedanken meiner naturwissenschaftlichen Erkennt- 
nıslehre und ihre Aufnahme durch die Zeitgenossen. Sinnliche Ele- 
mente und naturwissenschaftliche Begriffe. Zweı Aufsätze. Leipzig, 
Barth, 1919. 8vo. 31 pp. 


MOLLERUP (J.). See ANDERSEN (A. Pi 
OsTROWSKI (A.). See KLEIN (F.). 


Pascaz (E.). Lezioni di calcolo infinitesimale. Parte 3: Calcolo delle 
variazioni e delle differenze finite. 2a edizione. (Manuali Hoepli.) 
Milano, Hoepli, 1918. 11 + 325 pp. 


RIABOUCHINEKY (D.). Calcul des valeurs absolues. Copenhagen, 1919. 
119 pp. 


SCHLESINGER (L.). See KLEIN (F.). 

Scmacx (M.). Allgemeine Erkenntnislehre. Berlin, Springer, 1918. 
8vo. 346 pp. 

Braut. (F.). See Vivant (G.). 


Vivanti (G.). Esercizi di analisi infinitesımale. 2a edizione, accurata- 
mente riveduta ed aumentata con la collaborazione del professore 
F. Sibirani. Parte la. Torino, Lattes, 1920. 7 + 172 pp. 


Vozx (O.). Entwicklung der Funktionen einer komplexen Variabeln nach 
ses unktionen des elliptischen Zylinders. Stuttgart, Grüb, 1920. 
PP- 


Watson (G. N.). See Wmrraxar (E. T.). 


WHITTAKER (Œ: T.) and Warson (G. N.). A course of modern analysis. 
3d edition. Cambridge, University Press, 1920. 7 + 608 pp. 40s. 
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Kë (A.). Einführung in die Infiritesimalrechnung. I: Differential- 
rechnung. 2te Auflage. (Mathematisch-ph ische Bibliothek, 
Nr. 9.) Leipzig, Teubner, 1920. : 


4 D ELEMENTARY MATHEMATICS. 
Aaxor (E. E.). See Durerz (F.). 
B-nenam (J. A.). See Howann (B. Hi 


Conte (A. L.). Rechentafeln, welche alles Multiplisieren und Dividieren 
mit Zahlen unter Tausend ganz ersparen, bei grösseren Zahlen aber 
die Rechnung erleichtern und sicherer machen. Berlin, Vereinigung 
wissenschaftlicher Verleger (Walter de Gruyter), 1919. 


Davison (C.). The elements of plane geometry. Cambridge, University 
Press, 1920. 280 pp. SCH 108. 

Dootmy (W. H.). Vocational mathematics. Revised by A. Ritchie- 
Scott. London, Heath, 1920. 8 + 311 pp. 5s. 

Donat (F.) and Arnoro (Œ. E.). A second book in algebra. Chicago, 
Merrill, 1920. 5 + 330 pp. 

Hawıuron (8.). Hamilton’s essentials of arithmetic. Lower grades 
middle grades, higher grades. Chicago, American Book Company, 

1920. 224 + 14, 288 + 23, 320 + 19 pp. 


Howard (B. H.) and Dron (J. A.). A school geometry. London, 


Hodder and Stoughton, 1920. 26 + 370 pp. 5s. 6d. 
Layne (A. E.). Exercises in arithmetic. Arranged in two courses. 
London, John Murray, 1920. 230 + 31 pp. 3s. 6d. 


LpventaaL (M. J.) and Warner (M.). Geometry review book. New 
York, Review Book Company, 1920. 86 pp. 
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THE CHICAGO MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


The fifteenth regular Western Meeting of the American 
Mathematical Society was held at the University of Chicago 
o2 Wednesday and Thursday, December 29 and 30, 1920. 
This meeting was the forty-sixth regular meeting of the 
‘Chicago Section, and was held in affiliation with the Con- 
vocation week meetings of the American Association for the 
Advancement of Science. 

The total attendance was more than one hundred, including 
the following eighty-three members of the Society: Professor 
R. P. Baker, Professor A. A. Bennett, Professor Henry Blum- 
berg, Professor P. P. Boyd, Professor W. D. Cairns, Professor 
Forian Cajori, Professor J. A. Caparo, Professor R. D. 
Carmichael, Professor E. W. Chittenden, Professor C. E .Com- 
stock, Professor H. H. Conwell, Professor D. R. Curtiss, Pro- 
fessor W. W. Denton, Professor L. E. Dickson, Professor Arnold 
Dresden, Professor L. C. Emmons, Professor H. J. Ettlinger, 
P-ofessor G. C. Evans, Professor T. M. Focke, Professor G. H. 
Graves, Professor W. L. Hart, Professor E. R. Hedrick, 
Professor T. H. Hildebrandt, Professor T. F. Holgate, Pro- 
fessor Dunham Jackson, Professor O. D. Kellogg, Professor 
A. M. Kenyon, "Professor E. P. Lane, Professor A. O. 
` Leuschner, Mrs. M. I. Logsdon, Professor Gertrude I. McCain, 
Professor W. D. MacMillan, Professor H. W. March, Professor 
William Marshall, Professor T. E. Mason, Professor L. C. 
Mathewson, Professor E. D. Meacham, Professor G. A. Miller, 
Professor W. L.: Miser, Professor U. G. Mitchell, Professor 
C N. Moore, Professor E. H. Moore, Professor E. J. Moulton, 
Professor F. R. Moulton, Dr. J. R. Musselman, Professor 
G W. Myers, Dr. C. A. Nelson, Mr. H. L. Olson, Professor 
C I. Palmer, Professor A. D. Pitcher, Professor L. C. Plant, 
Professor S. E. Rasor, Professor J. F. Reilly, Professor H. L. 
Retz, Professor W. J. Risley, Professor Maria M. Roberts, 
Professor W. H. Roever, Professor D. A: Rothrock, Dr. A. R. 
Schweitzer, Professor G. T. Sellew, Professor W. G. Simon, 
Professor E. B. Skinner, Professor D. E. Smith, Professor 
E. R. Smith, Professor G. W. Smith, Professor I. W. Smith, 
Dr. L. L. Steimley, Professor R. B. Stone, Professor E. B. 
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Stouffer, Professor E. J. Townsend, Dr. B. M. Turner, Pro- : 
fessor. E. B. Van Vleck, Professor Warren Weaver, Professor 
W. P. Webber, Mr. F. M. Weida, Professor W. D. A. Westfall, 
Professor E. J. Wilczynski, Professor C. E. Wilder, Professor 
D. T. Wilson, Professor R. E. Wilson, Professor C. H. Yeaton, 
Professor J. W. Young, Professor W. A. Zehring. 

The session of Wednesday forenoon was a joint meeting 
with the Mathematical Association of America and with 
Sections A and L of the American Association for the Advance- 
ment of Science. At this meeting, which was presided over by 
Professor D. R. Curtiss, chairman of Section A, Professor 
O. D. Kellogg gave his address entitled A decade of American ` 
mathematics, as retiring vice-president of Section A of the 
American Association for the Advarcement of Science. His 
paper was followed by an illustrated paper on The evolution 
of algebraic notations, by Professor Florian Cajori. 

The meeting of Wednesday afternoon was held simultane- 
ously with a meeting of the Mathematical Association of 
America, and was presided over by the chairman of the 
Chicago Section, Professor R. D. Carmichael. During the 
Thursday sessions, Professor Carmichael was relieved in the 
chair by Professor Dunham Jackson, newly-elected vice- 
president of the Society, and by Professor G. A. Miller. 

On Wednesday evening a joint dinner of tae Chicago Section, 
the Mathematical Association of America, the American 
Astronomical Society, and Sections A and D of the American 
Association for the Advancement of Scienee, was held at the 
Quadrangle Club. At this dinner about one hundred seventy- 
five persons were present. Professor D. E. Smith, retiring 
president of the Mathematical Association of America, acted 
as toastmaster. Short speeches were made by representatives 
of the different participating organizatiors. An interesting 
feature of this dinner consisted of the exhibition by Professo- 
C. I. Palmer of a copy of the 1637 edition of Descartes’ Geom- 
etry, to which Professor Cajori had alluded in the paper 
referred to above. 

At this meeting the following papers were read: 


1. Professor W. P. Webber: Constructio of doubly periodic 
functions with singular points in the period »arallelogram. 

Professor Webber starts with the Weierstrassian p-function 
and arrives at the function 
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W,(u) =. eP™) an 1, 


which is doubly periodic, has zeros at the zeros of p(u) and) 
essential singular points at the poles of p(u). This function 
is used for constructing more general ones. 

It is shown that Wo(u) cannot have an algebraic addition 
theorem. Among others, the following relations are estab- 
lished: Wu) = [W2(u) + 1]R(p(u), p’(u)), where R denotes 
a rational integral function; Wa(u) + 1 = et", P) where 
Fı is one of the roots of the cubic in p(u), 4{p? — gep — gs} 
= {W,'(u)/[We(u) + UI, 93, gs, being the Weierstrassian in- 
variants for W2(u). Series are derived for Wa(u). 


2. Professor H. J. Ettlinger: Boundary value problems with 
regular singular points. Second paper. 

In this paper Professor Ettlinger continues his investiga- 
tion of the oscillatory properties of the solutions of a second 
order linear boundary value problem, having regular singular 
points at the end points of the interval. 


3. Professor E. W. Chittenden: Note on the permutability 
of Junctions which have the same Schmidt fundamental functions. 

Let £,(x), Ÿ.(x) denote the normalized Schmidt fundamental 
functions of a kernel K(x, y) = Z£1k,0.(x)ÿ,(y). Professor 
Chittenden determines the most general function of the form 
H(z, y) = ha which is permutable of the second 
kind with K(a, y). 


4. Professor E. W. Guiades On kernels which hare no 
Fredholm fundamental functions, 

Professor Chittenden studies the classes of kernels which 
have no. Fredholm fundamental functions. For example, if 
Prlz), dal), (n = 0, +1, = 2, ---) is a closed normalized 
biorthogonal system of functions on an interval (a < x < b), 
the function K(z, y) = Dt? sanpn(€)Yn+p(y) (assuming con- 
vergence in mean) where the a, are all different from zero and p 
is a positive integer, has no Fredholm fundamental functions, 
and is not orthogonal on the right or left to any function ¢ 
such that /’¢’dx > 0. In case a, = 1/n? and the functions 
Pns Wn are continuous, the function K(z, y) is continuous. 


5. Professor E. W. Chittenden: Note on convergence in the 
mean. 
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Professor Chittenden presents an example of a sequence 
of functions which converges in the mean on an interval 
(a < x Sb), but diverges at every point of the interval. 


6. Dr. A. R. Schweitzer: Determination of the spherical 
transformation in Grassmann’s extensive algebra. 

The essence of the geometric application of the quaternions 
in Hamilton’s analysis is to be found in the derivation of 
Euler’s transformation. The attempt cf Gibbs to derive 
these equations by means of Grassmann's Lückenausdrücke 
appears at a disadvantage when compar2d with Hamilton’s 
simple deduction based on the transformation op", Usirg 
his article in the MATHEMATISCHE ANNALEN, vol. 69, as a 
basis, Dr. Schweitzer gives a new derivation of Grassmann’s 
circular transformation and by direct generalization determines 
the spherical transformation. In this derivation, the simplicity 
of Hamilton’s deduction is completely preserved; it is based 
on the definitions X-Q(E;E,) = ELE, Ei 2:E:Q(E.ËE);) 
+ zsE3Q(EE,) + BLUE, ET, E,Q(ELE,) a Q(ELE,) "E, 
where i, j, k = 1, 2, 3, 4, and where the notation is the same 
as in the article cited above. 


7. Dr. A. R. Schweitzer: On the relation of iterative compo- 
sitional equations to Lie’s theory of transfor-nation groups. 

The theory of Lie’s transformation groups may be inter- 
preted as a theory on the solution of certain functional equa- 
tions of the iterative compositional type, subject to auxiliary 
conditions. On this basis, the group property arises through 
the introduction of a suitable notation. In the MATHE- 
MATISCHE ANNALEN, vol. 18, Lie mentions that his one-dimen- 
sional, r-parameter functional equations are a generalization 
of the equation p{p(x, a), b} = éise ¢(a, b)}, which Lie 
seems wrongly to ascribe to Abel, but which is apparently due 
to C. J. Hill. Dr. Schweitzer shows tha: a new definition of 
transformation groups arises by generalizing the functional 


equation 
pts, a), 10, il = f(e, D) 


and that certain of his quasi-distributive 2quations are a de- 
generate case of Lie’s n-dimensional, n-parameter functional 
equations and that certain of his quasi-transitive functional 


equations are a degenerate case of the quasi-transitive corre- 
D 4 
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lative of Lie’s n-parameter, n-dimensional functional equa- 
tions. On the other hand, Dr. Schweitzer’s quasi-transitive 
equations and their inverse correlatives suggest generalizations 
of Lie’s functional equations and his concept transformation 
group. The memoirs of Schur in the MATHEMATISCHE AN- 
NALEN treating the analytic and non-analytic solutions of Lie’s 
functional equations readily give direction to the research in 
the analytic and non-analytic solutions of equations in iterative 
compositions in general. 


8. Professor E. J. Wilczynski: Isothermally conjugate nets. 

The geometric properties which characterize an isothermally 
conjugate net were, until recently, entirely unknown. One 
very elegant characterization was given by the late Dr. G. M. 
Green. But Green overlooked a case in which his criterion 
does not distinguish between isothermally conjugate nets and 
other nets of an entirely différent character. In this paper, 
which has appeared in the AMERICAN JOURNAL oF MATHE- 
MATICS, October, 1920, Professor Wilczynski shows how to 
complete Green’s discussion by introducing an important new 
concept, namely, that of a pencil of conjugate nets, at least 
in the special case of isothermally conjugate nets. 


9. Professor E. J. Wilezynski: Transformation of conjugate 
nets into conjugate nets. 

In this second paper, Professor Wilezynski shows how the 
projective invariants and covariants of a conjugate net are 
affected by transformations which change it into a new conju- 
gate net on the same surface. The notion of a pencil of 
conjugate nets is here developed in its general form, enabling 
him to simplify in a notable fashion the results of the pre- 
ceding paper. But there result, at the same time, two other 
characteristic properties of isothermally conjugate systems 
which are entirely different in kind from Green’s criterion. 


10. Professor R. L. Moore: Conditions under which one of two 
given closed linear point sets may be thrown into the other one by 
a continuous transformation of a plane into itself. 

- It is easy to show, by the exhibition of examples, that if 
Sn is a space of one or more dimensions, there exist in S, two 
closed, bounded point sets which are in one-to-one continuous 
correspondence with each other but neither of which can be 


i 
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thrown into the other by a continuous one-to-one transforma- 
tion of S, into itself. Professor Moore raises the question 
whether, if S, is an n-dimensional euclidean space lying in an 
n + 1 dimensional euclidean space S,41, Jı and Ja are closed, 
bounded point sets lying in S,, and there is a continuous one- 
to-one correspondence between the points of J; and the 
points of Ja, there exists a continuous one-to-one transforma- 
- tion of Sn} into itself which throws J; into Jz. He shows 
that in the case where n = 1 this question can be answered 
in the affirmative. 


11. Professor R. L. Moore: A closed connected set of pornise 
which contains no simple continuous are. 

Some time ago R. L. Moore and J. R. Kline proposed the 
following questions: (1) Does there exist a non-degenerate* 
closed connected set of points which contains no simple con- 
tinuous arc? (2) Does there exist a non-degenerate connected 
set of points which contains no arc? In a paper presented to 
this Society in December, 1919, G. A. Pfeiffer gave an examplet 
showing that the second question may be answered in the 
affirmative. It is to be noted, however, that not only does 
the set of points exhibited in this example fail to be closed 
but it does not even contain a single non-degenerate connected 
subset that is closed. It, therefore, does not furnish an answer 
to the first question. In the present paper Professor Moore 
shows that the first question also may be answered in the 
affirmative. 


12. Professor Florian Cajori: On the history of symbols fer 
n-factorial. 

Professor Cajori points out the origin of the symbol |n 
for n-factorial and traces the spread of this symbol and of al, 
particularly in the United States. The paper will be put- 
lished in Isıs. 


13. Professor L. E. Dickson: Homogenecus polynomials with 

a multiplication theorem. 
‘ In his first paper, Professor Dickson investigates all homc- 
geneous polynomials Pa, -+-, £n) = f(x) of degree d such 
that f(z)f(&) = f(X), where X1, -+ +, Xn are bilinear functions 


* A set of points is said to be non-degenerate if it contains more than 


one point. 
`t Cf. this BULLETIN, vol. XXVI (1920), p. 246. 
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of z +++, Za and Ee En. Known examples of f are de- 
terminants whose (n = r?) elements are independent variables, 
norms of algebraic numbers, and sums of 2, 4, or 8 squares. 
It is convenient to introduce the linear algebra in which 
the product of z = Eze, by & = Bfe; is X = ZXe. It is 
proved that f(x) must divide the dth powers of the deter- 
minants A(x) and A’(x) of the general number of the algebra. 
It is assumed henceforth that f(x) is not expressible in fewer 
than n variables. By means of a linear transformation on 
the x’s which leaves f(x) unaltered and one on the Es leaving 
f(&) unaltered, we secure the simplification that the new 
composition zt = X takes place in a linear algebra having 
a principal unit e, such that ex = ge = x for every x in the 
algebra. Now every factor of f(x) admits the composition. 
Next, if f(x) has a covariant of degree ö and index A which is not 
identically zero, then f° is divisible by Ai and A”. Hence, if 
A > 0, f has the same irreducible factors as A and A’, which also 
admit the composition. Forn < 5, the hypothesis is satisfied 
since the Hessianof f is not identically zero (Gordan and Nother, 
MATHEMATISCHE ANNALEN, vol. 10, 1876, p. 564). Further, 
any covariant of f is then a power of f. But an irreducible 
quartic surface f = 0 whose Hessian is cf? is a developable 
surface whose edge of regression is a twisted cubic curve. By 
means of these theorems it is shown that, if n < 5, f is a 
product of powers of n linear forms or a power of a quaternary 
quadratic form. For n = 5, the former theorems hold, but 
the case of an irreducible A remains undecided. The paper 
will appear in the PROCEEDINGS OF THE INTERNATIONAL 
CoNGRESS AT STRASBOURG. 


14. Professor L. E. Dickson: Applications of algebraic and 
hypercomplex numbers to the complete solution in integers of quad- 
ratic diophantine equations in several variables. 

In this second paper, Professor Dickson has obtained 
formulas giving the complete solution in integers of certain 
equations, as t+ 2?+ r8 = tê, a+ +++ + ae = ge 
when the parameters take only integral values. Transposing 
one square, we have to express a product as a sum of 2 or 4 
squares, Evident solutions are furnished by the theorem 
on the norm of a product of two complex integers or two 
quaternions. When the numbers in the resulting formulas 
are multiplied by the same number p and when p is allowed to 
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take all integral values, the products are shown to give all 
integral solutions. Use is made o? the act that complex 
integers obey the laws of arithmetic, and lixewise quaternions 
with integral coordinates provided one cf the quaternions 
used has an odd norm. A like theory applies to z? + y? 
+ kz? = u, when k = + 2, 43, — 5, 7, 11, — 13. But if 
k = 5, the numbers z+ y V— 5 do not obey the laws of 
arithmetic. Corresponding to the two classes of ideals, there 
are two distinct sets of formulas which together give all 
integral solutions. This application of ideals will be developed 
in a later paper. The remaining topics were presented in 
detail before the International Congress at Strasbourg and 
will appear in the PROCEEDINGS OF THE CONGRESS. 


15. Professor L. E. Dickson: Arithmetic of quaternions. 

In this third paper, Professor Dickson recalled that A. 
Hurwitz (GÔTrINGER NACHRICHTEN, 1896, p. 313) proved that 
the laws of arithmetic hold for integral quaternions, viz. those 
whose coordinates are either all integers or all halves of odd 
integers. Since fractions introduce an inconvenience in appli- 
cations to Diophantine analysis, it is here proposed to define 
an integral quaternion to be one whose coordinates are all 
integers. It is called odd if its norm is odd. It is proved 
that, if at least one of two integral quatern:ons a and b is odd, 
they have a right-hand greatest common divisor d which is 
uniquely determined up to a unit factor (+ 1, + à, + j, + F), 
and that integral quaternions À and B can be found such that 
d= Aa+ Bb. Similarly there is'a left-hand greatest common 
divisor expressible in the form aa + b. The further theory 
proceeds essentially as in Hurwitz’s exposition. The paper 
has been offered to the PROCEEDINGS op THE LONDON MATHE- 
MATICAL SOCIETY. 


16. Professor L. E. Dickson: Determination of all genera! 
homogeneous polynomials expressible as determinants with 
linear elements. 

In the fourth paper by Professor Dickson it is proved 
that every binary form, every ternary form, every quaternary 
quadratic form, and a sufficiently general quaternary cubic 
form can be expressed as a determinant whose elements are 
linear forms, while no further general form has this property. 
For a plane curve f = 0 of order r, we may assume without 
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loss of generality that f has no repeated factor. Then some 
line cuts the curve in r distinct points; take it as the side 
z = 0 of a triangle of reference. As the side y = 0, take any 
line not meeting z = 0 at one of its r intersections with the 
curve. Then for z = 0, f is a product of r distinct linear 
functions X; = z + My. It is proved that f can be expressed 
in one and but one way as a determinant 


XY + C118 2 0 re 0 
0212 Xa F C3 2 cee 0 
. $ 7 else s A S . e ce 
| rz Cr22 Gas + ZX, +0, 


in which the elements above the diagonal are zero except for 
the elements 2 just above it. The paper will appear in the 
Transactions. A related paper, dealing with quaternary 
cubic forms with attention to rationality, has been offered to 
the AMERICAN JOURNAL OF MATHEMATICS. 


17. Professor G. A. Miller: I-conjugate operators of an 
abelian group. 

Two operators of any group @ are said to be I-conjugate 
if they correspond in at least one of the possible automorphisms 
of G. As G is supposed to be abelian, it is possible to find a set 
of generators of Gier, 2, ** +, 8,) such that the group generated 
by any arbitrary subset of these p operators has only the 
identity in common with the group generated by the rest of 
them. Any operator of G expressed in terms of these gener- 
ators is called I-reduced if the number of its constituents which 
are powers of these operators is as small as possible for the set 
of I-conjugates to which it belongs. Professor Miller then 
notes that a necessary and sufficient condition that every 
I-reduced operator of G involve only one constituent is that 
the quotient of no two invariants of G exceed p when the 
order of G is p”, p being a prime number. He also proves 
that the smallest groups which involve characteristic operators 
of odd order are two groups of order 63 and that a necessary 
and sufficient condition that the quotient groups corresponding 
to the subgroups generated by two I-reduced operators be of 
the same type, is that the constituents of these operators 
generate the same subgroups. 
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18. Professor W. D. Macmillan: The integrals 


f eda, f ee f cos de, 
0 0 2 0 


and associated divergent series. 

It is evident that the integral /*e*dx cannot be com- 
pletely tabulated and thus brought into the category of known 
functions, because it increases beyond all limits and it has no 
simple properties which enable us to determine its value for a 
given large value of x. But if we write e” de = ef. o(x), 
then (z), for large values of x, is a decreasing function which 
has the limit zero. It admits the eee expansion 


1 ete 
eil = ae 





sag 


which is very useful for SE the numerical value of e 
for large values of z. It is shown by Professor MacMillan 
that if T, is the nth term of this series and w,_1(x) is the sum 
of the first n — 1 terms of (z), and if 2n 3 < 2 < 2n — 1, 
then T, is the minimum term and |ofx) — gs 1(x)| < T,(x); 
i.e. the error committed in using the divergent series is less 
than the minimum term provided the series is carried up to, 
but does not include, the minimum term. Thus, for 2 = 6, 
the series will give results certainly accurate to 8 decimals, 
and the order of accuracy increases rapidly with +. A table 
of values for x up to 6 is given to 7 decimal places. Similar 
remarks apply to the other integrals. 


19. Professor R. P. Baker: Elementary geometry in n dimen- 
sions. 

In this paper, Professor Baker provides a standard method 
for finding distance and angles between flat spaces in n- 
dimensional euclidean geometry. Each R+ is supposed given 
by a matrix (k + 1)(n + 1) of rectangular coordinates with a 
column of units.“ The joint invariants of a pair of such flat 
spaces are (1) a mutual moment involving the distance and 
all the angles, (2) an inner product involving all the angles, 
and (3) a set of exiensionals of the general type of foutual 
moments of figures simply constructed from the data. These 
furnish symmetric functions of the slopes. The algebraic 
equation for determining the slopes always has real roots. 
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Since the mutual moment of two lines in space is a polarized 
form of Pliicker’s identity, the extensionals are polarized forms 
of identically vanishing relations (extensionals of Plücker’s, 
etc.) of the determinants of the space. The difficulty of 
dealing with supernumerary coordinates is surmounted by a 
wide extension of the theorem of Pythagoras. The content 
of any (k + 1) point in R, is the square root of the sum of the 
squares of the projections on the axial R,’s. This applies 
directly to the mutual moment and extensionals and also to 
the inner product when regression is used to reduce to the case 
(k, k, 2k). The theory is linear algebra, though regression is 
used as a device. If progressive methods are desired in con- 
nection with the general Pythagorean theorem, we can con- 
struct the square of two flat (k + 1) points, which is equivalent 
to the sum of the square of the projections. Models of an Rs 
perspective and development of the square on the triangle 
are shown. Finite dissection, however, fails for tetrahedra, 
Dehn’s condition not being satisfied in general. 

20. Professor Dunham Jackson: Note on an ambiguous case 
of approximation. 

In recent papers, Professor Jackson has discussed the 
existence and properties of a trigonometric sum Tmn(z) of 
order n at most, determined by the condition that it shall give 
the best possible approximation to a given continuous periodic 
function f(x), in the sense of the integral of the mth power 
of the absolute value of the error. In these discussions it has 
been assumed that m 21. The purpose of the present note 
is to inquire what becomes of the problem for values of m 
less than 1. It is immediately seen that the problem degener- 
ates for m < 0, so that there is occasion to consider only values 
of m between 0 and 1. It is found that there is always at 
least one determination of T,A(x) which makes the integral a 
minimum, but that this determination is not generally unique. 
Nevertheless, it is possible to treat the question of convergence, 
when m is held fast and n is allowed to become infinite, in sub- 
stantially the same way as form 21. In case there are two 
or more determinations of Tanz) for a given value of n, it is 
immaterial for the convergence which is chosen. The treat- 
ment applies equally well to the problem of polynomial 
approximation, and is in part of still wider application. 

\ 
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21. Professor Dunham Jackson: On the mzthod of least mth 


' powers for a sei of simultaneous equations. 


If there is given a set of p simultaneous linear equations 
in n unknown quantities, p > n, the questicn may be raised 
of determining values for the unknowns so that the equations 
shall be approximately solved, in the sense that the sum of the 
mth powers of the absolute values of the errors is a minimum. 
For m = 2, this is the classical problem of least squares. Pro- 
fessor Jackson treats the general problem by methods analo- 
gous to those used in recent papers on zhe approximate 
representation of a function of a continuous variable x, the 
independent variable ‘now being represented by an index 
ranging from 1 to p. While there is a general correspondence 
between the two cases, continuous and discrete, both as to 
methods and as to results, the parallelism in detail does not 
seem to be so close as to render a separate treatment of the 


algebraic problem superfluous. e 


22. Professor Dunham Jackson: Note on the convergence of 
weighted trigonometric series. 

In this note, Professor Jackson shows that a method used 
recently in connection with certain problems of convergence 
in the theory of trigonometrie and polynomial approximations 
can be applied to a more general class of problems, including 
some cases considered on the formal side by Gram (CRELLE, ` 
vol. 94) in which different ‘weights are assigned to different 
values of the independent variable. 


‘23. Professor A. J. Kempner: On polynomials and their 
residue systems. Second paper. 

In this paper Professor Kempner continues and develops 
his earlier paper, On polynomials and their residue systems, 
read at the Chicago meeting of the Society in December, 1917. 
Residue systems of polynomials with respect to a composite 
numerical modulus are systematically examined. 


24. Professor E. R. Smith: Expansion of the double-frequency 
function into a series of Hermite’s polynomialr. is 

Dr. Smith gives a development of the general double- 
frequency function into a series of polynomials which were 
first investigated by Hermite. The result may be expressed 
in terms of the successive partial derivatives of the normal 
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‘double-frequency function. It is shown that the results are 
applicable when the regression is non-linear. The generalized 
form of the equation defining the curve of regression is also 
discussed. 


25. Professor T. E. Mason: ‚On amicable numbers and their 
generalizations. , 

In this paper Professor Mason presents some new pairs 
of amicable numbers and some generalized amicable number 
sets. Dickson defined an amicable k-tuple as k numbers nı, 
_ Ng, 14, Nk eh, the ee 


stm) iG) A nse N 
where S(n) means the sum of all the divisors of n. Amicable 
k-tuples are given for k = 3, 4; 5, 6. Carmichael defined 
multiply amicable numbers as numbers m and n satisfying the 
equations S(m) = S(n) = t{m+n). Multiply amicable num- 
ber pairs are given for t = 2, 3, and multiply amicable triples 
for i = 2. 


26. Professor Henry Blumberg: On the complete characteriza- 
tion of the set of points of approximate continuity. 

It is known that the set C of points where a function is 
continuous is a DI, i.e. a product of a denumerable sequence 
of sets I,, each of which consists exclusively of inner points; 
conversely, if a set S is a IIn, then a function exists which 
is continuous at every point of S and discontinuous elsewhere. 
If we think of continuity as equivalent to the vanishing of the 
ordinary saltus (or oscillation, or least upper bound minus 
greatest lower bound), we are led to the notion of approximate 
continuity of different kinds when, in place of the ordinary 
saltus, we employ the f-saltus, the d-saltus, the z-saltus, etc., 
which are obtained by regarding as negligible finite sets, 
denumerable sets, sets of zero measure, etc., respectively. 
Hence, we are led to seek a characterization of the sets Cy, 
Ca, UO etc., of points of approximate continuity. Professor 
Blumberg deals with these and related questions. One of 
the results is that the sets Cs, Ca, C: are completely char- 
acterized as being expressible in the form DI, 


27. Dr. Gladys E. C. Gibbens: Comparison of different line- 
geometric representations for functions of a complex variable. 

In the present paper, Dr. Gibbens generalizes the methods 
given by Professor Wilezynski (Transactions, vol. 20) for 
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constructing a rectilinear congruence by means of a functional 
relation between two complex variables. She finds that as 
long as the planes of the two complex variables remain 
parallel, the projective properties of the class of congruences 
defined by means of the totality of all aralytic functions 
w = F(z) are independent of the relative position of the 
origins, of the angle between the real axes of the two complex 
variables, and of the distance between the planes. The 
congruence which corresponds to an individual function 
„w = F(z) in any particular representation corresponds not to 
itself, but to the function e'°w = F(z) if the angle between the 
real axes of the two planes be changed by ®. 

If the planes of the two complex variables are not parallel, 
the congruence defined by the particular functional relation 
w = F(z) is projectively equivalent to that defined by the 
function eo = F(e''z), where the planes of the new variables 
W = ep; Z = ez are perpendicular to each other, and 
where the real axes have been rotated through angles 61, 0z, 
respectively, in order to become parallel to the line of inter- 
section of the planes. The reality of the focal sheets and the 
developables of the congruence depends upon the particular 
function under consideration. 

If the two complex variables are projected from a common 
plane upon concentric spheres, and corresponding points 
joined, the properties of the resulting congruence are again 
dependent upon the particular functional relation assumed 
between the two complex variables. In the last two cases, 
the generalizations are, so far, inadequate from the point of 
view of a general theory. 


28. Professor Dunham Jackson: On the trigonometric repre- 
sentation of an ill-defined function. 

The ordinary notion of single-valued function of a variable 
x can be generalized in the following manner: It may be 
supposed that the value of y corresponding to any given x is 
indeterminate, and that any value, within hounds, is to be 
regarded as possible, but that some values are more probable 
than others, to an extent indicated by a weight which is a 
function of x and y, essentially positive or zero, That is, 
such a function of two variables, w(x, y), can be regarded as 
constituting a sort of function of the single variable +, which 
is blurred or out of focus, and can be made distinct only by a 


x 
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more or less arbitrary averaging process. Professor Jackson 
develops the idea thus vaguely expressed, by a study of 
certain properties of non-negative functions w(x, y). It is 
shown how the method of least squares, or, more generally, of 
least mth powers, can be used to determine a definite trigono- 
metric sum, of any prescribed order, which may be regarded 
as representative of the given indeterminate function, sup- 
posed periodic with regard to x; and it is proved that, under 
fairly general hypotheses, the trigonometric sum thus obtained 
converges uniformly to a suitably defined single-valued 
average. 1x4 


29. Professor E. L. Dodd: An adaptation of Bing’s paradoz, 

involving an arbitrary a priori probability. 

Professor Dodd finds that the essential feature of Bing’s 
‘paradox remains, even after the justly criticized* constant a 
- priori probability is replaced be an arbitrary non-negative 
continuous probability w(x). If s men of given age all live a 
moment, the probability that another man of that age will 
live a moment is p =/ w(2z)a*da//) w(x)r'dæ. 

If thes men all livea year of n moments then the probability 
that the other man also will live a year is p”, and this ap- 
proaches zero with increasing n since p < 1. It is practically 
certain therefore, that the other man will die within the year. 
It should be noted, however, that the use of the same w(x) for 
a moment of sixty seconds and for a moment of one second 
can hardly be justified. Thus n, though it may be large, is 
not subject to indefinite increase. 


30. Professor O. D. Kellogg: A convergence theorem and 
an application. 

In this note, Professor Kellogg gives a simple proof of a 
theorem due to Ascoli on the uniform convergence of a sub- 
sequence of equi-continuous functions and makes an appli- 
cation to the proof of the existence of a characteristic function 
for a symmetric kernel. | 

31. Professors G. D. Birkhoff and O. D. Kellogg: Invariant 
points under transformations in function space. 

If a olosed convex region of the plane be mapped into itself 
by a continuous single-valued transformation, there will be ` 


* Arne Fisher, The Mathematical Theory of Probabilities, p. 75, quoting 





` Kroman. 
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an invariant point. Professors Birkhoff and Kellogg propose 
to extend this theorem to n dimensions and to the space of 
continuous functions. Certain existence theorems may be 
formulated in terms of the invariance of a point in a function 
space under a transformation, and it is proposed to consider 
such applications of the theorem. 


32. Professor G. C. Evans: Fundamental points of potential 
theory. 

Professor Evans treats some of the problems of harmonic 
functions and monogenic functions by means of Lebesgue- 
Stieltjes integrals and generalized derivatives. 


33. Professor W. L. Hart: Functiongls of summable functions. 

Let H represent the class of all functions (+) on an interval 
a <x <b which, together with their squares, are summable 
in the Lebesgue sense on (a, b). In the first part of his paper, 
Professor Hart considers real-valued functionals F[u] defined 
for all win H. It is assumed that if a sequence un of H con- 
verges in the mean to a function u, then lim,» F[un] = Flu]. 
A representation of F [uw] in an infinite series is obtained: a 
mean-value theorem is obtained for the case that F[w] has a 
differential; an infinite system of functional equations is 
solved for an unknown function u(z, s), ¢ being a parameter. 
In the second part of the paper there are considered functionals 
Glu; t] which for every u of H yield functions of t that 
belong to H for c <i <d. The concepts continuity and 
differential are defined. The Fourier coefficients of G[u; t] 
with respect to a complete orthogonal system Je: D, p(t), -- -] 
are found to be functionals of the type F[u]. There are 
obtained for G[u; t] an infinite series converging in the mean, 
a mean-value theorem, the solution of implicit functional 
equations, and a treatment of a pseudo-differential functional 
equation. In many proofs in the paper, fundamental use is 
made of theorems and definitions relating to functions of 
infinitely many veriables and to pseudo-derivatives, previously 
treated by the author. : 


The papers of Professors Dodd, G. C. Evans, and R. L. 
Moore, and the paper of Dr. Gibbens, were read by title. 
ARNOLD DRESDEN, 
Secretary of the Chicago Section. 
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.PLEASANT QUESTIONS AND WONDERFUL 
EFFECTS. 


PRESIDENTIAL ADDRESS DELI VERED BEFORE THE AMER- 
‚ICAN MATHEMATICAL SOCIETY, DECEMBER 28, 1920. 


BY PROFESSOR FRANK MORLEY. 


This is for me a day of reckoning. For us mathematicians 
most of our days are days of reckoning. But usually, to 
revive an old phrase, we reckon without our host, without 
consideration of what we owe and to whom we owe it. I 
feel that I ought at least to thank the host and to contemplate 
the question of payment. And at once one sees various hosts. 

First and foremost the host is this Society, one of the 
strongholds of idealism in this country. It was a most happy 
thought when Columbia men formed the scattered pools of 
mathematical activity into this important organization. No 
pool suffered a loss of what may be called potential, many 
gained enormously. The price must have been paid in the 
increasing work and sacrifice of the early officers. We took 
what they provided in the cheerful way of youth. And the 
youthfulness of the mathematician outlives that.of most men, 
at least if he attends a fair number of meetings of this Society. 
For he can unload his mind if it is overburdened with a 
problem too hard for him. And he is sure to go away with 
some idea, grandiose or neat, obtained in that way of chalk 
and talk which is the easiest way of getting ideas, to a first 
approximation. 

Or, secondly, the host to whom gratitude should be’ex- 
pressed may be the Engelschaar of great men to whom one 
owes the science as it stands. But this is obviously too big a 
field. An interesting point here is the effect of unreasoning 
veneration on elementary teaching, for example the effect of 
Euclid on elementary geometry or of Euler. on elementary 
‘algebra. The adjustment of the properly conservative tradi- 
tion of teaching to admit important applications is no easy 
matter. But a good guide in the elementary teaching of any 
subject is the consideration of its immediate usefulness in 
neighboring regions, its power of trespass. 

-~ Thus arithmetic is rightly taught commercially. Algebra 


\ 
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is on the one hand universal arithmetic, on the other hand it 
is properly limited by its usefulness in geometry. Geometry 
should be taught with reference to its many uses. Thus every 
theorem would have an ultimate root in the ground of intelli- 
gent human interest. It would have as its motto “ Et docu- 
menta damus qua simus origine nati.” 

The attempt to introduce any branch of mathematics as a 
pure self-contained logical science is bound to disappoint. 
I do not, of course, mean this to apply to non-elementary 
teaching. It is proper to separate the sheep from the goats, 
but I believe it is a mistake to separate the lambs from the kids. 

Or, thirdly, the host to whom one is in private duty bound 
might be the ideas themselves which caught one’s mind and 
helped to form it. These ideas will be, according to taste, 
logical or musical or practical. For myself, I confess gratitude 
to certain simple aids like the chess board or the meridians and 
circles of latitude on a sphere. With the simple background 
of a chess board in one’s mind, one could survive the onslaught 
of the rabid algebraists and take a sane interest in deter- 
minants and in the elliptic functions of thos2 days. 

I have gratitude also for the secondary textbooks in that 
they gave some small point, some footnotes. You saw where 
a trail left the high road, where adventure began. This 

` helped you on till you met the books which, being outside the 
curriculum, seemed pure adventure, as for instance, Whit- 
worth’s Choice and Chance or Casey’s Sequel to Euclid, or 
Clifford’s Kinematics, or the magnificent works of Salmon. 
Even the careful, learned, and not over-imaginative Tod- 
hunter would give hard and stimulating problems. With 
an attractive problem one hunted through the theory for a 
means of solution. ‘ 

Thus the abstract theory of integration might leave one 
cold, but the finding of area, or centroid, or length of a curve, 
was a game. This is, I suppose, what lawyers call the case 
method, but it is just plain normal mental action. 

Soon one saw that most decent theories had their applica- 
tions, and one would take a chance on theary first. Or one 
would encounter at college a subject like rigid dynamics, 
where the problems were hurled at one beyond alt reason. 

It is possible to combine a reverent study of a reasonable 
number of classics with a decent development of one’s own 
fragment of mind, to combine a respect for cathedrals with a 


t 
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_ liking for making mudpies;- but for normal human beings the 
mudpie is the necessary first step to designing a cathedral or 
to respecting those who do. And our science needs its fair 
share of the normal-minded, to spread its ideas, to write its 
popularizing books. It is becoming too narrowly professional. 
There are not too many memoirs, but too few readable books. 

Or, fourthly, the host may be those who have use for mathe- 
matics, the physicist or the statistician. Naturally, they 
would approve of the less formal introductory teaching which ` 
I have advocated. A few clear notions of applied mathe- 
matics acquired early will bear a fine superstructure, whereas 
one who tackles the mathematical treatises on (say) elec- 
tricity, armed merely with a little analysis and less geometry, 
has a heart-breaking task if he aims at a real mastery of the 
mathematical side. So that the infusion of concrete applica- 
tions, whether it is pedagogically sound as I asserted or not, 
is indispensable if we are to have a school of applied mathe- 
maticians. And this J hold to be a chief desideratum. 

In this country research in pure mathematics is solidly 
rooted and actively efflorescent. Next comes the selection 
and use of the utilizable. This is the work of the applied 
mathematician. He and the mathematical physicist are on 
opposite sides of a counter in a drugstore. The latter seeks 

. from the pharmacopeia what he needs; the former, knowing 
what the store contains, hands him usually not what he asks 
for, but a guaranteed article just as good. If more connection 
can be made between the ordered. sense of beauty and power 
of calculation of the mathematicians and the strong intuitive 
grasp of our physicists and engineers, it is certain that 
wonderful effects will follow. 

Fifth among the hosts should be the one subject which a 
man, now supposed to be grown, selects as his intellectual home. 
I venture to speak briefly for geometry on the ground of 
having worked diligently at relatively simple geometric 
questions. 

That it should be treated logically is all right; but do not 
vivisect it merely for the sake of logic. By all means let it 
have foundations; but few will enter thereby. For it is 
properly the great exemplar of applied mathematics. And 
thanks to many workers, of whom Einstein is the latest and 
the most conspicuous, its future will be glorious. 

The covariants and contravariants in which the projective 
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and inversive geometers have delighted, but which they have 
signally failed to popularize, are now to be almost a common- 
place in the wider field of differential geometry. The physi- 
cists who would not look at the projective gnats will swallow 
the differential camels. And there is no doubt more nutriment 
in a camel. There will be a lively market, and it should be 
met by some recasting where pedagogic reasons already exist. 
The mapping of spaces should be led up to by the simplest 
cases of mapping. Once again, what pedagogy sighed for 
physical science demands, this time in the field of elementary : 
geometry itself. 

If the science should be taught i in its early stages not as a 
jumble of special applications, but always with an honest con- 
sideration of its legitimate contexts, then would it still be true 
of the far wider mathematics of today, that, to quote old Isaac 
Barrow again, “ The Mathematics is the unshaken Foundation 
of Science and the Plentiful Fountain of Advantage in Human 
Affairs.” 


Jonn HOPKINS UNIVERSITY. 


FALLACIES AND MISCONCEPTIONS IN 
DIOPHANTINE ANALYSIS. 


BY PROFESSOR L. E. DICKSON. 


(Read before the American Mathematical Society March 26, 1921.) 


$1. Introduction. Numerous writers have claimed to find 
all integral solutions of various homogeneous equations when 
they have actually found merely the rational solutions, 
expressed by formulas involving rational parameters. They 
have really left untouched the more difficult problem of finding 
all the integral solutions exclusively. The fallacies exposed in 
§ 2 and § 3 are merely particular instances of the wide-spread 
misconception of the problem of solving a homogeneous 
equation in integers. It is therefore not safe, without re- 
examination, to place confidence in any claim that a homo- 
geneous equation has been completely solved in integers. 

In the next number of this BULLETIN, I shall show how the 
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theory of ideals can be applied to find all the solutions in 
integers of the homogeneous equation 2? + ay? + bz? = w?. 

§ 2. A Fallacy concerning Pairs of Equations. It has been 
regarded as self-evident by all writers,* who have mentioned 
the topic, that the problem of solving a non-homogeneous 
equation in rational numbers is equivalent to the problem of 
solving the corresponding homogeneous equation in integers. 
Let us examine this question for the particular homogeneous 
equation 


(1) a? + 5y? = zw 
and the corresponding non-homogeneous equation 
(2) X?+ 5Y?= Z, 


The problem of solving the latter, in rational numbers is 
trivial. But the problem of solving (1) in integers involves 
the finding of all divisors of all numbers that can be represented 
by 2°+ 5y?, which is one of the serious questions in the theory 
of quadratic forms. This problem will be treated in the next 
number of the BULLETIN by the theory of ideals; the conclu- 
sion is quoted at the end of § 4 below. 

It is clear that there must be some fallacy in the customary 
argument that two such problems are equivalent.t This 
argument is the following simple one. If x, y, z, w (w + 0) 
are integers satisfying (1) and if we write 

z y CS 
(3) à An == X, ap Y, D Z, 
we obtain rational numbers satisfying (2). Conversely, if 
X, Y, Z are rational numbers satisfying (2), we may express 
them as fractions (3) with a’common denominator and obtain 
integers x, y, z, w satisfying (1). 

Here there is nothing wrong with the algebraic work, nor 
with the facts deduced. The fallacy lies in the failure to 
perceive that these facts do not warrant the conclusion that, 
in the converse case, we have shown how to find all integral 
solutions. That goal requires that we find all integers w such 
that the products wX, wY, wZ are integers, viz., x, y, and z. 
All such integers w are evidently multiples of the minimum: 

* Including Gauss, Disquisitiones Arithmeticae, § 300. 

Namely, that any solution of one equation corresponds to solutions 
of the other equation under the transformation (3). 
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positive integer `w. To find the minimum w, we need the 
least common denominator l of the fractions X, Y, and Z. 
Let" d denote the least common denominator of the fractions 
X and Y, so that X = E/d, Y = n/d, where &, 7, and d are 
integers without a common factor > 1. Then we have 
& + 57 
Z= EE 

Before we can find l, we must find the irreducible fraction 
which equals Z. But this requires the knowledge of all the 
divisors of all numbers that can be represented by & + 57°. 
Hence we have made no real advance over our initial problem 
(1) by utilizing our knowledge of the complete solution in 
rational numbers of the corresponding non-homogeneous 
equation (2). 


$3. The Fallacy when both Equations are Homogeneous. 
Thert is a wide-spread belief that the problem of finding all 
rational solutions of a homogeneous equation is eqtivalent to 
that of finding all its integral solutions. The argument was 
recently restated by a specialist as follows: (i) the set of all 
rational solutions contains the set of all integral solutions, and 
(ii) from the set of all integral solutions it is obvious that the 
set of all rational solutions is obtained by dividing the numbers 
in each solution by an arbitrary positive inzeger. 

But remark (i) does not serve the purpose intended, since 
it leaves unanswered the vital question of how to select the 
infinitude of integral solutions from the rational solutions. 
The futility of the argument is emphasized by replacing (i) ` 
by the equally trivial remark that all integral solutions occur 
among the real (or complex) solutions. 

In order to bring out clearly the distincticn between the two ` 
problems, consider the special equation (1). Its rational 
solutions are obviously all included in the fcllowing two types: 
z=y=z=0, with w any rational number; and x, y, 3 
any rational numbers such that z + 0, with w = (a? + 5y*)/z.’ 
We have therefore solved by inspection our first problem of 
finding all the rational solutions. 

Does this information alone serve, as cleimed, to yield the 
complete solution of our second problem of finding all the 
integral solutions of equation (1)? If so, we should be able, 
without further theory, to pick out the intezral solutions from 
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the preceding rational solutions. This is easily done for the 
first type of rational solutions; we have only to restrict w to 
integral values. For the second type, we must not only 
restrict æ, y, and z to integral values, but we must also examine 
the condition that z? + 5y? shall be divisible by z. Expressed 
otherwise, we require a process, valid for arbitrary integers 
x and y, of finding all divisors z of z? + 5y? (the quotients 
giving the corresponding values of w). Since we have merely 
returned to a restatement of our second problem of finding 
all the integral solutions of (1), we have made no advance 
whatever on that problem by considering the first problem of 
finding the rational solutions. 


$4. A common Misconception concerning Integral Solutions 

of a Homogeneous Equation. To have a concrete case in 

point, let us express the rational solutions of equation (1) 

in the customary homogeneous form, which has the advantage 

of combining into a single formula the two preceding types of 

. solutions. For z + 0, express x, y, and 3 as fractions with the 

positive least common denominator L and let n be the greatest 
common divisor of the numerators. Then 


H 


n(a? + 5b?) 
rf WITT 5 
el 


where a, b, and e are integers without a common factor > 1, 
while n and l are integers without a common factor > 1, and 
cl + 0. Write p for n/(cl). Then 


(5) “w= pac, y=pbe, x= pe’, w= pla + 50). 


The solutions with z = 0 have x = y = 0 and are of the form 
(5) with c = 0. Hence all rational solutions of (1) are given 
by (5), in which a, b, and c are integers without a common 
factor, while p is rational. 

Some writers are in the habit of suppressing the propor- 
tionality factor p and claiming without further examination 
that the resulting values give the general solution in integers. 
Essentially the same error vitiates the claim of Desboves* 
that he obtains the complete solution in integers of the general 
homogeheous quadratic equation in n unknowns when one 
solution æ, y, ++» is given. Since he regarded mz, my, --- 
as the same solution as x, Yo where m is rational, it is clear 


* NOUVELLES ANNALES, (3), vol. 3 (1884), pp. 225-39. 


~ na nb ne 
(4) Se La YST? 277 
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that he found at most formulas for the rational* solutions. 
Thus he deliberately prevented himself frcn even attacking 
the far more difficult problem of finding the .ntegral solutions; 
though he claimed to find them. 

For most homogeneous equations the true state of affairs 
is analogous to what we shall show to be the case for our special 
equation (1). Unfortunately we dc not obtain all integral 
solutions if we restrict p to integral values i= (5), but we must 
employ values whose denominators increase without limit. 

By a certain simplification we shall place in its most favor- 
able light the question of describing all sets of numbers 
a, b, c, and p (with a, b, and c integers without a common 
factor, and p rational) for which the solut:=n (5) is integral, 
and we shall show that there remains an ess=ntial difficulty in 
the determination of these sets. First, if z = 0, then x = y 
= z= 0, and w may be identified with any assigned integer k 
by taking p = k,a=1,b=0,forexample Next, let c + 0. 
Returning from (5) to the equivalent form (4), we see that 
2, y, z, w are integers if and only if l = + 1 snd n(a? + 58?) is 
divisible by c, whence p = n/c. Eliminatizz n, we seet that 
the conditions on a, b, c, and p are that pe snd p(a? + 56?) be 
integers.t. Hence the infinitude of sets oC numbers a, b, c, 
and p for which formulas (5) give integers, and hence give all 
integral solutions of (1), may be described as follows: (i) the 
sets a = 1, b = c = 0, with p integral; (ii) the sets for which 
a, b, and c (e + 0) range over all triples of integers without a 
common factor, while for each triple p ranges over all the irre- 
ducible fractions whose denominators are ccmmon divisors of 
c and a?+ 5b. But we have not shown hc to determine the 
sets a, b, c, and o just described. Their determination requires 
the finding of all divisors of all numbers represented by the 
quadratic form a? + 5b. Our simplified description of the 
integral solutions on the basis for the formulas (5) for the 





* But these can be found at once by considering all the lines through 
the given rational point. 

+ Also direct fron (6) by using the nt that if a, b, c have the 

greatest common divisor 1, integers A, B. e found such that 
ve +bB+cC = 1. Multiply by pc and ae "ei Thus zA + yB 
+ Č = pe = integer. 

en is now easily proved that ‘the derominato-3 of the o's are un- 

ted. Asis known, there is an infinitude of primes = of the form œ + 56? 

Te cheain tha bolton te ay = 6, z =p, w = 1by (5), we must take 
the integral factors pc and c of z to be + 1 and = p, whence p =1/p. 
since the choice pc = +p, c = +1 would give p =p, w > 1. 
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rational solutions is therefore no essential improvement upon 
the description which the proposed equation itself may be 
said to give. 

In accord with the theory to be explained in the next number 
of this BULLETIN, the successful determination of the integral 
solutions is made on the basis of a study, not of formulas (5) 
for the rational solutions, but of the new formulas 


= p(ac — 5bd), z= p(c?+ 5), 
y = plad + be), w= p(a?+ 58), 


` which reduce to (5) when d = 0 and hence give all the rational 
solutions. What really happens is well explained in the lan- 
guage of medicine: the injection of the additional integral 
parameter* d into our solution (5) counteracts the irritation 
caused by the rational p’s with their infinitude of denominators. 
To prevent confusion in a comparison with (6), rewrite (6) 
in new letters: ` 


z = o(4C — 5BD), z = o(C? LSD, 

m y = o(AD + BO), w = o(A?+ 5B°). 
We now attempt to describe all sets of numbers 4, B, 
C, D, and o (with A, B, C, and D integers without a common 
factor, and o rational) for which formulas (7) give integers 
and hence give all integral solutions of (1). When o is integral, 
there is no additional restriction on the integers A, B, C, 
and D. When ø is an irreducible fraction with the denomi- 


nator 2, the numbers (7) are all integers if and only if C = D, 
A= B (mod 2). Hence we write 


D=q4,C=2!+q,B=r A=2n—1,¢ =p, 


and we obtain 


(6) 


z = p(2ln — lr + ng — 3qr), y = pllr + ng), 
z= p(B + Aq + 3), w= p(2n? — Zur + 312), 


* It is rationally redundant. Any given solution (7), which is (6) 
written in new letters can be expressed in the form (6). Io =D = 0, 
whence e = y = z = 0, take c = 0 and identify the two ws, which can 
be done in infinitely many ways. If C and D are not both zero, take 


a= (AC —5BD)/t, b=(AD+ BC), ca (+ 5D), p= toc, 


where t is the greatest common divisor of the three numbers whose division 
by ¢isindicated. Our former 'conditions’that pc and p(a? + 5b) be integers 
now require that ot and o(A? + 5B?) be integers. 


` 
1 
4 
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where J, q, n, and r are integers without a common factor, 
and p is an integer.* Next, if o is an irreducible fraction p/5 
with the denominator 5, the numbers (7) arə all integers if 
and only if C and. 4 are divisible by 5. Writing A = 5b, 
C = — 5d, B = — a, D = c, we obtain (6). A more typical 
case is that in which ø is an irreducible fraction of the form 
p/3. Then the numbers (7) are all integers if and only if 
we have C=D, A= + B (mod 3). Writing C = =D 
+ 3d, A = FB+ 3b in (7), we obtain 


z= p(3bd + bD F dB — 2BD), y= p(bD + dB), 
z = p(2D? + 2Dd+ 3d), w= p(2B* = 2Bb + 3h). 


For the lower signs, we replace D by l, d by — q, B by — n, 
b by r, and obtain (8). For the upper signs, we replace D by 
l+ q, dby — q; B by r — n, b by r, and again obtain (8). 

In our next paper we shall show how to construct a machine 
which examines in this manner each of the infinitude of cases 
corresponding to the values of the denominators of all irreducible 
fractions o, and we shall prove that the solutions which result 
from any denominator are identical with the solutions (6) and 
(8) which resulted from the denominators 1 and 2. It will then 
follow that (6) and (8) together give all the integral solutions 
of (1) when all the parameters take only integral values. 

The goal just reached for our example (1) indicates the 
desirable form for the integral solutions of any homogeneous 
equation, viz. expressibility by one or more sets of formulas 
involving only integral parameters. As in our example, the 
two sets of formulas (6) and (8) which together give all the 
integral solutions, may be combined, by way of abbreviation, : 
into a single set of formulas (6) in which the denominator of 
the only non-integral parameter p is limited to the values 1 
and 2. Conversely, when it is claimed that all integral 
solutions of a homogeneous equationf are given by, formulas 





*Not all solutions (8) are included among solutions (6). When 
l=g=n =r m p = ], (8) gives r = —ly=2,2=7,w =3. If thi 
solution were of the form (6) for integral a, b, c, d. p, then p= +1 by 
z = — Land, by z = 7, + (ct + 5d) = 7, which is impossible in integers. 

+ As to its rational solutions, if we except the rare cases in whieh recur- 
ring series are used, when a homogeneous equstion has been completely 
solved in rational numbers, the unknowns Zu, Ts, -+-+ are expressed as 
homogeneous polynomials fi, with integral coefficients, of the same degree 
in certain independent rational parameters A, B, ---. Writing A = ka, 
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involving a rational parameter, it should be in the sense of 
an abbreviated statement with explieit indication of easily 
performable operations leading to formulas containing only 
integral parameters. Strietly speaking, we do not produce 
a solution in integers except by a finite number of additions 
and multiplications performed upon independent integral 
parameters. These statements are in accord with the evident 
. intention of writers on this subject, even though their con- 
clusions are not proved and very frequently are erroneous. 


$ 5: A Theorem concerning Pairs of Equations. By way of 
contrast with § 2, § 3, we note that it is true that the problem 
of solving any Diophantine equation in rational numbers is 
equivalent to the problem of solving the corresponding homo- 
geneous equation in rational numbers. In fact, by definition 
we can pass from the one equation to the other by a substitu- 
tion like (3). Thus, if x, y, z, ke (w + 0) give a rational 
solution of the homogeneous equation, then X, Y, Z give a 
rational solution of the corresponding equation. Conversely, 
any rational solution X, Y, Z of the latter gives the solution 
x= wX, y = wY, z = wZ, w of the homogeneous equation, 
. where w is any rational number. Here there is no delicate 
question of sorting out solutions of a desired type from those 

initially obtained. 
f Tan UNnIvERSITT op CHIcAco, ’ 


February 15, 1920. 
B = kb, --:, where a, b, ++, are integers without a common factor, we 
obtain ` 
Zi = pfi(a, b, see), zı = pf2(a, b, see), DER 


where p alone takes rational values. If a homogeneous equation in three 
unknowns represents a unicursal curve (of genus zero), its rational solutions 
must be of this form, as shown by Hilbert and Hurwitz, Acta MATHE- 
MATICA, vol. 14 (1890-1), pp..217-24. Some writers have expressed their 
solutions as non-homogeneous polynomials in parameters pı, ++, ps; to 
E to homogeneous polynomials, we have only to use new Ben 

‚Pı = p/P, «++, Px = pilP. One writer used parameters su ject to an 
equation of condition, which a later writer solved, and passed to Independent 
parameters. The case of dependent parameters is a prelimi stage in 
the treatment of the problem. For details on these points, with references, 
see ,the writers History of the T. of Numbers, vol. 2 (Di ing 
grapo, Carnegie Institution of ington, 1920, pp. 556-8, 646, 
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ON THE FOURIER COEFFICIENTS OF A 
CONTINUOUS FUNCTION. 


BY DR. T. H. GRONWALL. 


(Read before the American Mathematical Society September 8, 1920.) 


It is well known that when 


24 EG cos nd + by m 


18 he Fourier expansion of a function f(6) is is real and 
continuous for 0 = 0 = 2r, ‘then Eiaa? + bn?) converges. 
Here the exponent 2 cannot in general be replaced by a smaller 
one; in fact, Carleman* has constructed an example of a 
continuous f(8) where &(a,? *? + ba?) diverges for any 
6 > 0, and this example has been simplified by Landau. t 

In the present note it will be shown that, given any single- 
valued real function o(x), subject only to the condition that pix) 
becomes infinile as x becomes infinite, there exists a real continu- 
ous function f (8) whose Fourier coefficients an, ba make the series 


D (an? + be (rs) 


divergent. Assuming o(x) = 2°, where 6 > (, and observing 
that (a? + 5)? < at + b, we have the particular result 
referred to above. 

If we denote by f1(8) the function conjugate to f(6), and’ 
write z = ei, F(z) = f(6) + 1f1(8), the AN expansion of 
F(z) is Dens", where co = ao/2, Ca = an — ibn (n > D). 
Our statement will be proved by ine a function F(z) 
continuous for |z| = 1 and such that Zjc„|?o(1/|er |?) 
diverges. This will be done by means of the following result 
due to Hardy and Littlewoodt and used by Landau, loc. cit., 
for a different purpose: 

* 

E a TR 
tE. Landau, Bemerkungen gu einer Arbeil des Herrn Carleman, MATHE- 
MATISCHE ZEITSCHRIFT, vol. 5 (1919), pp. 147-153. 


tG. H. Hardy and J. E. Lit ewood, Some problems of Cor taina 
approrimation, Acta MATE., vol. 37 (1914), pp. 155-236. See p. 220 
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Let £ be a real irrational number such that all the denominators 
in ds expansion in a continued fraction are bounded (for instance 
E= 2 or any quadratic irrationality). Then there exists an 
A = A(Ẹ) independent of n and z such that for any n = 1, and , 











any z on the unit circle |z| = 1, 
2 erfier An. 
rol 
Making 
F > entre 
#2) = a", 
(a) AG 


we have therefore |F,(z)| < A for |z| = 1; writing k, = mo 
++ -e + n and assuming d, to be such that Z|d,| 
converges, we find that the series 





FQ) = È dF, @) 


converges uniformly for |z| = 1, so that F(z) is continuous on 
the unit circle. Multiplying by z-*— dz and integrating along 
the unit circle, we may integrate term by term to the right on 
eccount of the uniform convergence, and the Fourier coef- 
fcients c, of F(z) are thus found to be 


er 


n = de 
IW Dë 


Consequently 


(n=k, +1, ky +2, ---, ky + n). 


H 


ei 1 n 
nel )= |d,]? y 
we, | | (cr) | | o( in): 
aad since v(x) becomes infinite as x becomes infinite, we may 
choose each n, so that , 


( m \ (D, 

"Nei al 

waere Z|D,| is any given divergent series. With this choice 
of n,, it follows that 2 |cn|?p(1/|cn|?) diverges, which proves 
our theorem. 


TECHNICAL STAFF, 5 
OFFICE OF THE CHIEF OF ORDNANCE. 
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EXTENSION OF AN EXISTENCE THEOREM FOR A 
NON-SELF-ADJOINT LINEAR SYSTEM. 


BY PROFESSOR H. J. ETTLINGER. : 
(Read before the American Mathematical Society December 31, 1919.) 


In a recent paper* the writer established the existence of at 
least one real characteristic number for the non-self-adjoint | 
system 

1 d du u 
o | ran | - 66 Yu = 0, 


) 
2) U, = Auu(a) — A2K(a)u,(a) 

— A,su(b) + AuK(bhu.(b) = O0 (i= 1,2), 
satisfying the following conditions I, II, III, IV, V, and either 
VI A or VIB: 

I. K(x, À) and G(z,X) are continuous, real functions of x 
in a = gz = band for all real values of À in the interval 


A(A1 < A < As). 


II. K(x, X) is positive everywhere in (a, t), A. 

III. The sets of real constants Aı, and As, are not pro- 
portional. 

IV. For each value of x in (a, b), K and @ do not increase 
as À increases. 





1 Tim DU H _ max G _ 
ue aa min K ©, aca, max TR 
VI A.t Dis Days = 0, together with either 
(a) Dai + Die +0, Du =0, De 20, 
r 


(b) Di + Di = 0, Dis + Doe +0, D: 5&0, Dis =O. 
VI B. Dis: Daa + 0, together with either 
(a) Deg > O0 or (b) Dy =0, Du > 0. ° 
* Existence theorem for the non-self-adjoint linear system of the second 
order, ANNALS OF MATHEMATICS, vol. 25 (1920), pp. 278-290. 


Au Ay 
TD, Es Anl“ 





(à 
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fa 


It is the purpose of this note to extend this theorem to the 
non-self-adjoint system 


(1) £ | Ke À) A — Glz, Nu = 0, 


(3) U, = AnQ)u(a) — An M)K(a)us(a) — As Au(b) 
ETC ENEE 
satisfying conditions I, II, IV, V, and the following new con- 


_ ditions: III’, either VI’ A or VI’ B, either VII A or VII B or 
VIL C or VII D or VII E, and VIII. 


III’. Ai, (A) and 4s;(A) are two independent sets of functions 
continuous in À throughout A. 

ND A. Dy) = = 0, Da) = 0, or DA) + 0, Dahl) =0 
together with either 


(a) Da) + DEM +0, Dulit © =0, D:4(A1 + ©) = 0, 


or 
(6) DA) + DD = 0, Dis?) + DEN) + 0, 
| Dax, + €) £ 0, Dal; + €) £ 0. 
VI’ B. Du “Du + 0, together with either S 
(a) Da(Aı + €) > 0, 
or 
(b) DQ) = 0, Duld: + à) > 0. 
VII A. 


2040 dl en al Dun lan 
VII B. 





Du) + 0, a[5 | <0, 


together with either Da A) = 0, or 


Des) +0 and A ES | =0. 
VC 
Dayro 4[ bua) JE 0 





* Ad(A) = (À + AA) — HA) for AA > 0. 
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together with either D4Q) = 0, or 


Du #0 and AE 
A) 





VII D. 
Dis 


Dz) 





es 
Le. 


Da A) = 0 and al 
together with either DA) = 0, or 


Da A) = = 0 and A 
VII Er Either Doihl = 0, or 


Du) +0 end al 


together with either JA) = 0, or 
Da) + 0 and A Eas | s0. 
VII. ADı: Ass — Als: ADu £ 0. 
The types of (3) which we shall consider are the following: 
Type I. (a) Du) = 0, DQ) #0, 
(b) Daf) +0, DuA) = 0. 
* Type II. DA) -Dsa(A) > 0. 
Type II. DuA) Dal) < 0. 
Then the various sets of non-self-adjoint conditionst are 
A A 7 0  DaQ) a) 
DuA). DuA) 0 
B ( 0 DA) PN = 
7 N DuA) Das) 


( 0 Dx) 0.00 D 
) 
ki 


=0. 


ES 
Es 
DA) < 
| N 





DuA) Da 
Ka 0 D a 
DA) Das) 
Bas Da) ; Peo 
DuA) Da) DasQ) 
* Evidently the alternative conditions VIT hold for the corresponding 


set of conditions enumerated later. 
+ See Annas or MATHEMATICS, loc. cit. 
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These conditions ensure the validity of the theorems* used 
in the proof of the existence theorem stated above, and the 
proof follows exactly as in the original theorem. 


UNIVERSITY op TEXAS, 
July 30, 1920. š 


ON THE CAUCHY-GOURSAT THEOREM. 
BY R. L. BORGER. 
(Read before the American Mathematical Society December 30, 1919.) 


In order to prove his integral theorem, viz: /of(z)dz = 0, 
Cauchy found it necessary to assume not only that the deriva- 
tive f’(z) existed but also that it was continuous. Later, 
proofs were given by Goursat and by Mooref in which the 
mere existence of f’(z) was shown to be sufficient for the truth 
of the theorem. These were based upon the analysis of the 
complex variable. 

From the standpoint of the real variable many interesting 
investigations have developed around the Cauchy-Goursat 
theorem. They have depended upon Green’s theorem. 
Porter,t using the Riemann integral, proved that with proper 
restrictions upon the component functions, U and V, of the 
complex function, Green’s theorem was true, and hence that 
Cauchy’s integral theorem was also true, even when the 
derivative f’(s) did not exist.‘ Montel,§ by means of the 
Lebesgue integral, proved Green’s theorem under the hy- 
pothesis that U,, V,, exist, are bounded, and satisfy the 
equation 

U,= Vy, 


except at most in a set of measure zero. He was then able 
to prove the integral theorem, and the existence of the deriva- 
tive f’(z) for a function of the complex variable f(z) in the 
closed region considered. The existence, then, of the deriva- 


* Cf. Existence theorems Jor the general, real, self-adjoint linear ` vc of 
the second order, TRANSACTIONS AMER. Mars. Soc., vol. 19 (1918 
| Taansactions Amer. MarTa. Society, vol. 1 (1900). 
ANNALS OF MATHEMATICS, (2) ), vol. 7 (1905-6). 
it ee SCIENTIFIQUES DE L'ÉCOLE NORMALE SUPÉRIEURE, (3), vol. 
24 1907 ` 
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tive is not necessary for the proof of the integral theorem under 
the restrictions that were imposed upon the partial derivatives 
by Montel.or by Porter. 

It is the purpose of this paper to show that Montel’s re- 
strictions as to the boundedness of the partial derivatives are 
not necessary. By means of the Denjoy integral* it will be 
shown that the line integral of the ordinary Green’s theorem 
vanishes when taken along all closed curves that lie entirely 
inside the region and that possess a length. From this is 
follows that it is possible to establish the Cauchy integral 
theorem without assuming the existence of f’(z). 

We shall prove first the following theorem. 

THEoREMm. If U(x, y) and V(x, y) are continuous functions 
of (2, y) which have finite partial derivatives, Uz, V y, that eatisfy 
the equation 

U,=V, 


in each point of a closed region, R, then 


On) | Dn) f” Tate, mdr, 


(Dn) S Da) f led 


exist and are equal for any rectangular region a = x = a', 
b = y =b within R. 
Since U,(xz, y) is finite in R, we have 


O (Dn) | Ul, de = UG, y) - Ua y). 
Then 


On) d ” Dn) f U(x, y)dedy ` 


= (Dn) Í [Us 4) — Ula, Aën 


exists, since U(x, y) is continuous in (x, y). Similarly, since 
by hypothesis U, = Ha we can establish the existence of the 
integral 

*The Denjoy integral will be denoted by the symbol (Dn) f. Con- 


cerning its properties, see Denjoy, Comprus Rannus, vol. 154 (1912), pp. 
859-862; and ebrandt, this BULLETIN, vol. 24 1917), pp. 140-144. 
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On) Tue D Ule, dyd. 


To prove the equality of these two double integrals we 
prove that 





ð ðF 69F 
(2) Izo ay OR” 
where 
y 
F(z, y) = (Dn) | Dn) (Gusti 
Since ; 
7 f 
P(e, 9) = (Dn) | (Ux) — Ue, Did, 
we have i 
oF 
ay = U, y) zZ U(a, y), 
whence 
ð ðF 
(3) dx ay == U, (x, y) = V (z, y) 
Differentiating F(z, y) first with respect to x, we find 
GE. AR _ oe U(x + Az, y) — U(x, y) 
De = Lim zz = Lim Ow | ee 


y 
= Lim (Dn) f U.(a + 6Az, y)dy. 
Aert b 


Since U, = V,, we have 


oF | y 
— = Lim (Dn) d UG + 0Az, y)dy 
dr Ax=0 b j 


y 
= Lim (Dn) V,(x + 0Ax, y)dy 
b 


Ag=0 
= Lim [V (x + 6A%, y) — V (£ + 6A, b)] 
Ar) 
= Fis, y) = V(x, b). 
It follows that 
: d OF 
Oude. v(x, y) = Ua; y), 


\ 
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whence, by (3), 
00F : ð âF 


= a ës 


“a ðk” ap ap 
GEET 


a dr dn dy 
| = (Da) | Ut és 


whence 
Ké "à OF “TOF 
© On f wf asof [Few 


ab 
| = (a, y) | dy 
(D) f (Dn) IT Day 
p b a 


= F(a’, b’) — F(a’, An — F(a, b’) + F(a, bi. 


Integrating the right member of (4) with respect to y and 
then with respect to x, we get 


r "9 OF 
(Dn) L (Dn) f sae Wde 


= Fa’, bn — F(a’, b) — Fla; bn + Fla, b). 
whence 


è "a OF ‘7’ a dF 
(Dn) f (Dn) d oro = (Dn) 14 (Dani d ay da WA 
or 


e Dn) f (Dr) f” Ueto, mary 
| = (Dn) [ (Dr) Te ade. 


To prove ie Udy + Vdz = 0, where C is a closed curve that 
has a length, we consider first the case in waich C is a rectangle. 
The application of this theorem to the line integral over the 
rectangle follows from (6) and the equality U.=V,. Wehave 


[va + Vdz = 0, 
Cc 
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where the Denjoy integral reduces to the Riemann integral, 
since U and V are continuous. 

By well known methods* this can be extended to any 
tectifiable curve bounding a simply connected region. Hence 
we have the following theorem. 

Tasorem. If U and V are continuous functions of (x, ai 
possessing finite partial derivatives Uz, Vy, and if 


U.= Vy, 
in a region R, then 


f Day + Fesi 
O 


` \ 
over any rectifiable curve C bounding a simply connected domain 
lying wholly within R. 

The proof of the Cauchy integral theorem is immediate. 
Moreover if this theorem is satisfied by a continuous function 
f(z), we know that f(z) is analytic. We may then state our 
results as follows. _ 

THEOREM. The necessary and sufficient conditions that 
‘Sf(@)dz = 0 oper any rectifiable curve C bounding a simply 
‚connected region lying entirely within a domain R are: that the 
component functions U, V of f(z) = DL CH possess finite 
partial derivatives in R and that they satisfy the Cauchy-Riemann 
equations ` 

U:= Vọp U, = —-Vz. 


It may be noted that the existencet of f’(z) in any point zo 
requires: 
(a) The existence of Us, Uy, Vz, Vy; 
b) Uz= Vy; Uy=—Vz; ` 


ðU ðU dh dh 
(c) AU — (a+ a), av (Z astay) 


infinitely small with respect to |Ax| + |Ay|. Hence the 
hypotheses of the preceding theorem are less restrictive than 
those of Goursat.t 


Oxo UNIVERSITY, 
ATHENS, OHIO. 
July 10, 1920. 





* Goursat, Mathematical Analysis, vol. IL, part 1, p. 67. 
+ Fréchet, Noen sa ANNALES vol. 19 (1919), p. 219. 
t TRANSACTIONS, Jon. ot. & 


Sy 
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ON A GENERAL ARITHMETIC FORMULA OF 
LIOUVILLE. 


BY PROFESSOR E. T- BELL. 
(Read before the American Mathematical Socisty April 9, 1921.) 


1. Introduction. In his History of the Theory of Numbers 
(vol. 2, chap. 11), Dickson gives a resumé of the present state 
of the celebrated general formulas of Liouville in the theory 
of numbers, and remarks that the only formula for which no 
proof has been published is (Q) of the sixth article. Some 
years ago I developed an analytic method of complete general- 
ity suitable for dealing with all such arithmetic questions, and 
I applied it incidentally to the proofs of Liouville’s formulas. 
By means of this method we may immediately paraphrase any 
identity between elliptic, abelian or theta functions, provided 
only that it contains the arguments of the functions and is nct 
merely an identity between constants, into another identity 
between arithmetic functions of the greatest generality, such, 
for example, as those considered by Liouville. 

A detailed account of the general principles upon which tke 
method is given in my paper in the January number of the 
Transactions. In a continuation of the same paper which 
is to appear later, there is a selection of illustrative examples 
including some of Liouville’s formulas and others of new kinds. 
Since the formula (Q) is not among these, however, I shall 
give a proof of it here. This formula is in fact unique among 
all of Liouville’s, for it is the only one which depends imme- 
diately upon the addition theorems for the elliptic functions. 
It will be necessary first to recall a very special case of a general 
theorem established in the paper just mentioned. b 


2. A general Theorem. Let f(x, y) denote a function of the 
arguments x, y which takes a single definite value whenever 
x and y are positive, zero or negative integers, and let the 
a, b, e, and d denote integers. Then if the following equation 
is an identity in u and v, %,a; sin b, u sin ew = 0, we can infer 
that D.a,f(b,, c) = 0, for f(x, y) defined as above and sub- 
jected to the conditions 


fie, y) = -f- z, y) = — fe, — y), JO, y) = 0 = f(z, 0). 
Beyond these conditions f(x, y) is zenera_ in the widest sense. 
A proof of this result will be found in the paper cited above. 
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3. The Formula (Q) of Liouville. Let us write for brevity 
u = 2K fr, ku = h, and consider the following obvious iden- 
tity, in which accents signify derivatives with respect to % 
or with respect to v, 


hsnu(u+-v)[(ksnuu) (hsnpo)’— (hsna) (hsnuu)'] 

= hsnu(u—0)[(hsnuu) (hsnu) + (hsnuo) (hsnuu)']. 
From the classical E for snuu we have at once 
kenn = 432q"/"(Z sin du), (hsnuu)' = 42q"?(E d cos du), 


where the first summation extends to all m = 1, 3, 5, ---, and 
the second to all the divisors 1, d, ---, m of m. Replacing i in 
the identity the sn, sn’ functions E their equivalent series 
and then equating coefficients of like powers of q, we find 
after some easy reductions the following identity in u, v, 


Sd,lsin (dı+d,)u sin (di-+-d,)o—sin (d1+- dau sin (dit-dy)o 
+sin (8:—ds)u sin (d;+d;)o—sin (dı+-ds)u sin (d1—ds)t] 
= Zdalsin (dı+d,)u sin (dı-d,)o— sin (dı-d,)u sin (dit+ds)9 
+ sin (dı-d,)usin (d,—d,)o—sin (d1— da)u sin (di —ds)0], 


+ where the summations refer to all positive divisors di, da, ds 
defined by 


"m = mı + Mo + ma = did, m= dës, ms = daôs, 


m, M1; Ma, mg being odd and positive and m constant. Hence 
by the theorem quoted in $ 2, 


Zdalf(d1 + ds, di + ds) — fd + de, di + ds) 
~ + f(di — ds, di + da) — f(dı + da, di dall 
= Zds[f(d: + ds, di dal — f(d1 — de, di + ds) 

| + fdr — da, da — ds) — f(di — de, da — dl 


Now putting Ÿ(x, y) = f(x, y) — fly, x), we see that dis, y) 
has a single determinate value whenever z and y are positive, 
zero or negative integers, and that ÿ(x, y) satisfies the condi- 


tions 
W(-—2y = — Ye, y) = dt, — y) = vy, 2), 
y0, y) = 0 = dt, 0). f 
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Moreover, if ¥(z, y) is the most general function satisfying 
all of these conditions, we can put (2, y) = f(z, y) — fly, xi 
without loss of generality. A brief discussion of such ques- 
tions is given in section III of the paper cited. Hence from 
the identity for f(x, y), we infer at once that 


Zelt, + ds, di + de) + (di — ds, di + gail 
= Zdslÿ(di + ds, di — dz) + dien ds, di — a 


and this is the formula (Q) of Liouville. 

The 39 forms of the addition theorems given by Jacobi in 
section 18 of the Fundamenta Nova imply a multitude of such 
consequences, many of which are of arithmetic interest. 

The author wishes to express his indebtedness to Professor 
Frank Nelson Cole for encouragement and inspiration, not 
only in this paper, but for much of his other mathematica! 
work. 


UNIVERSITY OF WASHINGTON, 
January 19, 1921. 
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General Theory of Polyconie Projections. By Oscar S. Adams. 
Washington, United States Coast and Geodetic Survey. 
1919. Special Publication No. 57. 174 pp. 

There are many ways of representing, or projecting, the 
‚surface of the earth, or parts of it, upon a plane. Any system 
of lines may be chosen to represent the parallels of latitude. 
and a second system to represent the meridians. The book 
before us is designed to give a full account of. the so-callec 
polyconic projection, that is the projection in which parallels 
of latitude are represented by arcs of a non-zoncentric system: 
of circles with collinear centers. The line of centers is usually. 
but not necessarily, taken for the central, or principal, 
meridian., The mathematical problem consists in setting up 
the equations for the meridians under various hypotheses, 
methods for constructing the meridians, spazing the parallels, 
determining the magnification, and so forth. These details the 
author has worked out for various cases, deriving the formulas 
for the ellipsoid as well as for the sphere. 

Stereographic projection is one type of polyconic projection. 


\ 


4 
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The author devotes considerable space to it,\taking for the, 
plane of projection the equatorial plane, or the plane of a 
meridian, or the plane of the horizon of a given place. 
Another important case is that in which a given parallel is 
represented by a circle whose radius is equal to an element 
of the tangent cone to the earth’s surface along the parallel 
and included between the point of contact and the vertex. 
Parallels are spaced along the central meridian in proportion 
to their true distances along this meridian. This is the case 
usually referred to as polyconic projection. (See the article 
on Mathematical Geography by Col. Sir A. R. Clarke in the 
ENCYCLOPAEDIA BRITTANICA.) This projection has been used 
extensively by the U. S. Coast and Geodetic Survey. 
The book might be improved considerably by numbering 
the formulas and by making the important ones stand out 
. more prominently than is done in the text. For example, the 
equation for a meridian in the general polyconic projection is 
derived on page 12 without comment as to its basic importance, 
indeed without stating that it is the equation for a meridian. 
Those who are interested in the practical construction of 
-maps will no doubt find the book of great assistance, and to 
these it must make its appeal. ‘ 
‘ L. W. Dowume. 


Einleitung in die Mengenlehre. By A. Fraenkel. Berlin, J. 

Springer, 1919. iv + 155 pages. ` 

The author proposes to give an introduction’ to the theory 
of infinite sets which can be understood by anyone who has 
sufficient interest and patience. No other prerequisites are 
set down. The author tells that he had experience in this 
sort of presentation during the recent war, when he lightened 

` many wearisome hours by explaining Mengenlehre to his com- 
rades in the field. 

Among the chapter headings are: the concept of: set; the 
concepts of equivalence and infinite sets; countable sets; the 
continuum; the concept of cardinal number; comparability 
of cardinal numbers; operations on cardinal numbers; ordered 
sets and types of order; linear point sets; well-ordered sets, 
well-ordering and its significance; logical paradoxes and the 
concept of set. 

The choice of topics and the extent to which eäch topic is 
treated are well determined. Scientific honesty is not sacrificed 
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for (apparently) easy assimilation by the reader. Of course, 
the treatment of many of the above topics must be incomplete 
in a presentation such as is given in this book, but the author 
points out any incompleteness in each definition or proof, and 
suggests possible ways of filling the lacunae. 

Some of the exposition is prolix, but prolixity is difficult 
to avoid in an exposition designed for the general reader. 
Even with ‘this prolixity the book is very readable. Mary 
examples well illustrate the abstract treatment of the various 
topics. Some of the more detailed anc technical material 
which may be omitted without destroying the continuity of 
the exposition is printed in small type. 

In the last chapter the author becomes dogmatic in some 
statements concerning the principle of selection (das Auswahl- 
prinzip) of Zermelo; but enough is said to enable one to see 
that the author’s point of view is not the only possible one. 
The axiomatic setting up of the theory of sets according to 
Zermelo, the paradoxes which are to be evoided in this way, 
and the bearing of the problem of well-ordering on these 
matters. are explained here quite clearly, considering the 
limitations imposed by a popular exposition of these abstruse 
subjects. The method of logicizing, and more particularly 
the theory of types of Russell, are not mentioned, although a 
footnote reference to Russell’s books is given. 

The book should be very useful for upper collegiate es | 
in mathematics and for those interested in mathematical 
philosophy in a general way. It should help to introduce’ to 
a wider circle the ideas and methods of a fundamental and 
interesting branch of mathematics. 

S ` G. A. PFEIFER. 


Descriptive Geometry. By Ervin Kenison and Harry Cyrus 
Bradley. New York, The Macmillan Company, 1917. 
vii + 287 pp. 

This is one of a series of texts on topics in engineering 
edited by E. R. Hedrick. In their preface the authors 
state, “This book represents a teaching experience of more 
than twenty years on the part of both the authors at the 
Massachusetts Institute of Technology. ... The point of 
view : +: is + + + that of the draftsman. Mathematical 
formulae aid élite computations have been almost entirely 
suppressed. . . . The method of attack throughout the bock 
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is intended to be that which shall most clearly present the 
actual conditions in space....The amount of ground 
covered is that which is considered sufficient to enable the 
student to begin the study of the technical drawings of any 
line of engineering or architecture. It is not intended to be 
a complete treatise on descriptive geometry. Detailed exposi- 
tion of such branches as shades and shadows, perspective, 
stereographic projection, axonometry, the solution of spherical 
triangles, etc., will not be found.” 

Questions relating to points, straight lines, and planes 
occupy the first three-fifths of this text; while the latter part, 
including twenty-two of the fifty-two problems, is devoted to 
tangent lines and planes, and to curved surfaces and their 
intersections. The first two problems,—to find the traces of 
a straight line, and to find its projections from its traces,— 
are on pages 24 and 25. The third problem,—to find the 
true length of a straight line,—is found thirty pages further 
along, after four chapters on simple shadows, the representa- 
tion of the plane, the profile plane of projection, and secondary 
planes of projection. After a chapter on simple intersections 
and developments, there follow twelve problems grouped into 
three chapters on lines in a plane and parallel lines and planes, 
on perpendicular lines and planes, and on the intersections 
of planes and of lines and planes. The fifteen problems in- 
volving the revolution and counter-revolution of planes follow 
a chapter on the intersection of planes and solids. 

Of the ten problems on tangent planes there are three each 
for cones and cylinders, and two each for spheres and double- 
curved surfaces of revolution. Then follow problems on the 
intersection of a plane with a cone, a frustum of a cone, a 
cylinder, a prism or a pyramid, and a double-curved surface 
of revolution. The book is concluded by problems on the 
intersection of two cylinders, of a cylinder and a cone, of two 
cones, of a sphere and a cone, of two surfaces of revolution 
whose axes intersect, and of any two curved surfaces. 

These problems are carefully worked out with figures, 
analysis, construction, general case, and special cases. They 
will probably bring to the student an idea of the general 
methods employed. The one criticism that the reviewer 
would, suggest is the absence of exercises to be worked out by 
the student. The book gives, however, an interesting pre- 
sentation and is quite worth careful study. 

£E. B. Cowıer. 
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| NOTES. 


The January number (vol. 43, no. 1) of the AMERICAN 
JOURNAL OF MATHEMATICS contains the following papers: 
Multiple binary forms with the closure property, by A. B. Coble; 
Einstein’s theory of gravitation: determination of the field Ey 
light signals, by Edward Kasner; Note on Einstein’s equation 
of an orbit, by Frank Morley; A one-to-one representation of 
geodesics on a surface of negative curvature, by H. M.' Morse; 

Conjugate systems with indeterminate axis curves, by E. P. 
`. Lane. 

NATURE has published a special number (vol. 106, no. 2677, 
February 17, 1921) devoted entirely to discussions of various 
aspects.of relativity theory. It contains papers by Professor 
A. Einstein, Mr. E. Cunningham, Sir F. Dyson, Dr. A. C. D. 
. Crommelin, Dr. C. E. St. John, Professor G. B. Mathews, 

Mr. J. H. Jeans, Professor H. A. Lorentz, Sir O. Lodge, 
Professor H. Weyl, Professor A. S. Eddington, Dr. N. Camp- 
bell, Miss Dorothy Wrench and Mr. H. Jeffreys, and Professor 
H. W. Carr. x i 


The National Research Council requested Professor H. L. 
Rietz, of the University of Iowa, to call together a small group 
for a preliminary conference to discuss the desirability of a 
committee of the Council in the field of the applications cf 
mathematics to statistics, and to make appropriate recom- 
mendations. This group consisted of Professors J. W. 
Glover, E. V. Huntington, Raymond Pearl, and W. M. 
Persons, and the conference was held in Washington, January 
21-22. : : 


The gold medal of the Royal Astronomical Society has been 
awarded to Professor H. N. Russell, for his contributions to 
the theory. of stellar evolution. 

The Paris Academy of Sciences has awarded 3000 francs 
from its Loutreuil Foundation to Henri Brocard and Léon 
Lemoyne, for the publication of the second and third volumes 
of their work entitled Courbes géomériques remarquables planes 
et gauches. : 
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At the University of Toulouse, Professor Buhl has at his 
own request been transferred from the chair of general mathe- 
matics to that of the differential and integral calculus. 

Canon J. M. Wilson has been elected president of the British 
Mathematical Association. 

At the Massachusetts Institute of Technology, Assistant 
Professor Joseph Lipka has been granted leave of absence for 
the year 1921-1922. He intends to study in Rome. 

At Cornell University Mr. H. S. Vandiver has been awarded 
a subvention from the Heckscher Research Foundation to 
support investigations on the theory of algebraic numbers. 

At Westminster College, New Wilmington, Pa., Associate 
Professor J. V. McKelvey, of Iowa State College, has been 
appointed Professor. 


Professor Georges Humbert, of the Ecole Polytechnique 
and the Collége de France, member of the Paris Academy of 
Sciences in the section of geometry, died January 22, 1921, 
at the age of sixty-two years. 3 


} 
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Pythagoras 

p: Gre "Problem der Differentialrechnung. Die Brūcke des Dif- 

eren 
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chstabenrechnung. Berlin, Selbstverlag, 1920. 8vo.8 pp. 
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è . 2 
THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


The two hundred fourteenth regular meeting of the 
Society was held at Columbia University on Saturday, 
February 26, extending through the usual morning and 
afternoon sessions. The attendance included the following 
thirty-five members: 

Professor J. W. Alexander, Mr. D. R. Belcher, Professor A. 
A. Bennett, Professor E. W. Brown, Dr. G. A. Campbell, 
Dr. Tobias Dantzig, Dr. Jesse Douglas, Professor L. P. 
Eisenhart, Professor H. B. Fine, Mr. R. M. Foster, Mr. Philip 
Franklin, Dr. T. C. Fry, Professor O. E. Glenn, Dr. T. H. 
. Gronwall, Dr. C. C. Grove, Dr. A. A. Himwich, Professor 
E. V. Huntington, Mr. S. A. Joffe, Professor Edward Kasner, 
Professor O. D. Kellogg, Dr. E. A. T. Kircher, Dr. K. W. 
Lamson, Mr. Harry Langman, Professor G. W. Mullins, 
Professor F. W. Owens, Dr. E. L. Post, Professor H. W. 
Reddick, Professor L. W. Reid, Professor R. G. D. Richardson, 
Dr. J. F. Ritt, Dr. Caroline E. Seely, Professor L. P. Siceloff, 
Miss Louise E. C. Stuerm, Professor H. D. Thompson, Pro- 
fessor E. B. Wilson. 


Ex-President H. B. Fine occupied the chair. The Council 
‘announced the election of the following one hundred fourteen 
persons to membership in the Society: 


Professor Orrin Wilson Albert, Grinnell College; 

Professor David Robert Allen, University of tah; 

Mr. Elbert Frank Allen, University of uri; 

Professor Charles Lincoln Arnold, Ohio State University; 

Miss Mary Caroline Ball, N: orthwestern Universit 

Professor Wightman Samuel Beckwith, Ohio Northèrn University; 

Mr. William Noel Birchby, California Institute of Technology; 

Dr. Edwin Mortimer B Ə, Brooklyn, N. Y.; 

Miss Rachel Blodgett, Harvard Universi 

Professor Rosser Daniel Bohannan, Ohio laté University; 

Professor John David Bond, Agricultural and Mechanical College of Texas; 

Mr. Frederick William Bor mer, , Syracuse University; 

Dr. Henry Roy Brahana, niversity of Illinois; 

Professor William Mayo Brodie, re Polytechnie Institute; 

Mr. Bancroft Huntington Brown, Harva niversity; 
fessor"Lillian Olive Brown, Hood Geh 

Professor Frank Newton Bryant man University; 

Miss Minnie Wilford Caldwell, l, Hardin College; 

Miss Evelyn Teresa Carroll, Wells College; 


I 
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Mr. Ming-Cheng Chow, University of Cineinnati; 

Mr. Oliver Charles Collins, University of Nebraska; 

Professor Allan Ray Con don, University of Nebmska; ` ~- 
Miss Mary Lucile GO? University of Oregon; 

Miss Julia Dale, University of Missouri; 

Mr. Harold Thayer Davis University of Wisconsin : 
Miss Alice Crowell Dean, Rice Institute; ` 
Professor Dewey Stevens Dearman, Millsaps Acacemy; 

Professor Alexander Dillingham, United States Neval Academy 5 
Professor Eleanor Catherine Dosk, Mount Holyoke College; 

Mr. Theodore Doll, Northwestern University; 

Rev. Joseph Nicholas Donohue, Notre Dame University; 

Mr, Finis Omer Duncan, University of Missouri; 

Miss Edna May Feltges, University of Wisconsin; 

Mr. Malcolm il Foster, Yale University; 

Mr. Ronald Martin Foster, American Telephone and Telegraph Company; 
Mr. Percy Austin Fraleigh, Cornell ker 

Mr. Bennington Pearson Gill, College of the City of New York; o we 
Mr. Rutherford Erwin Gleason, State University af lowa; 

Miss Neoma Lillian Goldsberry, University of Misacuri; 

Professor Cornelius Gouwens, Iowa State llege; 

Professor Harry Emil Gudheim, Virginia Pol ic Institute; 

Professor Truman Leigh Hamlin, Clarkson College; 

Mr. Robert William ey, University of Pennsylvania; 

Miss Camilla Hayden, University of Wisconsin; 

Dr. Henry Benjamin Hedrick, United States Army Ordnance; 

Miss Gertrude Anne Herr, Iowa State College; 

Dr. Carl Einar Hille, Tniremity of Stockholm; ; 

Professor Allan Wilson Hobbs, University of Nortk Carolina; 

Miss Clarice Sarah Hobensack, Ohio State University; 

Miss Helma Lou Holmes, University of Texas; ` 
Professor Alfred Hume, University of en ! 
Mr. William Anderson Hutcheson, Mutual Life Insurance Company; 
Mr. Mark Hoyt Ingraham, University of Wisconsin; 

Miss M t Eloise Jones, Ohio State Univeral 

Professor Frederick Albert Lewis, University of 

Dr. Peysah Leyzerah, Lehigh University; 

Professor Louis Lindsey, Syracuse University; ; ` 

Mr. Joe Burton Linker, University of North Carolina; 2 

Mr. Ralph Alden Loring, Dartmouth College; 

Mr. Harold Marshall Lufkin, Cornell University; ` 

Professor Edward Hiram McAlister, University of Oregon; 

Miss Mary Bell McMillan, Wisconsin State Normal ool, River Falis; 
Mr. Israel Maislish, Reed College; 

Mr. Edward Lawrence Milne, Lake Forest Academy; 

Mr. Thessalon Herbert Milne, University of Alberta; 

Mr. Gordon Richmond Mirick, University of Rochester; 

Mr, Allen Guy Montgomery, University of West Virginis; 


. ty; 
Mr. Ray Dickinson Murphy, Equitable Life Kae Society; 
Dr. Almar Naess, Naval Academy of Norway; 
Dr. Jason Jobn Nassau, Syracuse University; 
Mr. Charles Edward Norwood, United States Army Ordnance; 
Professor John Hutcheson Ogburn, Lehigh Universizy;, ° e 
Professor Earnest Jackson Oglesby, New York University; 
Mr. Jesse Otto Osborn, Pennsylvania State College; 
Mr. Leroy Elden Peabody, Yale University; ` 
Miss Elsie Marie Plapp, University of Wisconsin; 
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Mr. Hillel Poritsky, Cornell University; _ | 
Miss Jessie Grace Quigley, University of Missouri; 
Mr. Ottis Howard hard, University of Wisconsin; 
Professor Jacob Charles Rietz, Ohio State University; 
Professor Lulu Runge, University of Nebraska; 
Mr. Howard er Ais a Dartmouth College; 
Mr. Charles Robert Sherer, University of Nebraska; 
Professor Thomas McNider Simpson, Jr., Randolph-Macon College; 
Miss Helen Florene Smith, Iowa State College; 
Professor Merlin Grant Smith, Greenville College; 
Mr. Marvin Reinhard Solt, Lehigh University; S 
Professor Charles Stillman Sperry, University of Colorado; 
Mr. Eugene Stephens, Washington University; g 
Mrs. Elizabeth n Stickney, University of Illinois; 
Miss Louise Elisabeth Cathrine Stuerm, American Telephone and Tele- 
: graph Company; i 
--Professor Mary Clegg Suffa, Elmira College; 
Mr. Frank Elmer Swift, Notre Dame University ; 
Mr. James Henry’ Taylor, University of Neb ; 
Mr. Van B. Teach, Ohio State University; 
Mr. Joseph Miller Thomas, University of Pennsylvania; 
Professor Perley Lenwood Thorne, New York University ; 
Professor Joseph Ellis Trevor, Cornell University; 
Professor Joseph Henry Tudor, Pennsylvania State College; 
Professor Horace Scudder Uhler, Yale University; p 
Professor Harry Clark Van Buskirk, California Institute of Technology; 
Mr. Charles Conroy Wagner, Pennsylvania State College; 
Mr. Lewis Edes Ward, ard University; : 
Professor Emery Ernest Watson, Iowa State College for Teachers; 
Professor Warren Weaver, University of Wisconsin; 
Professor Ross Albert Wells, Michigan State Normal College; 
Mr. Karl Leland Wildes, Massachusetts Institute of Technology; 
Professor Robert Daniel Williams, Ohio State University ; 
Professor Charles Owen Williamson, College of Wooster; 
Professor Harold Albert Wilson, Rice Institute; 
Mr. Frederick Wood, University of Wisconsin; 
Dr. Roscoe Woods, State University of Iowa; 
Miss Jessica May Young, Washington University. 

‘Twenty-four applications for membership in the Society 
were received. 

The Council voted to accept the invitation extended by the 
American Association for the Advancement of Science to 

` affiliate with it. Professor E. B. Van Vleck was appointed a 
representative of the Society in the division of physical 
sciences of the National Research Council, as successor to 
Professor H. S. White, whose term will soon expire. 

The final report from Professor E. R. Hedrick, as chairman 
of the Committee on membership and sales, was received, and 
the comnrittee was discharged at its own request, with the 
thanks of the Council for its notable services at this critical 
time. In all one hundred thirty-two applications for member- 
ship and seventy-seven subscriptions to the TRANSACTIONS 
for the current year have been received through this committee. 


a 
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Questions of policy were raised concerning dues for foreign 
members, concerning choice between BULLETIN and TRANS- 
ACTIONS in the case of foreign members, concerning sales and 
exchanges of publications with foreign societies and libraries, 
and concerning individual or concerted efforts to aid foreign 
journals. It was voted to authorize the President to appoint a 
committee to consider these and related questions. 

The secretary was requested to write on behalf of the 
Council a letter of felicitation to Professor Magnus Gösta 
Mittäg-Leffler on the occasion of the seventy-fifth anniversary 
of his birth, March 16, 1921. 

A letter from Professor F. N. Cole was read to the Council, 
donating to the Society the sum which accompanied De ` 
testimonial tendered him at the preceding meeting of the 
Society in recognition of his very distinguished services. It 
was voted that the Council accept the gift and extend to 
Professor Cole its heartiest appreciation of his generosity; 
it was further voted that this fund shall constitute and be. 
designated as the Cole Fund, and the President was requested 
to appoint a committee to: consider the use to which the 
income can best be devoted. The Council approved the 
suggestion that the present volume of the BULLETIN be 
inscribed to Professor Cole. 

‚The papers read at the February meeting are stated below. 
Those of Mr. Rice, Professor Glenn, Professor Moore, D>. 
Zeldin, and Miss Mullikin, and the second paper of Dr. Ritt, 
were read by title. 


1. Mr. L. H. Rice: Coefficient of the general term in the’ 
expansion of a product of polynomials. 
_ The writer shows, first, that in the expansion of the product 
(ay + as + +++ + geliës + +++ + el: (ami + Om) Om the 


coefficient of the general term Aa®ta8?..- aban, where 
Q&Q La <- <M, 18: 


a (ERER) 


EA 


More generally, in the expansion of the product 
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EEE ae aa U, 
i ' -e (a, + ang + +++ + an) 


the coefficient of the general term Babtaf? -- afs, where 
Qi e One ee < ayj; 18 


ee) a, 


paat KC Beer za 
| z KI : 


where od is the number of oe in the factors of the given 
product. 


d 


2. Professor E. V. Huntington: The mathematical theory of 
proportional representation, with a substitute for least squares. 

The author shows that the new method of apportionment 
which he presented at the December meeting may be based 
on the follows categorical set of postulates (in which A, 
B, C, -++ are the populations of the states, and a, b, c, - . the 
number of representatives assigned to each): I. For the case 
of two'states, the ratio between A/a and Bjb (or a/A and b/B; 
or A/B and a/b; or B/A and b/a) should be as near unity as , 
possible. II. No pair of states should be capable of being 
improved by a transfer of representatives within that pair. 


3. Professor F. W. Owens: On the apportionment of repre- 


, sentatives. 


This paper compares various used or proposed methods of 
apportionment, pointing out what might be considered as 
advantages and disadvantages, with illustrative examples. 
It is also shown that a justification of the method of major 
fractions may be found in a form of least squares. Suggestions 
are also offered as to special treatment of the first representa- 
tive from each state. 


4. Professor Arnold Emch: On the polar equation of algebraic 
curves. 
The author studies the transformation 


(1) ozi = ma? — z), Gag’ = 2gig, giel = (t? + 2) 
between two planes (x’) and (x), which occurs in the change 
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from polar to cartesian coordinates. If we set zı/xs = t 
= tan (6/2), æofxs = p, Lila’ = x, je’ = y, the polar 
equation of an algebraic curve F(p, cos 6, sin 8) = 0 may be 
written in the form &*(t, p) = 0, or (21, ze, 23) = 0. By 
means of the transformation (1) the equation ¢ = 0 is trans- 
formed into the projective equation f(a’, 22’, x3’) = 0 of the 
algebraic curve F = 0. Interpreting ¢ in the projective 
plane (x), we may speak of the 6-curve. The fundamen:al 
points of the transformation (1) are the double point (0, 1, D), 
and the single points (1, 0, 0), (1, 0, 2), (1, 0, — à). 

It is shown that to the polar equation in the ¢-form of 
order n and deficiency p, in a general »osition, i.e., inde- 
pendent of the fundamental points, corresponds an algebraic 
curve f of order 3n and the same deficiency. The singularities 
of f are discussed in detail and are described in full. 

Reductions in the order of f and in its multiple points due 
to the passage of & through the fundamental points or the 
arrangement of the points of ¢ in couples are also considered. 
The method outlined in this paper is useful in studying the 
singularities of an algebraic curve from its polar equation. 


5. Professor O. E. Glenn: Generalization of the concept of 
invariancy derived from a type of correspondence between func- 
tional domains. Second proof of the finiteness of formal binary 
concomitants modulo p. 


Two functional domains D, Q may be sc related dat by a 
transformation, there exists, for furctions e of D, an invariant 
relation el = ro while a correspondence p ~ w with functions 
w of Q holds which implies also w = sw. There follows 
p = qw where e, in some particular cases, is the same function 
of its arguments as is w, and in other cases a different function. 
Combining the above with a theory of invariant elements, the 
author obtains a proof of the finiteness of formal modular 
concomitant systems in better alignment with formal methods 
than his proof given at the December (1920) meeting. 


6. Professor R. L. Moore: Concerning the sum of a countable 
number of closed point sets. 

In the TÔHOKU MATHEMATICAL JOURNAL, vol. 13, June, 
1918, pp. 300-303, Sierpinski shows that, in a space of m 
dimensions, if the sum M of a countable number of mutually 
exclusive closed point sets is closed and bounded, then M is 
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nor connected. He points out that if the stipulation that M 
be bounded is removed the thus modified proposition holds 
form = 1 but not for m = 3. He raises the question whether 
it holds for m = 2. Professor Moore answers this question 
by showing the existence of an unbounded closed and con- 
nezted plane point set which is the sum of a countable number 
of mutually exclusive closed point sets. He shows, in addi- 
ticn, that Sierpinski’s theorem remains true for every m if 
tha stipulation that M be bounded is retained but the stipu- 
lazion that M be closed is replaced by the stipulation that if 
there be any limit point of M that does not belong to M then 
the set of all such limit points be closed. ` 


7. Dr. S. D. Zeldin: On the simplification.of the structure of 
finite continuous groups with morg than one two-parameter 
irvariant subgroup. | 

In this paper the author Ee how the structure: of a 
gcoup of order r + 2k with k > 1 two-parameter invariant 
subgroups can be simplified if its meroedrically isomorphic 
group of order r has one invariant spread. He shows that 
the adjoint of the group G;3:3 has 2k + 1 invariants, one of 
which is the invariant of the adjoint of the isomorphic group 
G,, and by considering the different possible forms of these 
invariants he finds some of the corresponding structural 
constants: 


8. Dr. J. F. Ritt: Periodic functions with a multiplication 
theorem. 

Let f(z) represent, a uniform analytic -function with no 
essential singularity in the finite part of the plane, and peri- 
odie, either simply or doubly. Dr. Ritt determines all cases 
-n which a number m exists such that f(mz) is a rational 
junction of f(z). The results are practically negative. The 
modulus of m cannot be less than unity. If |m] > 1 and if 
f(z) is simply periodic, f(z) is a linear function of eer or of 
cos (az + 8), where B is restricted to certain values. If 
|m] > 1 and if f(z) is doubly periodic, f(z) must be a linear 
function of p(z + 8), except in the lemniscatic and equi- 
anharmonic cases. In the lemniscatic case f(z) may be a 
linear function of p?(z + B) and in the equianharmonic case 
it may be a linear function either of p#(z + 8) or of p’(z + B). 
For |m| = 1, there is a wider variety of possibilities. 

| e 
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9. Dr. J. F. Ritt: Note on equal continuity. 
This paper appears in the present number of this BULLETIN. 


10. Professor I. J. Schwatt: Expressions for the Bernoulli 
function of order p. 

Eisenlohr, Schlömilch, Worpitzky and others have derived 
expressions for the Bernoulli function. But their methods 
assume expansions involving the Bernou'li numbers. The 
author obtains expressions for the Bernoulli function directly 
from its definition. : 


‘11. Professor I. J. Schwatt: The expansion of a continued 
product. | 

By means of certain principles of operation with series, the 
author ‚obtains the expansion of IB_, sin #x and also of 
KEE ! sin! (kr /n) and of similar summa-ions of continued 
products. 


12. Professor I. J. Schwatt: for the summation of a 
` family of series. 
A further extension of the case which the author Basins in- 
the NOUVELLES ANNALES DE MATHEMATIQUES, (4), vol. 16, 
May, 1916, pp. 203-209, is considered i in this paper. 


13. Professor I. J. Schwatt: "Note on tha evaluation of a 
definite integral. 

The evaluation of a definite integral from ‘ts definition as a 
summation presents even for some of the simpler cases con- 
siderable difficulty. The integrals of expressions which the 
author is unable to reduce to differentials of known functions 
lead to series which he cannot sum. Some of the principles ` 
involved in the summation of series obtained during the : 
process of evaluating the definite integrals considered in this 
paper are believed to be new. 


14. Mr. John McDonnell: A propery: of the Pellian equation 
with some results derived from tt. 
This paper shows that if (t, u) be any solution of the Pellian 
equation - 
Ê— Dv’ = 1, 
_then KHN 
t+uvD = (aM LndNm, 


` 
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where (x, y) is a solution of one of the equations Ma? — Ny? 
= 1 or Ma? — Ny = 2, and MN = D, where either M or N 
may be unity. From this result certain conclusions are drawn 
regarding the fundamental solution of the Pellian equation. 
` It is shown as a further consequence that certain theorems on 
prime numbers established by’ Lucas in 1878 may be stated 
with greater precision, and the criteria derived from them 
~rendered more definite. | 


‘15. Miss Anna M. Mullikin (introduced by Professor R. L. 
Moore): A’ necessary and sufficient condition that the sum of 
two bounded, closed and connected point sets should disconnect 
the plane. dÉ 

‘The author shows that if, in a space S of two dimensions, 

.m and n are two bounded, closed, and connected point sets, 
neither of which separates S, then (1) in order that the point 
set m + n.should separate S into at least two parts, it is 
necessary and sufficient that the set of points common to 
m and n should not be connected, (2) in order that m + n 
should separate S into just two connected domains it is suf- 
ficient that the set of points common to m and n should be 

, the sum of two closed connected point sets that have no point 
in common. : 


16. Dr. T. H. Gronwall: Some empirical formulas in 
ballistics. eet 
The author deduces approximate formulas for the range 
variations due to a change in temperature and to the rotation 
of the earth in terms of the variations due to changes in initial 
. velocity, angle of departure and ballistic. coefficient, thus 
making it possible to obtain all the differential variations in 
. range by simple processes of interpolation from the ballistic 
tables devised by Professor Bennett and now being computed 
under his direction. b . 
17. Dr. T. H. Gronwall: Summation of a double series. 
In this paper, it is shown, by the use of Cauchy’s theorem, 
that the double series | 


“= (m+n-— 2)! (m+n- 1)! 
naal ml (m =A l'in! (n — 1)! 


which was encountered by Dr. K. W. Lamson in the solution 





er 


A 
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of a question in mathematical physics, has the sum 
merap | 

SEET SEELEN 
the domain of convergence being |a| + |y] <1. 





18. Professor L. P. Eisenhart: A geometric characterization | 
of the paths of particles in the gravitational field of a mass at rest. 

Schwarzschild integrated the differential equations of & 
permanent gravitational field in the Einstein theory ana 
obtained the quadratic form 


ds? = (: Dë Jar + ar - (df + sin? bdo’). 


The geodesics of the four-space with this linear element are 
the paths of a particle moving in the gravitational field pro- 
duced by a mass m at rest at the point r = 0. It can be 


‘shown that these geodesics can be identified with the geodesics 


of a three-space È with the linear element 


a= (1-™*) 


The author has shown that is characterized by the following 
properties: (i) it admits-a continuous group Ge of motions 
into itself; (ii) the ©! surfaces Sı of Z which move into 
themselves for each motion of the group form part of & triply 
orthogonal system; (iii) the directions of the curves of inter- 
section of the surfaces, S1, Ss, S3, of the triple system through a 
point P are the principal directions of & at P, in the sense 
that one of the surfaces, S1, S2, Ss, through P has the maximum 
gaussian curvature and another the minimum curvature at P 
of all the surfaces of © through P; (iv) the curvature of S; is 
different from zero and equal to the curvature of Sz or S3, 
and the curvature of the other is minus twice that of Sj. 
This paper will appear in the ANNALS OF MATHEMATICS. 





19. Professor A. A: Bennett: The equations of “interior 
ballistics. 
In this paper, the derivation and interpretation of a set of 


three fundamental equations for interior ballistics are dis- 
es 


? 
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cussed. These equations are in approximately the usual form, 
except for a change of variables. This change of variables is 
necessitated if tables are to be constructed to give all of the 
data desired for interior ballistics. The equations have been 
integrated numerically in the office of the Technical Staff of 
the Ordnance Department, and tables have been constructed 
which will shortly be published as a Government Document. 
The novelty of the undertaking consists in the introduction 
for the first time of new standard variables, which have a 
fundamental physical significance. The tables secured are . 
independent of. physical dimensions and appear to be the 
first to be published which correspond directly to the equations 
in their classical form. The results from the tables must be 
multiplied by external factors which involve the physical 
dimensions and depend upon-tie units chosen. 


R. G. D. RICHARDSON, 
Secretary. 


NOTE ON EQUAL CONTINUITY. 


BY DR. :. F. RITT. 
(Read before the American Mathamatical Society February 26, 1921.) 


The notion of equal contiruity, introduced by Ascoli, has 
acquired prominence through applications made of it by 
Hilbert, Montel and others.* A family of functions, defined 
on an interval, is equally continuous-at a point if for every 
positive number there is an interval containing the point, 
in which the oscillation of eaca of the functions is less than the 
number. 

Dealing with families of functions which are not equally 
continuous, we shall record are some properties of a function 
which will be called the saltus of the family. 

Choosing a point on the interval of definition of the func- 
tions, let ua suppose that there.exists a number for which an 
interv&l can be found, conzaining the point, in which the 
oscillation of each of the functions is less than the number. 


* For the literature on this question, see Montel, Sur les suites infinies 
de fonctions, ANNALES DE L’ECOLE NORMALE, 1907. one 
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The greatest lower bound of all such numbers will be called 
the saltus of the family at the point. If no such number exists, 
the saltus will be taken as + ©. Of course, wherever the 
saltus vanishes, the family is equally continuous. : 

The saltus is an upper semi-continuous function on the 
interval considered. Consequently, if it vanishes nowhere in 
an ‘interval, there is a sub-interval within that interval in 
which its lower bound exceeds zero.* 

We shall apply the notion of the saltus of a family of func- 


` „tions to the case of a convergent sequence of continuous 


functions. Let the'sequence of functions 


ez), ¢2(2), Wee En), ew Me 


each continuous in the interval (a; b),f converge throughout 
that interval. It is well known that wherever the sequence 
is equally continuous, the limit of the sequence is continuous. 

Suppose that there be an interval (a, 8) for no point of 
which the saltus of the sequence is zero. There must be an 
interval (a;, 81), within (e, 8), for every point of which the 
saltus exceeds some positive number e. Let oz) be any 
function of the above sequence, and x; any: point of (a, Bi). 
In a small neighborhood of zo, the oscillation cf p(x) is very 
small. But for any such small neighborhood there is a func- 
tion @:,(t), with 7; > à, whose oscillation in that neighborhood 
exceeds e. Hence there is an interval (ag, 8:2), interior to 
(a1, 81), in which ¢,,(x) differs from w..(x) by more than e/3. 
Continuing thus, we have a sequence of intervals 


Lon, B1), Los, Ba), `> ts (an, Ba), **+, 
each interior to the preceding one, and a sequence of functions 
pu), gll, evtl, ce, 
with în > 1,1, such that 


lonla) — ell >S 


throughout (an, Bn). It is clear that the original sequence 
could not converge at the points common to the infervals 


(om, Bn). 


* Hobson, Theory of Functions, p. 238. 
+ It does not matter whether the interval is taken as open or as closed. 
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We find thus Baire’s well known theorem to the effect that 
the limit of a sequence of continuous functions is at most 
point-wise discontinuous. 

In connection with convergent sequences of continuous 
functions, the saltus function here considered can be related 
with the measure of non-uniform: convergence introduced by 
Hobson and Osgood.* These two functions vanish at the 
same points, which fact shows, of course, that the above proof 
of Baire’s theorem is not fundamentally distinct from that 
based on the measure of non-uniform convergence. . There is 
no other relation of equality between the two functions. 

COLUMBIA UNIVERSITY. 


H 


A NEW METHOD IN DIOPHANTINE ANALYSIS. 


BY PROFESSOR L. H. DICKSON. : 
(Read before the American Mathematical Society March 26, 1921.) 


1. Introduction and Summary. In the preceding number 
f this BULLETIN (p. 312) I gave reasons why due caution 
’ should be observed toward the literature on the solution of 
homogeneous equations in integers. The valid knowledge 
concerning this subject is much less than has been usually 
admitted. The lack of general methods is even greater than in: 
the subject of non-homogeneous equations. The chief -aim of 
the present paper is to suggest such a method, based on the 
theory of ideals. The method is applicable in simple cases 
(§§ 2-4) without introducing ideals. 

For the sake of brevity we shall restrict attention to the 
problem of finding all integral solutions of the equation 


wy? + ar? + brè = u, 


an equation admittedt to be difficult of treatment by any 
known methods, and previously à solved completely in integers 
only in the single case a = b = 

Let us write 


n- r= Mp t= w. 
Then from the integral solutions of az? + by? = zw we must 


= Beben 13 er cit., p. 484. 
{t Carmichael, Diophantine Analysis, 1915, p. 38. 


, 


A 
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select those for which z= w (mod 2). The troublein making 
such a (simple) selection is avoided when a = 1, b = 4k — 1, 
by a reduction* to 
x? + ay + ky? = zw. 
Further, any solution of 
oi + by? = zw 

yields a solution X = az, Y=y, Z=az, W=w, of 
X? + abY? = ZW in which X and Z are divisible by a, and 


conversely. Hence our problem leads to the canonical equa- 


tion N = zw, where N is x? — my? or w+ ey + ky? We 
shall see that the theory of algebraic numbers is admirably 
adapted to the complete solution of N = zw in integers. 


2. Definition of Integral Algebraic Numbers. Let m be an 
integer other than 0 and 1, and such that m is not divisible . 
by a perfect square. The numbers r = r+ s Vm, where r 
and s are rational, form a domain of fationality (or field) 
R(Nm). Evidently 7 and its Se T’! = r — s Vm are the 
roots of the equation ` : 


D — rr + r me = 0. 


If the coefficients of this quadratic are all integers, 7 and r’ 
are called integral algebraic numbers of Bt di. A simple 
discussionf leads to the following theorem. 


THEOREM 1. The integral algebraic numbers of R( Vm) are 
a+ y0, where x and y are integers, and where . 


(1) 6 = Vmif m= 2 or m= 3 (mod 4), 
47) 9=$(1+ Vm), ® — 8+4(1— m) = 0,ifm= 1 (mod 4). 


The conjugate to £—=x+y0 is =x+y0, where 
0’ = — Vm in case (1), and 6’ = 4(1— m) in case (1°). 
The product ££’ is called the norm of £ and denoted. by N(£). 
Hence, in the respective cases, 


* Details are given in the writer’s address before the International 
Mathematical Congress at Strasbourg, in which he described the present 
method for the simplest cases, including the solution, by use of the arith- 
metic of quaternions (see PROCEEDINGS Lonpon Marx. Soc., 1921), of 
ot + Bee zw and hence of 2 + --- +22 = ze. 

if this BULLETIN, vol. 13 (1906-7), p. 350, or any text on algebraic 
numbers. 
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(2).or 2) N(w+ y6) = £ — my or e+ ay+ il my. 


3. All Rational Solutions of A (a+ y0) = zw. If 2+ 0, 
we may write Ge 


where a, b, and c are integers without a common factor greater 
than 1. Then we have 


w sta fr, vN te ne 
Net y(2,0)_ weie Metin 





z 22 
If we take p = 2/c?, where p is rational, we obtain 
(3) 2 = pac, y = pbe, 3 = pc, w= pN(a + 06). 
But if z = 0, then N(x + y0) = 0 and x = y = 0, and this 
solution is the case c = 0 of (3). 

THEOREM 2. All rational. soluïions of N(x + y0) = zw are 
given by (3), where a, b, c are integers without a common factor 
and p is rational. i ' 


4. Integral Solutions without the Use of Ideals. Not all 
integral solutions of N( + y8) = zw are obtained from (3) by 
restricting p to integral values, as was shown in $4 of my 
preceding paper. To obtain fur-her solutions, note that the ` 
norm of the product _ 


(4) a + y8 = (a+ bëite + dé) 


of two numbers of our field R(8° equals the product of their 
norms. * Hence N(x + y8) = zw has the solution 


(5) z= N(c+ dé), w= Nta + b0), ‘x, y by (4); 
` or explicitly, | : 

(51) zs ac + mbd, y = ad + be, z= © — md, 
“w= a — mb’, m = 2 or 3 (mod 4): 

(m — 1) à 

(5) 2 = a+ 7 bd, y=ad+be+ bd, 

séet mie, w=a+ab+i(1— mb, 
where m = 1 (mod 4). - 
We shall restrict attention to integral values of a, b, c, and d 
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without a common factor. The products of the resulting 
numbers (5) by an arbitrary rational number p give all 
rational solutions of N(x + y0) = zw, since those products 
reduce to, (3) when d = 0. 

When the field R(6) is such that its integral algebraic 
numbers «+ y6 obey the laws of divisibility of arithmetic, 
we shall prove that all integral solutions of N( + y8) = zw 
are given by the products of the numbers (5) by an arbitrary 
integer p, where a, b, c, and d are integers without a common 
‘factor. We have merely to show that when the products of 
the numbers (5) by an irreducible fraction n/p are intege-s, 
‘ "so that the numbers (5) are divisible by p, then the quotierts 
are expressible in the same form (5) with rew integral param- 
eters in place of a, b, c, and d. It suffices to prove this for tae 
prime factors (equal or distinct) of p, since after each of them 
has been divided out in turn, p itself has been divided ovt. 

Let therefore p be a prime which divides the four numbers 
(5). If p divided both d and b, it would divide also c and a, 
in view of z and w, contrary to the hypothesis that a, b, c, 
and d have no common factor. By the interchange of a 
with c and b with d, x and y remain unaltered, while z and w 
are interchanged. Hence we shall be treating one of two 


entirely similar cases if we assume that d is not divisible by ». . 


The prime p divides the product z of c+ dë and c + dé’, 
without dividing either factor. For, if s+ d0 or c + di’ 
= ç + d(a — 6), where x = 0 or 1 in the respective cases (1) 
or (1’), were the product of p by k + 18, where k and (are 
integers, then + d = pl, whereas d is not divisible by p. 
Since the laws of divisibility of arithmetic were assumed to 
hold for the integral numbers of R(6), it follows that p is nct 
an algebraic prime, but decomposes into p = wx’, where r 
and +’ are conjugate primes.* By choice of the notation 
between r and 7’, we may assume that r is the one of the two 


prime factors r and m’ ‚of p which divides c + d0, and we may . 


write 
(6) c+dd=x(C+ Do), %=pN(C+ DB), 


where C and D are integers. Since x and y are divisible by g, 


| “Otherwise, p would be a product of three integral algebrai® numbers, 

- no one a unit, and its norm p? would be a product of three integers no ona 
of which is +1. A unitu is an integral algebraic number which divides 
unity, whence N(u) = +1 (+ 1 if m is negative). 


t 
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andic + d8 is divisible by , but not by the product p= zl, 
it follows from (4) that a + b9 is Ge by +’, ie. 


(7)  a+bB=r(A+B0), w= pN(A + BO), 


where À and B are integers. 
Comparing the product of (6) and (7) with (4), we have 


e+ y= pE+ 06), E+ n= (A+ BEC + DO). 


Hence the integral quotients £ = x/p, n = y/p, 2/p, w/p are 
of the form (5) with a, b, c, and d replaced by the integers 
A, B, C, and D, This proves the following theorem. 

. THEOREM 3. All integral solutions of N(x + y6) = zw are 
obtained by multiplying an 'arbitrary integer by the numbers 
(5) in which a, b, c, and d are integers without a common factor 
(in brief by the formula which expresses the fact that the norm of 
the product of two numbers a + 66 and c+ dë of the field R(6) 

‚ equals the product of their norms), provided the integral algebraic 
numbers of the field R(6) obey the laws of divisibility of arith- 
Metic, and this condition is satisfied only for the following 45 
values* of m numerically < 100, m having no square factor: 


m= — 1, — 2, — 3, — 7, — AG 19, — 43, — 67, 2, 3, 5, 
6, 7, 11, 13, 14, 17, 19, 21, 22, 23, 29, 33, 37, 38, 41, 43, 46, 47, 
58, 57, 59, 61, 62, 67, 69, 71, 73, 77, 83, 86, 89, 93, 94, 97. 


5. Definition of Ideals. Known Theorems. When the laws 
of divisibility fail for the integral algebraic numbers of a 
field, we may restore those laws by the introduction of ideals, 
as was first done by Kummer for a field defined by a root of 
unity, and by Dedekind for any algebraic field. By an ideal 
of a field R(6) is meant any set S of integral algebraic numbers 
of R(@), not composed of zero only, such that the sum and 
difference of any two (equal or distinct) numbers of the set S 
are themselves numbers of this set, while every product of a 
number of the set S and an integral algebraic number of the ' 
field R(8) is a number of the set S. 

* The a The Sore in which all ideals of the field are RE ideals, J. er: 

1907, tables, pp. 346-858. Dickson, t is BULLETIN, vol. 17 


Eege pe. 534-7, proved ihat ifm = — P is negative, 163 is the only 
value of tween 67 and 1,500,000. 
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If s ranges over the numbers of an ideal S, and 81 ranges 
over the numbers of an ideal Sı, where S and Sı are ideals of 
the same field R(#), then the products ss; and their linear 
combinations with rational integral coefficients form an ideal 
of R(6), called the product of the factors S and Sı, and denoted 
by SS, or by SiS. 

For quadratic fields, the case in which we are here interested, 
the theory of ideals has been developed quite simply.* Two 
notations are needed. First, [k, ?] denotes the totality of 
linear homogeneous functions of k and l with rational integral 
coefficients. Second, {k} denotes a principal ideal, defined as 
the totality of the products of k by integral algebraic numbers 
æ + y0 of our field R(8), where x and y aze rational integers. 
Hence we have 


{k} = [k, k6]. 


THEOREM 4. In a quadratic field R(), where 6 is defined by 
(1) or (1°), all ideals are given by [ne, n(f + 0)], where n, e, f 
are rational integers such that 


(8) or (8) P= m(mode), P+ft zd — m)=0 (mod eh, 


in the respective cases (1) or (1’). 

THEOREM 5. In a quadratic field R(6). the product of the 
ideal [ne, n(f + 6)] by its conjugate [ne, n= f+ 6’)] equals the 
principal ideal {n"e}. 

The positive integer n*|e| is called the normof [ne, n(f + 8)]. 
The norm of any principal ideal {k} is |Ntk)|. 

An ideal S is said to be divisible by an ideal T when there 
exists an ideal Q of the same field such chat S = TQ. An 
ideal, which is different from the principal ideal {1} and is 
divisible by no ideal other than itself and {1}, is called a prime 
ideal. 

THEOREM 6. If a prime ideal divides AE, it divides A or B. 
Every ideal which is neither {1} nor a prime can be expressed 
in one and but one way as a product of a finite number of prime 
ideals. Hence ideals obey the laws of divisivility of arithmetic. 

Two ideals A and B are called equivalent if there exist 
principal ideals {a} and {8} such that {a}A = {ß}B; we 
write A ~ B. If A is equivalent also to C, with {8} 4*= {y}C, 

* Dickson, this BULLETIN, vol. 13 (1906-7), pp. 353-6; and, for a very 


detailed treatment of the case m = — 5, ANNALS OF MATE. (2), vol. 18 
(1917), pp. 169-178. 





~ 
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then {86}B = {ay}C and B is-equivalent to C. Hence all 
the ideals of a field which are equivalent to a given one are 
equivalent to each other, and are said to form a class of ideals. 
The principal class contains all the principal ideals and no 
others. For, if A ~ {1}, {æ} 4 = {8}, so that the number ß 
of the product is in {a}, whence $ is divisible by a, and 
A= {fla}. 


8. Application of Ideals to our Problem. We now dispense 
with the assumption made in §'4 that the integral algebraic 
numbers of our quadratic field R(6) obey the laws of divisi- 
, bility of arithmetic. We shall examine by means of the theory 

of ideals our assumption that the solutions (5) of 


(9) i N(x + y0) = zw 


are all divisible by the prime p. The prime ideal {p} therefore 
divides the product {z} of the principal ideals {c + dô} and. 
{e + d6’}, without dividing either of the latter. Hence {p} 
is not a prime ideal (§ 5). Thus {p} = PP’, where P and Dr 
are conjugate prime ideals (which may coincide). By choice 
of the notation between P and P’, we may assume that P 
is the one dividing {c + dëi. i.e. i 


(10) {c + d8} = PL, 


where L is an ideal of our field R(8). By hypothesis, p divides 
x and y, whence, by (4), {p} = PP’ divides the product of the 
principal ideals {c + d0} and {a+ b0}. Since {e+ d6} is 
divisible by P, but not by PP’ = {p}, it follows that {a + b0} 
is divisible by P’: 

A) {a + b0} = P'T, 


where T is an ideal of our field R(#). 

(a) First, let L be a principal ideal. Then, by (10), P 
is equivalent to the principal ideal {1} and hence Pisa princi- 
pal ideal. Evidently its conjugate P’ is a principal ideal. 
Then, by (11), T is equivalent to, and hence equal to, a prin- 
cipal ideal.’ Hence equations (10) and (11) between principal 
ideals yield* equations (6) and (7) between numbers of our 
. field, from which we conclude as in § 4 that the quotients of 





* After inserting or removing unit factors, since {x} = {A} implies 
that à is the product of Aby aui and conversely, 
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x, y, 2, and w by p are the form (5) with a, b, c, and d est 
by new integers A, B, C, and D.* 

(b) Second, let L be equivalent to an idea S which is not 
a principal ideal. If 8” is the conjugate to S, SS’ = {e}, 
where 3 is a rational integer (Theorem 5). Then we shall 
have LS’ ~ SS’ = fe}, so that LS’ is a principal ideal {5}. 
Multiplying (10) by S’, we get 
(12) S’{e+ do} = Pf}. 
Multiplying (12) by. S, and’using SS’ = fe}, we see that 
SP {5} is a principal ideal, so that SP ~ {1}, whence SP isa ` 
principal ideal. Its conjugate S’P’ is a principal ideal. But 
the product of (11) by SS’ = {ei shows that S’P’-ST is a 


principal ideal. Thus ST ~ {1} and ST is a principal ideal 
fe}. Hence, by (11), i 


(13) Sta + bo} = Pie}. 


By the norms of the members of (12) and (13), in connection 
with (5), we get 


lez| = \eN(e + d8)] = p|N(8) |, 
lew| = |eN(a + 50) | = pIN(|. 
By hypothesis, x, y, z, and w are divisible by p. Hence N(8) 


and N(e) are divisible by e. By comparing the product sf 
(12) and (13) with (4), we get 


te} {2,1 y0} = ip} {de}. 


Hence e(x + y0)/p = deu, where x is a unit. Replacing ew: 
by e, we conclude that the quotients of x, y, z, SE w by pare 
integers X, Y, Z, and W, such that 

N(6 
(14) im, E W = + — 


€ 


le 


The requirement that de, N(8), N(e) be divisible = e may 
be expressed by congruential conditions modulo e upon the 
four coordinates of 6 and e (cf. §7). In the future we shall 
retain only the upper sign in (14) and ns that the 
discussion, with omission of the details ie to an and (18), leads to 


the quadratic forms of all divisors of the numbers represented by tke 
quadratic form N, 
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simultaneous change of signs of Z and W in any solution leads 
to a companion solution which will not be listed. Our initial 
solution (5) is the case e = 1 of (14). The removal from (5) 
of a prime factor led us to the solutions (14). Bearing in 
mind that we must remove from (5) in succession the various 
prime factors of the common factor of the numbers (5), we 
may state the following lemma. Ze 

Lemma. From each class of ideals of the field R(6), where 0 
is defined in terms of m by (1) or OU), select a representative 
ideal and call its norm e. For each e impose on the coordinates 
of 6 and e the conditions that the divisions indicated in (14) are 
possible and derive the resulting solution (14) in integers. 
Similarly, examine the conditions that the four numbers in any 
such formula (14) shall be divisible by an arbitrary one of the 
numbers e and derive the resulting solution in integers. Delete 
one of two such solutions if they are equivalent, i.e. of they difer 
only by a change of integral parameters. Repeat the process until 
closure results, so that the final sets of solutions Sı, ---, S3 are 
such that, when the numbers of any S; are divisible by any e, 
the resulting solution is equivalent to one of Si, +++, Sx. Then 
all integral solutions of N(x + y6) = zw are integral multiples 
of 81, ---, Su | | 

The theory of the correspondence* between classes of ideals 
and classes of quadratic forms and the theory of the composi- 
tion of classes would seem to entitle us to pass from the 
preceding result to the following conjectured theorem. 


THEOREM 7. Select a representat we S = [e, f+ 6] of each 
class of ideals of the field R(Nm), and define 0 by (1) or (1’). 
Then all integral solutions of N(x + y8) = zw are integral 
multiples of ` 

æ = eln + fng — flr — gar, y = lr + ng, 
(15) z = eË + 2flg + o, w = en? — 2fnr + gr, . 
m = 2 or 3 (mod 4), f?-—eg=m, 


x =eln+fng—(f+Dlr—ggr, y=lr+ng, 
(16) z =el+(2f+1)lg+ 99, w= en?— (2f+1) nr gr’, 
m=1 (mod 4), (2f+1)?—4eg= m. ‘ 
* To S and its conjugate S’ correspond z and w, while to their product 
= principal ideal) corresponds N (x + y8), which therefore can be obtained 


tom z and w by composition. suggests another, but more technical, 
approach to our whole subject. 


In 


or of 
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When S is the principal ideal {1}, e = 1, f = 0, (15), and 
(16) with n replaced by n + r, become (51) and (52) for l = c, 
q=dn=a,r=b. 

I have verified Theorem 7 for m = — 14, — 17, — 46, 
when there are 4 classes of ideals; form = — 26, when there 
are 6 classes; for all values of m numerically < 100 for which 
there are 2 or 3 classes ($ 7); and when there is a single class 
($4). A general proof is being sought b one of my students, 
Sie is also applying the method to other types of Diophantine 
equations. 


7. Cases of 2 or 3 Classes of Ideals. The following result, 
in connection with Theorem 3, disposes of all positive values 
of m < 100, except m = 82, in which case alone the number 
of classes of ideals exceeds 3. 

THEOREM 8. For the 37 values of m between — 100 and + 100 
and without a square factor for which there are exactly 2 or 3 
classes of ideals in the field R(Vm), all integral solutions of 
N(x + y0) = zw are integral multizles of (5) and (15) or (16), 
where e and f take the one set or the two sels of values in one or 
two ideals [e, f + 6] which together with {1} give representatives 
of the 2 or 3 classes of ideals. 

For m = 2 or 3 (mod 4), 0 = Vm, we write 


(17) ` 5=D+q, e=E+n. 
Then 


up D më, Ne= E- me’, 
(18) (8) mp (e) m 


ôe = DE + mgr + (Dr + Ea)6. 


First, consider an ideal S = [e, f + gl for which e is a prime 
factor of m. By (8), f = 0 (mod e) and we may take f = 0. 
Note that every ideal, not a principal ideal, is equivalent to 8 
when * m = — 6, — 10, — 22, — 58, 10, 26, 30, 42, 58, 70. 
74, 78 with e = 2, and when m = 51 or 66 with e = 3. The 
numbers (18) are divisible by’e if and only if D and F are. 
For D = el, E= en, (14) become (15) with f = 0. 

Second, for m= 3 (mod 4), let S = [2, f+ 6]. By (8), 
we may take f= 1. Note that every ideal, not a.principal 
ideal, is equivalent to S when m = — 5, — 13, — 37, 15, 35,. 
39, 55, 87, 91,95. Since (18) shall be divisible by 2, D = q+ 21, 
E = — r + 2n, and (14) with e = 2 become (15). 


* Sommer, Zahlentheorie, 1907, pp. 346-358. (Tables.) 
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Third, for m = 2 or 3 (mod 4), m= 1 (mod 3), let S = 
(3, f+ 6]. By (8), we may take f = 1 or — 1. Form= 31 
or 79, the three classes of ideals are represented by {1} and the 
two S's; for m = 34, La two classes are represented by {1} 
and S with f= + 1. The numbers (18) are divisible by 3 

fand only if D = +g, E= Fr(mod3). ForD = q+ 3, 
E= Fr än, (14) with e = 3 become (15) with f = +1. 

These three main cases cover all the values of m between 

— 100 and + 100 for which m = 2 or 3 (mod 4) and for which 
there are exactly 2 or 3 classes of ideals. 

It remains to verify closure. Let x, ---, w in (15) be divis- 
ible by e. For our first case, f = 0 and g = — m/e is not 
divisible by e, whence q = r = 0 (mod e). The last is true 
‘also in our second case e= 2, f = 1, g = (1 — m)/2 odd. 
For q = ed, r = eb, the quotients of (15) by e are of the form 
(51) with a= n — fb, c = l-+fd. In the third case e = 3, 
f= +1, either g = r = 0 (just treated) or l = fgq, n = — fgr 
(mod 3). 

First, let g = — 1 (mod 3) ard hence replace l by — fg + 31, 
and n by fr + 3n; the quotierts of (15) by 3 are of the form 
(15) with e replaced by 9, f by — 2f, and g by (g + 1)/3. 
For m = 31, we apply to z = (9, — 2f, — 3), with f = + 1, 
in succession the substitutions 


01 
El A F1,+1, F5, 


and obtain (— 3, + 4, 5), 6, £1, — 6), (— 6, + 5, 1), 
(1,0,— 31). The produet of these substitutions is/=2c+11d, 
q = F5c+ 28d. Usingalson = 2a + 11b,r = + 5a + 28b, 
we see that our solution becomes (51). 

Next, let g = + 1 (mod 3) and hence replace ! by fq + 31, 
and n by — fr + 3n; the quctients of (15) by 3 are 

a= On + 4fng — 4fls — har, y = lr + n, 
(19) z= IT Silo + hê, w= Int — Sfnr + hr’, 
h = (3 + 5)/3. 


For m = 79, apply to z = 19, + 4, — 7) in turn 


01 
aa) =+], 8=F1. 
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We obtain ! . ; 
z = 10? + ld — 32=¢ for ee 


q = Fs-— 2%. But our initial z in (15) with e = 3,f = +1, 
g = — 10, becomes — ¢ for l = — t+ 2s, q= 8. Eliminat- 
ing 8 and t, we see that if we replace l by + 1— 34, q by 
F Be, n by Fn“ 3q, and r by 2n + Be in (19), we obtain 
— y, — z, — w of oùr initial (15). But by the change of the 
le of q and r in (15), y is changed in sign, while the effect on 
x, 2, w is to change the sign of f. 
Finally, let m = 34, e = 3, f=+1. In (19) we take 


"le — c+ bd, q= ce — 5d, n = c + 6b, r = a + 5b, and ob- 


tain (51) with z and w changed in sign. 

Let m = 1: (mod 4), 8 = a(1 + Vm), and née an ideal 
S of the field R(6) for which e is a prime factor of m. By (8°), 
we may take 2f + 1 = e. Note that every ideal, not a prin- 
cipal ideal, is equivalent to S when m = — 35, 65, 85 with 
e= 5; m= — 5l, e= 3; and m= — 9, e=7. By (2°) 
and (17), 

N(6) = D? + Do+ ill- mg, 
(20) N(= P+ Er+4(l-— mr, 

ôe = DE + Hm — 1)gr + (Dr + Eg + rg). 

Thus 
4N(8)= 2D +} zs  AN( = 2É+r} = 0 (mod 8). 
Hence write D = fq + el, E = — e+ Ur + en. Then (14) 
give (16). To prove closure, let the numbers (16) be divisible 
by e. Since m is not divisible by e, g is not divisible by e. 
Hence q = r = 0 (mode). ‘For q = ed, r = eb, the quotients 
of (16) by e are of the form (5:) for a = n — (f+ 1)b, 
c=1+ fd. 

Let m = 1 (mod 4e), where e is a prime. By (8’), we may 
take f = 0 or f = — 1, and obtain conjugate ideals. The 
conditions that (20) be divisible by e are 


DD+9=0, EE+n=0, DE=0, 
(D+ gi + r) = 0 (mode). 
Hence either D = E+r=O0ork=D+q=09. For D=el, 
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E = — r+ en, (14) become (16; withf=0. For E= en, 
D = — q+ el, (14) become (16: with f = — 1. We may 
restrict the proof of closure to the first case. For, our two 
cases are interchanged by the substitution s = (DE)(qr)(nl), 
which by (17) and (14) gives rise t the interchange of 6 with e, 
and z with w. But s replaces x y, z, w of (16) with f = 0. 
by a, y, w, z of (16) with f = — 1. The numbers (16) with 
f = 0 are divisible by e if and only if either q = r = 0 (treated 
above), or L= — gq, n = gr (mod e). | 

First, let g = 0 (mod e). Replacing l by el and n by en 
in (16), we see that the quotients >y e are of the form (16) with 
e replaced by €? and g by ole, while f remains zero. For 
m = — 3], e = 2, whence g = 4. we replace l by q, q by — l, 
n by —r, and r by n, and obtain (16) with f= — 1. For 
m = — 15,e = 2, we replace l by — d, q by c + d, n by b, and 
r.2y — a, and obtain (52). 

Next, let g= +1 (mod ei Write l= Fq + eQ, 
~ n=+r+ehR. The quotients of (16) with f = 0 by e are 


z= QR — (1 + e)rQ F 2gR — ogr, y = Qr + Ra, 
(21) 3 = eQ?+ (LF2e)Qq+ og. w= ¢R?— (1 2e) Rr or, 
o = 1 + (g F 1)/e. à 


For m = — 23, e = 2, we have g = 3 and may choose the 
upper signs. Replacing Q by — q, q by l— q, R by r, andr 
by — n — r, we obtain (16) wita f = — 1. ; 

For e = o = 3, the upper signs give TEn m = — 83, 
and the lower signs give g = 5,72 = — 59. Replacing Q by q, 
q by — l q, R by r, and r by — n Fr, we obtain — x, — y, 
a w of (16) with f = — 1. 

These values — 15, — 23, — 31, — 35, — 51, — 59, — 83, 
— 91, 65, 85 are the only ones o? m between — 100 and + 100 
which are = 1 (mod 4) and for which there are exactly 2 or 3 
classes of ideals. Hence Theorem 8 is proved. 
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THE TRANSFORMATION OF ELLIPTIC INTEGRALS. 


BY PROFESSOR J. H. MCDONALD, 


1. Introduction. Jacobi discoveréd the transformation of 
the fifth order and proposed the problem of the transformation 
of order n. The solution of a system of algebraic equatiors 
is required. The number of arbitrary quantities is equal to 
the number of equations, but the direct solution could not be 
effected. The introduction of the inverse functions and the 
periods furnished a transcendental solution which cannot be 
regarded as complete till the transcendental elements are 
eliminated since the periods are not given. Cayley attempted 
an algebraic solution without success, as did also Clifford. 
Cayley says: 8 

The extension of this algebraic theory (Jacobi’s determina- 
tion of the transformations of degrees 3 and 5) to any value 
whatever of n is a problem of great interest and difficulty: 
such theory should admit of being treated in a purely alge- 
braical manner; but the difficulties are so great that it was 
found necessary to discuss it by means of the formulae of the 
transcendental theory, in particular by means of the expres- 
sions {nvolving Jacobi’s q (the exponential of —7k’/k), ---. 
In the present memoir I carry on the theory algebraically as 
far as I am able; and I have, it appears to me, put the purely 
algebraical question in a clearer light than has hitherto been 
done; but J still find it necessary to resort to the transcendental 
theory.” 

In what follows the solution of Jacobi’s system of equations 
is given independently of the transcendenta. theory and the 
foundation laid for a purely algebraic treatment of the whole 
subject of transformations. 


2. Jacobi’s Problem. Let s, Z be two conics such that it 
is possible to find a polygon of n sides inscribed in s and cir- 
cumscribed about 2. Then, by a well known theorem, there can 
be described an infinity of polygons having the same property. 
Let a parameter ¢ be introduced on the conic s; then the 
values of the parameters of the vertices of any polygon of the 
system are given by an equation f(t, À) = 0 of degree n in ¢ 
- and of the first degree in À. 


H 
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To see this, let the equation fsbe? + zz = 0 or z = É, 
y=t, z=1. Then any quadratic equation a®+bt+c 
= a(t — tı)(E — tg) = 0 may be regarded as determining the 
line joining the points whose parameters are # and. Any 
equation f(tı, 3) = 0 may be regarded as defining an envelope, 
viz. of those lines determined by values tı, te satisfying the 
equation. If the equation is of degree n and symmetric in 
D and # the curve enveloped is of class n, if unsymmetric of 
class n+ m where n and m are the degrees in 4, f. Let 
Ah, ++, An represent n + 1 points on s; then the equation 
ol An + +--+ + an/An represents for different values of a; 
curves tangent to the lines j joining any two of the points A. 
This equation may be written in the form 


zZ 


Qi _ a, ay 
(ir — as) (tg — a) 0, PE a Feen 








or 





FE) + Xe) _ FE) + Ae 
eh) eh) ` 


` This curve is tangent to the lines joining pairs of points given 


by f® + Ag) = 0 and is of class n. It may be seen also 
that when a curve of class n touches all lines joining pairs of 
a system of n + 1 points on a conic it touches the lines formed 
from an infinity of systems of n + 1 points on the conic. 
Suppose a conic & tangent to n+ 1 of the lines, the con- 
stants a; can be determined so that the curve of equation 
Z ailA,.= 0 touches n additional tangents of 2, or so that 
the curve and Z have 2n + 1 tangents in common, or so that 
the curve must decompose and contain Z as one part together 
with a residue T. The curve ZU is tangent to the lines 
joining pairs of a succession of systems of n + 1 points on the 
conic s and the conic & is inscribed in a polygon of n+ 1 
sides connecting the points of each system. The curve D also 
decomposes into conics or conics and a point when n+ 1 is 
odd. For let tı, --~, tn41 be the parameters of the vertices of 
any polygon dicuniseribed about È and belonging to the systems 
and suppose them taken in order. Then the line joining t; 
to tp envelops a conic. For the relation between t; and ti» 
is doubly quadratic, since to t; correspond t,+p and tp (the 


-~ subscripts taken modulo n + 1). Hence this relation must 


be of the form 


a 
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A(t? + t?) + Bit + Chili + t) + DO + à) 
+ Ett? + F = 0, 


being necessarily symmetric. The envelope of the line must 
be of the second class. If ti» = tp, the relation must be 
doubly linear and the envelope must be of the first: class. 
This would occur if n+ 1 = 2m and p = m. 

The polynomial whose roots are tı, -~ +, fait as has been seen, 


must be of -the form f(t) + A(t), or must belong to an in- 


volution. The double elements of the involution are 2n in 
number and are the parameters of points in which two vertices 
of a polygon coincide. These polygons are found by starting 
from a common point of sand È or from a point of contact of a 
common tangent. If n + 1 is odd, starting from a common 
point the polygon must consist of a succession of segments 
counted twice, and the tangent at the extremity, which must 
be a tangent of 2. There are four such polygons, and the 
‚corresponding forms of the involution must be 


f+ Ae = (t => ay? ( = 1, 2, 3, 4) 


where a; is the parameter of an intersection. If n+ 1 is 
even, the singular polygons connect intersections or connect 
contact points of common tangents, and the forms of the 
involution are ` 


ft dig = D œ)(t— ayt, f+ Mmo = t — BO prt, 


ft de = (ti ol — apt, FH Mo = (EB) ge BN, . 


where B1, Ba, Ba and Ba are the parameters nf the points of 
contact. Since the double elements are properly accounted 
for, there are only four branch forms. 

The forms f, p are seen to be subject to the same conditions 
as are the forms in Jacobi’s problem. Conversely, if the 
involution f + Ae possesses branch forms of the same cher- 
acter as those that are required in Jacobi’s problem, the forms 
f and e lead to two conics in the poristic relation, and the 
involution curve decomposes. Suppose n + 1 odd and equal 
to 2m+1. Then to a polygon (¢— oi correspond 
mm — 1)/2 double tangents of the involution curve, or 
2m(m — 1) for the four forms. A curve of cless 2m can only 
have this number if it decomposes. Every addition to the 
maximum number of double tangents for a proper curve must 


H 


H 
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. be due to a further decomposition. For we have 
DC HRH 

| ET 


and since 





(2m — 1)(2m — 2) 
2 


? \ 
the involution curve must consist of m parts. In the special 
case where the curve is an involution curve these must all be 
conics. For let pi, -**, Pa be the classes of .the components, 
so that pı + --- + pm = 2m; then some class must be equal 
to 2 or to 1. But if a point p forms part of the involution 
curve, the order of the involution is even, since points on $ 
collinear with P belong simultaneously to the involution. 
The class of some part must be 2 and a conic Z must be 
inscribed in lines of the system. If is tangent to fewer than 
n + 1 lines, the forms f and e must have a common factor, 
which is excluded by the assumption of a proper solution of 
Jacobi’s problem. Then Z touches n + 1 lines, and by the 
theory given above the involution curve completely decom- 
poses into conics. If n + 1 is even the conclusion is similar: 
the involution curve consists of conics and one point. 


` 3. Closure. To effect the solution of Jacobi’s system, it is 
necessary to consider the condition for closure. This is 
known ‘under various forms. It is convenient to use a re- 
currence formula. Let there be two conics referred to the 
common self-polar triangle (A) 2+ y+2=0, (B) ax? 
+ by?+ c2 = 0. Take Mo a point on A and let Dı, the 
polar of My with respect to B, meet A in Mi, M_,. The polar 
of M, meets A in Mo and a point M: and the polar of M_1 
meets À in My and M_». Let Dz be the line MM In this 
. way may be derived a series of points M,M_, and lines Dp; 
the envelope of D, may be called A,. From these definitions 
it follows, letting Mo be nt, that the equation of Do is 
Ex + ny + tr = 0, that of Di is aëx + bny + ctz = 0, and the 
equation of D, is ange + ban + enf2 = 0, where Gn, bn, and 
c, are functions of a, b, and e independent of En? and deter- 
mined by the following relations of recurrence: 
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a = bp = ey = 1, a, = a, b1 = b, C1 = ¢, 
bap + Cop = 2b,%c,?, Chop 1 + bcap1 = 2bp-1Cp1bpCy, 
Cop + dap = Heil, dëzs 3 + Cap A = Aën As 1Cp@p, 
arp + bap = 20/0, . bës 3 + alapi = ës Ab Ach 

There results the system of equations 


bn — On? tn? — An? geb 
He éise Ri: 
Ben? — hl ca? — gie a — ban? 
He gg a ? 
from which follow 
a = Gr + Hn, bx? = Oé + Hyn, Ge = Gye? + A, 


where G, and Ha are symmetric functions of a’, b?, and c?, 
with G=0, H=1, G=1, Hi=0. They satisfy the 
equations 
Gy-1G p41 = H, Gopi = (GHri ng Gr), 

Gop = 4a,*b,*c,7Gp, Ge = 407b?¢?, 
Hence G, is the square of a symmetric function of degree 
n? — lina, b, and cy ie: Ga = AA The sign of A, is deter- 








mined by the equations A» = 2abe, Ap1Api1 = — Hy. 
The envelope of D, is 
Gna? + by + ch, ao? 
or 


Aa + bYy? + 822) — À An + pt — 2%) = 0. 


If 4, coineides with Ao the condition is A, = 0. The condi- 
tion that a polygon of n sides inscribed in the conic 
2? + ÿ + 2? = 0 is circumscribed about a?r? + by? + cz? = 0 
is An = 0. . 

Involutions of the required character may be constructed 
from the equations of the lines D,. Taking the subie involu- 
tion, we find that the condition for triangular clasure is 


(be+ca+ ab) (—be+ca+ ab) (be—ca+ ab) (be-+ca—ab) =0 
boca + eags + ab = 0. 


or 


/ 
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If we set = 2H, n = 1 — tè, $= i(1 + tè), the equation 
f = 0, where : 


f= ¢—t) {dete + bi — Aë — À) — oft Ft +O}, 


gives the parameters of the points Mo, Ms, and M_». If we 
suppose bees + cod, + azb: = 0, and let to vary, the forms of 
a cubic involution are determined. In fact, the factor 


det + bx(1 — t) (L — P) — ll + e+ À) 


gives the affinity equation of the involution when equated to 
zero. The double elements are found by putting to = ¢ and 
they are the roots of the equation 


An + be(1 — #)? — (1 + #)? = 0. 


Let us call these roots 51, 52, 53, and ôa. The branch elements 
ei, en, ep and & are the values of to such that the affinity 
quadratic is a square. Hence they must satisfy the equation 


(ca? a b,?)t + 2(a;? + bi — 2a?) + ce? — br = 


Tre equations for ô and e are reciprocal equations involving 
only even powers of t, and it may easily be found that the 
branch forms of the involution are of the form 


D E 1 2 
Cod etei er (=+ gd (2+ 5) | 


NPA e) (z—ô)}, - TEEN (2- gd (= x) 


~ where ô is a root of the equation for the double elements and e 
is the corresponding value of the branch element. It is easy 
to complete the solution of the transformation problem. It 
is seen that Cayley’s normal form of the elliptic integral 
eppears here. í 

If the order is 4, the involution is given by the equation 


F= [Aatot HDA — t) — P) — ell + t) (L + #)) [Aast 
+ ball — t) + À) el + tC LE, 


with A, = 4abcasbece = 0, the roots of f = 0 being the par- 
ameters of the points Mı, M_ı, M;, and Ma Suppose 
de = 0, then'ag = — Gaga, ba = bbzc2, and cs = cb:c2; hence, 
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omitting the factor bes, the involution consists of the forms 
PO td rt CLR En ep 

—2be(l — të) — t) — 164%, 
with a, = — be? + ca? + ab? = 0, or | 
[(e > bi + c . + [le + bit + e — Ab 


or, if we set [(c— NEE TEN and [(e+b)t?+c—b]?= p, 
of the forms 


MAST ROT Zr 
For the fifth order the affinity. equation is 
[4agtot + bl — tA — À) ell H t + À)] 
x at — Ball — t0)(1 — À) — a(l + bo) (1 + A] 


with As = 0. If we set p = bic, q = Cady and r = ab: it is 
found that 


pees (pg + qr — rp)(qr + rp — nt eae 
, — pgr(p +g + r}5 


and 
=¢tf—p, bertp-Q a=p+p-r. 


The discriminant of the involution is found by putting & = 
in the affinity equation. It must also be given by the resultant 
of the two factors, since a, b, and c are subject to the relation 
"As = 0. If we develop the two forms of the discriminant and 
compare the coefficients, a number of. forms of the closure 
condition result, but there are extraneous factors. 

This method of constructing involutions is general and 
furnishes a complete solution of Jacobi’s protlem. The prob- 
lem is always possible and determinate. It has been assumed 
that a, b, and c are subject to no other relation than A, = 0. 
Such cases are of importance in the theory. Since the*present 
purpose is to solve Jacobi’s problem in its general form, they 
are left for further consideration. 


Pr 


1921.] BACHMANN ON FERMAT’S LAST THEOREM. 373 , 


i BIBLIOGRAPHY. e 
Jacobi, Pundomenta Nova. 
Cayley, A memoir on the transformation of elliptic functions, Collected Math. 
apers, vol. 9, p. 113. 
Clifford, On the ormation of elliptic functions, PROCEEDINGS OF THE 
Lonvon MATE. OC., vol. 7, 1875. 
- Darboux, Sur une classe remarquable de courbes et de are stig et 


Motan Recherches analytiques sur les polygones 
rconscrits à deux contques. Note la to to Panelet, ne 
ned et de géométrie, vol. 1. 5 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA, 
January 11, 1921. 


BACHMANN ON FERMAT’S LAST THEOREM. 


Das Fermatproblem in seiner bisherigen Entwickelung. By 
Paul Bachmann. Berlin and Leipzig, Walter de Gruyter, 
.1919. pp. emt + 160. 

This volume reproduces to a considerable extent San of 
the important contributions which have so far been made 
toward a proof of Fermat’s last theorem. It is far more 
complete than anything of the sort heretofore published. In 
particular, a reader of the book will find therein an account 
of the main results of Kummer, with proofs in most cases set 
forth in full. The writer wishes to call attention to the fact, 
however, that a number of references to articles bearing di- 
rectly on gome of the work given in the text have been omitted 
by Bachmann, a few of which will be noted, in-detail, presently. 
If a better historical perspective is desired, it would be well 
for a reader to examine at the same time chapter 26, volume 2, 
of Dickson’s History of the Theory of Numbers. 

I shall now point out some parts of the text which give an 
account of results not given in detail elsewhere, aside from the 
original artieles.* Consider 


(1) ett: 


where x, y and z are rational integers, prime to each other, 
and p is an odd prime. The assumption that xyz is prime to p 
* For an account of the more elementary results ee ee theorem, 


+ Carmichael, GE Analysis, chap. 5, or , Niedere - 
À vol. 2 2, chap. 9 
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_ will be referred to as case I and the contrary assumption, 
zyz = 0 (mod p), as case II. In $$ 14-15 the researches of 
A. Fleck* are given. In §§ 23-24 the principles underlying 
Dickson's extensions of the method of Sophie Germein are 
set forth and the former’s result is given that (1) is not satis- 
fied in Case I for any p < 7,000 except perhaps 6,857.f 

The proof of Dickson’s theorem that there is at least one 
set of solutions in integers x, y and z, prime to each other and 
the prime q, of ` 

x? + y? + 2? = 0 (mod ch, 
q 2 (p — 1)p — 2)? + 6p — 2, 


is reproduced in full ($$ 25-26) as well as the proof by Schur 
of an analogous result. 

In § 32, Bachmann begins the treatment of (1) by the use 
of ‘the cyclotomic field theory following the methods of Kum- 
mer. The class number k of the field cefined by ¢7*7/? is, 
referred to and the following statement (p- 104) is made: 

“Die Kummersche Untersuchung ergibt ferner dass die 
Klassenzahl des Kreisteilungskörpers nur einmal durch eine 
` Primzahl p teilbar ist, wenn diese nur in einer der gennanten 
Bernoullischen Zahlen aufgeht . . . .”. 

The class number À may have this property but Kummer’s 
work does not prove it.f 

In §§ 36-37 is given substantially Hilbert’s form of Kum- 
mer’s proof that 


: og es ie Ge e 


has no solution in integers o, 8, y, belonging to the cyclotomic 
field defined by e*‘*/”, provided p is a regwar prime. j 

On page 111, the results given in Kummer’s memoir$ of 
1857 on Fermat’s last theorem are mentioned, but no part of , 
the argument is reproduced, except the derivation of the so- 
called Kummer criteria, namely that if (1) is satisfied in 


| A eae Mare. GESELLSCHAFT BERLIN, vol. 8, p. 133, and 
vol. 9, p. 50. 
‘Tt Dickson states that he has proved the result also for p = 6357, but 
he has not published the details. This would also follow from the relation 
7 X 6857 = 3 X 27 X 63 — 1. See Vandiver, Trans. AMER. MATE. Soc. 
vol. 15, p. 204. | | 
t Seo the writer’s criticism of a similar statement by Kummer, PrO- 
CEEDINGS Nat. ACAD. SCIENCES, vol. 6, p. 266 (May, 1920). 
$ ABHANDLUNGEN, Berlin Academy, 1857, pp. 41-74. 
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Case I, then the congruences 


pis, av. 
B® log (x + 6°y) 


(2) | dor: 





= 0 (mod p) 


(8 = 1,2,-.., (p — 3)/2), 


all hold, where the B’s are the Bernoulli numbers, Bı = 1/6, 
B= 1/30, etc., and where the symbol do? ?*/d7 ? means 
that zero is substituted for v after the differentiation is per- 
formed. Setting z + en = (x, y), then the same congruences 
hald with (y, x), (x, 2), (z, x), (y, z) and-(z, y) substituted for 
. (x.y). The greater part of Kummer’s proof of (2) is repro- 
.duced, but there are several points in the work which are not 
brought out by either Kummer or Bachmann, and which 
might puzzle a reader going over it for the first time: For 
example our author does not reproduce the argument em- 
pbyed by Kummer to establish the relation, 


ER ` Il: (e + ary) =  aritein, 


“ where g is a primitive root of p, and where 7 ranges over the 
integers in the set 0, 1, 2, ---, p — 2, which have the property 
9.-1 F Gu-atnar > p, Where p = (p — 1)/2 and g is defined 
as the least positive residue of og, modulo p, r = 1, 2, =>, 
p — 2, eer (mod p) and œ = e*'"/r, In this connection 
it may: be noted that the writer has not been able to justify 
Kummer’s method? of showing that + om is the particular 
' trpe of unit which appears in this relation.f 

More, details in the derivation of some of the other results 
regarding *(3) would have been distinctly helpful to the 
reader; for example, in the derivation of relation 159 on 
page 114, and of the relation at the bottom of page 115. 

On page 123, Bachmann outlines the method of Mirimanoff 
for proving that 


eÀ = CHAPA G=2,3,--,p-1) 
= i= 28+ GES ... — (p — 1) 44> (mod p) 
where a 
dei log Ge Leni _ P;(x, y) . 
dvi (æ+ DM 


* Kummer, loc. cit., p. 62, and CRELLE, vol. 35, p..364. 
- t Compare with the writer’s treatment of a similar problem, ANNALS 
CS MATHEMATICS, vol. 21, No. 2, Dec., 1919, pp. 74-75. 








> 
376 BACHMANN ON FERMAT’S LAST THEOREM. [May, 


No reference is made to the much simpler method due to 
Frobenius* for obtaining the same result. 

+ In connection with the derivation of the Kummer criteria, 
Bachmann does not mention (except on page 126 as to a minor 
. detail) the researches of Cauchy, who anticipated Kummer 
in obtaining some .of the important results related to these 
criteria. Cauchy} gave without proof a relation equivalent 
to (3) of this review for r = 1, and also stated that if (1) is 
possible in case I, then 


17142744 +. + ((p — D/2)r* = 0 (mod p), 


which is a transformation of the criterion EP, As 0 (mod p). 
A consideration of these results in connection with the fact 
that Cauchy gavet a theorem regarding functions having 
properties similar to those of (t), indicates the probability 
that he had obtained relations equivalent t> two or more of 
the criteria of Kummer. 

In §§ 47-48 an account is given of Frobenius’ derivation§ 


f 


of Mirimanoff’s transformation of (2) which led the latter to _ 


the criteria 27! = 3r1= 1 (mod p°); for the solution of (1) 
in case I. This work of Frobenius is based on the symbolic 
method of Blissard|| for treating formulas involving Bernoulli’s 
numbers. ; 

On page 150, Bachmann makes a statem2nt which would 
lead a reader to suppose that this work of Frobenius should be 
regarded as an introduction to the latter’s later paper on 
Fermat’s last theorem, the contents of which are not given by 
Bachmann. This is misleading, as the method employed in 
the second paper for deriving the relation 


(a? — (Dahl) — (em — 1) Fax (£) = Hm (x) (mod p) 


is based on an extension of the method used by the writer] 
and is quite different from the method of Frobenius’ earlier 


paper. , 
The book will constitute a valuable aid to anyone attempting 
a serious study of Fermat’s last theorem. 
H. S. VANDIVER. 


* SrrzUNGSBERIOHTH MATH. GESELLSOHAFT BERLIN. July, 1410, p. 843. 

pere (1), vol. 10, p. 362, Th. 3, and p. 364, Cor. 2. 

1 Loc. cit., p. 356, Th. 5. > 

Lee Mars. GESELLSCHAFT BERLIN, 1910, p. 200. 

| QUARTERLY JOURNAL, vol. 4, 1861, p. 279. Erroneously attributed to 
Lucas by numerous writers. 

d CRELLE, vol. 144, p. 314. 
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TWO BOOKS ABOUT AIRPLANES. 


Aeronautics: A class text. By Edwin B. Wilson. New York. 
John Wiley and Sons. vi-+ 265 pp. 

Grundlagen der Flugtechnik: Entwerfen und Berechnung von 
Flugzeugen. - Von Dr.-Ing. H. G. Bader. Berlin, B. G. 
Teubner, 1920. Mit 47 Figuren im Text. vi-+ 194 pp. 
The mathematical treatment of the motion of an airplane 

requires a knowledge of two subjects, the dynamics of a rigid 

body, and the theory of fluid motion. The particular applica- 
tion is that of a rigid body moving in any way through a gas 
and supported by the reaction of the gas. In order to get this 

support, it is necessary that the body should have such a 

shape that the pressure of the gas may have full play, and 

that there be attached a power system which, by driving the 
body through the air, shall furnish a support equal to the weight, 
of the-body. If the body is required to rise, additional power 
is necessary to furnish an upward force to create the vertical 
acceleration. The first problem is, therefore,-a consideration 
of the pressures to be produced when the body is to have uni- 
form motion in a horizontal straight line, and next, the 
additional pressures when it is required to rise. Moreover, 
the best shape of the body for the purpose in view must be 
considered. ` 

It is a familiar observation in watching the flight through 
the air ef gny object, such as a thin plate or a sheet of card- 
board, that it rarely keeps in a fixed direction, or remains 
parallel to its first position, unless some device is used for the 
purpose. Even then there will be considerable deviations. 

In fact, one may almost say that, in general, the motion of a 

body through a fluid-is unstable, and that, in order to keep 

it steady on a straight track, it is necessary to check the slight 
deviations as they arise. In other words, human agency is 
required for steering such an object. On the other hand, 
careful research, both mathematical and practical, have shown 
that we can often find devices which will maintain stability 

- within cettain limits. In the case of the airplane, investigation 

of the stability of any particular type is of fundamental 

importance, and this should extend not only to small devia- 
tions, but also to any that are likely to arise. 
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As far as the motion of the body is ecncerned when the 
various forces are given, the well known methods and resul:s 
of ordinary dynamics can be applied immediately wich full 
confidence. There are no fundamental difficulties to be over- - 
come, except that of reducing complicated formulas to arith- 
metic. This is chiefly a matter of calculation, which is often 
laborious. The forces are of three kinds, those due to gravita- 
tion which can always be calculated, those due to the thrust 
of the power system for which we usually have the necessary 
data, and finally, those due to the air pressures. Theoretically, 
the latter should be deducible from the equations of hydro- 
dynamics, but practically so little has been achieved in this 
effort, that in. most cases recourse has been lad to experiment 
both for the general laws and the detailed results. 

It is really rather astonishing how little has been deduced 
for even the simplest case, say that of a sphere moving with 
constant velocity through a liquid. Solutions are known and 
are fully worked out for the case oi £ fluid without viscosity. 

"But if the velocity exceeds a certain rather low limit, and the 
fluid has only a slight viscosity, the motion of the fluid and its 
pressures on the surface of the sphere bear little or no resem- 
blance to those given by the solution for a non-viscous fluid. 
The motion is said to beome turbulent, which is merely a word 
to express our ignorance of its essential properties and our 
inability to calculate it. The matkematica] solution for a 
perfect fluid cannot be treated as = first approximation to 
that in a slightly viscous fluid. The same “act vitiates nearly - 

-‘all the cases hitherto treated. This is made particularly 
` obvious when we open the chapter on viscosity ina standard 
treatise, such as Lamb’s Hydrodynamics, and find that in 
the very simplest problems the coefficient af viscosity appeazs 
in the denominator so that its vanishing makes the expres- 
sions infinite. Of course, there is an explanation of this result, 
but the explanation is after all reall:7 an epology for the in- 
herent weakness of all the known methods of treatment for 
the motion of a solid through a liquid. 

Thus, when we come to learn about the distribution of air 
pressures on a moving plane, we find that hydrodynamics helps. 
but little. This is partly due to circumstances. During the. 
war, when the greatest advance was made in the development 
of flying machines, it was necessary to obtain results as quickly 
as possible, and as there was little hope of getting them from 
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theory, experimental data were gathered by a numerous body 
of workers. It is from them that most of our present knowl- 
edge comes. But with calmer times, it is to be hoped that 
theory may take its proper share,in the investigations and 
“not only gather up into general formulas the known* numerical 
data, but also deduce further consequences and make advances 
on its own account. 

x Two or three volumes on the mathematics of the airplane 
‘have appeared in England. So'far as we are aware, Professor 
Wilson’s is the first to appear in this country. He is unusually 
‘well qualified for the task. Besides his eminence as a mathe- 
matician and a physicist, he has taught the subject for some 
years at the Massachusetts Institute of Technology, and has 
himself contributed a valuable memoir. Thus his views as to 
the proper: approach for the student merit careful considera- 
tion. Like most of those who write introductory textbooks 
‘(and his is frankly of this character), he is naturally influenced 
by the character and degree of knowledge of the students who 
attend his own classes. This may cause difference of opinion 
as to what portions of previous subjects should be included. 
` Aside from this fact, however, one can see well what is needed 
for the student approaching the subject of heronautics, and 
the teacher can easily omit or add such matter as he may find 

necessary. 

The first three chapters of Picie Wilson’s ke con- 
stituting an introduction, give the principal facts which the 
student needs to know about the motion of a plane through 
the air. In the second chapter, the accepted law of pressure, 
—that'it waries as the square of the velocity, the area of the 
surface, and the sine of the angle of attack (the angle between 
the plane and its direction of motion relative to the air),— 
is discussed, and the deviations from this statement for differ- 
ent velocities, shapes, and angles, as shown by experiment, are 
‘given and are illustrated by diagrams. With this as a. basis, 
the equations of relative equilibrium of the skeleton plane 
are obtained in the third chapter, for steady horizontal, 
inclined, and circular flight. The effect of a second plane 

| attached to the first as a stabiliser is also treated. 
The next five chapters under the sub-title Rigid Mechanics, 
deal with the motion of the airplane under various conditions. 


* The word known is perhaps inapplicable, for much of the information 
gathered by the various governmental stations is not yet available. 
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In the first of them, entitled Motion in a resisting mediwm, the 
landing problem, a free vertical fall and some other trajec- 
tories are discussed. In connection with the free fall, Professor 


- Wilson uses an illustration showing how to construct an anelytic 


expression which shall fit a table of numerical results derived 
from experiment. It may interest some readers to know that 
there is a maximum velocity of descent. Next follows a 
discussion of harmonic motion, which is not only sufficient 
for the purpose in view, but can be recommended as an 
excellent introduction to the subject apart from its present 
applications. Then follow three chapters which constitute 
the main treatment of the motion of an airplane from the 
point of view of a rigid body. The method is to form the 
general equations of motion, assume some form of steady 
motion which satisfies them, and then to determine the 
stability by finding the character of the small deviations 


from this steady motion, that is whether they are oscillatory, 


damped, or increase with the time. Professor Wilson, intro- 
duces the student to the nature of the problem by solving some 
cases in two dimensions first and treating the general-case in 
a later chapter. Those who have attempted to present 
Bryan’s excellent but somewhat involved treatment of this 
subject to a class will welcome these chapters, which give the 


. main portion of the work in sufficient detail for a good grasp of 


the methods to be obtained. 

The third section, entitled Fluid Mechanics, deals partly 
with theoretical hydrodynamics, and partly with experi- 
mental results of observations in wind-tunnels and elsewhere. 
The author has tried to make the best of a bad job, ‘but we 
fear that the student will recognize rather easily how little 
the theory assists in giving information about the air forces 
on an airplane. It is none the less necessary that he should 
learn at least the elements of fluid motion from the theoretical 
side, for one cannot doubt that the time will come when they 
will get fuller application. 

A chapter on dimensions, besides having great importance 
for aerodynamics, on account of the necessary study of the 
behavior of models, fills a gap. Its use in determining the 
form of a functional relation between physical quantitjes when 
we know what variables are present, is occasionally hinted at 
but is not often adequately treated in a text-book. 

Throughout the whole volume, numerical examples are used 
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as illustrations, most. of them being -taken from existing 
machines. In addition, Professor Wilson has gathered to- 
gether at the end of each chapter numerous problems for the 
student to solve. If we regres anything, it is the lack of 
references to further work for the interested student or at 
least to show the rank and file they have not reached the con- 
clusion of all knowledge on the subject. But this is a mere 
en which will be filled in by the instructor who uses the 
book. 


As its title denotes, the volume by Dr. Bader is devoted to 
the technique of the constructicn of airplanes, and as such it 
has no very special interest tc the mathematician. But it 
is worth noting that the author is obviously well acquainted 
with the applications of mathenatics to dynamical problems, 
both from the evidence of the book itself and from the titles 
of his own papers given in the list of the forty-three references 
at the end. He is full of his subject and he realizes that, in. 
spite of basing all his results on theory, after all the final test 
must come from experiment. he maze of symbols used and 
the references to other work ir the shape of formulas taken 
bodily with little explanation, repels the reader to some extent. 
If one searches for information as to the progress made in 
Germany in airplane construction, he will not find very much 
disclosed. Nevertheless; the eerodynamic expert need not 
consider the volume a useless addition to his library, for there 
are numerous hints here and th2re which will well repay some 
thought and examination. The copy received by the reviewer 
in paper covers fell to pieces or. opening and is now a bundle 
of loose sheets. The price qucted on a slip enclosed with it 
is $1.30, which at the present rate of exchange, is equivalent 
to about 80 marks: This is probably about five times the 
price charged in the home market. ; 

Sei E. W. Brown. 
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Die Quadratur des Kreises.. By Eugen Beutel. Leipzig and 

Berlin, Teubner, 1920. 56 pp. 

After stating clearly what is meant by a ruler and compass 
construction, the author gives a very complete history of this 
famous problem, which baffled mathematicians for twenty- 
five hundred years. He divides the‘history into three periods, 
the geometric period, the period of infinite series, the algebraic 
period. The first era, in which men tried to solve the problem 
by purely geometric methods, includes the work done by the 
Egyptians, Babylonians, Greeks, Romans, Hindus, Chinese, 
and the Christian nations up to the time of Newton. The 
work of Archimedes and of van Ceulen are the outstanding 
contributions in this period. When we stop to think that : 

' Archimedes was unfamiliar with the Arabic numerals and the 
decimal notation, we appreciate the magnitude of his task of 
computing the perimeter of the inscribed and circumscribed 
polygon of 96-sides in a circle of radius R. He found 34 < r 
< 344. Ludolf van Ceulen (1539-1610) carried Archimedes 
process of approximation still further and obtained the value 
of r correct to 35 decimal places. It is in honor of this con- 
tribution that the Germans today often refer to 7 as the 
Ludolfian number. 

The second period contains the work of such men as Newton, 
Leibnitz, Gregorius: von St. Vincentius, Kepler, Fermat and 
John Wallis. By means of infinite series these men were 
able to compute the value of m to several hundred decimal 
places, but they were unable to solve the problem. However, 
their investigations led them to believe that the problem was 
incapable of solution. 

It was then shown that if the problem is solvable, m must not 
be transcendental. In 1873 Hermite proved that e was 
transcendental. Making use of this fact and of Hermite’s 
method of proof, Lindemann, in 1882 proved that m was 
transcendental, settling forever the famous problem. 

The book is well written and is well worth being read by 
every teacher of plane geometry. 

Frank M. Morgan. 


Ki 
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NOTES. 


. The twenty eighth summer meeting of the American Mathe- 
matical Society will be held at Wellesley College, Wellesley, 
Massachusetts, on Wednesday, Thursday, and Friday, 
September 7-9. It will be preceded by the summer meeting 
of the Mathematical Association of America. A joint session 
of the two organizations has been arranged for the afternoon 
of Wednesday,‘ September 7, with two speakers on phases of 
the Theory of Relativity, The usual joint dinner will be on 
Wednesday evening.. 

The regular sessions will be held in Founders’ Hall. Tower 
Court will be open for the, accommodation of members and 
friends, a separate wing being assigned to ladies and married 
couples. The Hall in this building will be available for social 
purposes during the meetings. General social functions and 
an excursion will be arranged. 
_ Wellesley is fifteen miles from Boston, on the main line of 
the Boston and Albany Railroad. There is frequent train: 
service from Boston as well as from Worcester and the West. 

Titles and abstracts of papers intended for presentation at 
the meeting should be in the hands of the secretary by August 
8, in order to appear on the printed program. Papers received 
after that date can be presented only as time permits. This 
announcement replaces the preliminary notice issued in the 
past. The attention of members is invited to the fact that 
no ‘other preliminary notice will be issued. 


z 


The Division of Physical Sciences of the National Research 
Council was held in Washington on Wednesday, April 20. 
The following officers were elected for the ensuing year: 
chairman, Professor H. G. Gale; vice-chairman, professor 
E. P. Lewis; executive committee, Professors R. A. Millikan, 
Augustus Trowbridge, O. Veblen, John Zelleny. As members- 
at-large, Professors E. F. Nichols, S. W. Stratton, and G. W. 
Stewart were elected. The appointment of Professor E.. B. 
van Vleck to succeed Professor H. S. White as one represen- 
tative of the American Mathematical Society was announced. 
Professor L. E. Dickson reported for the American Branch of 
the International Mathematical Union that an invitation had 
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been extended by the American Branch et the Strasbourg 
meeting to hold the next International Congress of Mathe- 
matics in America, and that this invitation Lad been accepted. 
It is therefore presumed that such a Congress will be held in 
America in the year 1924 or as soon therea‘ter as is feasible. 
A similar report was made by Professor Dickson to the 
Council of the American Mathematical Society at its meeting 
on Friday evening, April 22, in New York. 


In January, 1921, the National Associetion of German 
Mathematical Societies and Clubs was founded at Göttingen, 
the charter members including the Germen Mathematical 
Society, the Society for the Advancement >f Mathematical 
and Scientific Education, the Mathematicocientific Society 
of Wiirttemburg, and the mathematical sozieties of Berlin, 
Vienna, Hamburg, Géttingen, and Aachen. It is desired to 
unite in this association all mathematical sodeties of German 
speaking countries, whether their aim is primarily educational 
or scientific. 

The newly founded Vereinigung der Freunde und Förderer 
des Positivistischen Idealismus announces in its organ; the 
ANNALEN DER PHILOSOPHIE, a prize of 50)0 Marks for a 
paper on the following subject: The relateon of Einstein’s 
relativity theory to modern philosophy, with special reference : 
to the philosophy of “As-If.’ Further information may be 
obtained from the editor of the ANNALEN DER PHILOSOPHIE, 
Dr. Raymond Schmidt, Fichtestrasse 13, Leipzig. 

The American Association for the Advancement of Science 
has granted the sum of one hundred fifty dolars to Professor 
S. Lefschetz, of the University of Kansas, in support of his 
work in algebraic geometry. 

Cambridge University has awarded Smith’s prizes to L. A. 
Pars, of Jesus College, for an essay on The general theory of 
relativity, and to W. M. H. Greaves, for an essay on Periodic 
orbits in the problem of three bodies. 

The Albert medal of the Royal Society of Arts has been 
conferred on Professor A. A. Michelson, of tke University of 
Chicago, for his discovery of a natural conszant which has 
provided a basis for a standard of length. ° 

The University of Dublin has conferred honcrary doctorates 
of science on Professor Emile Borel, of the Sorbonne, and 
Professor A. A. Michelson, of the University cf Chicago. 


/ 
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Professor E. W. Brown, of Yale University, has been elected 
correspondent of the Paris Academy of Sciences in the section 
of astronomy, as successor to the late Professor E. C. Pickering, 
amd Sir Ernest Rutherford has been elected correspondent in 
the section of physics, as successor to Professor A. A. Michel- 
son, elected foreign associate. 


At the University of Bonn, Associate Professor H. Beck 
has been promoted to a full professorship of mathematics. 
Professor H. Hahn has resigned, to accept a professorship of 
mathematics at the University of Vienna. 


,* Professor L. Bieberbach, of the University of Frankfurt a. 


M., has been appointed successor to Professor C. RT 
at the University of Berlin. 

Dr. H. Dingler and Dr. A. Rosenthal have been promoted 
zo associate professorships at the University of Munich. ` 

Professor E, Hellinger has been promoted to a full professor- 
3hip of mathematics at the University of Frankfurt a. M. 

Dr. L. Lichtenstein has been appointed honorary professor 
of mathematics at the Berlin Technical School. 

At the Darmstadt Technical School, Dr. E. Naetsch has 
been appointed full professor of analytic geometry. Professor 
L. Henneberg has retired from active teaching. 

Dr. J. Nielsen, of the University of Hamburg, has been 
appointed to a professorship at the Breslau Technical School. 

Professor L. Prandtl, of the University of Göttingen, has 
been appeinted professor of technical mechanics at the Munich 
Technical School. 

Professor J. Thomae, of Jena, celebrated his eightieth 


- birthday on December 11, 1920. 


Dr. V. Geilen has been appointed Rs in applied mathe- 
matics at the University of Münster. 


“Dr. W. Lorey has been appointed lecturer on the mathe- 
matics of insurance at the University of Leipzig. 


Dr. W. Sternberg has been appointed privat docent in 
mathematics at the University. of Heidelberg. 


Dr. G. Pélya has been promoted to a professorship at the 
Zurich Polytechnikum. 


Professor René Granier, of the University of Poitiers, has 
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at his own request been transferred from the chair of theoretical 
and applied mechanics to that of the differential and integral 
calculus. 


‚Professor A. S. Eddington has been'elected president of the 
Royal Astronomical Society. 

The council'of St. John’s College, Cambridge, has appointed 
Dr. T. J. PA. Bromwich prælector in mathematical science. 


Associate Professor W. A. Manning has been promoted to a 
full professorship of mathematics at Stanford University. 


Professor Frank Morley of Johns Hopkins University is 
now in England on leave of absence for the second semester 
of the current year. 

Professor Albert Einstein will deliver a course of five 
lectures on ‘relativity and gravitation theory at Princeton 
University on May 9-13. He also delivered lectures at 
Columbia University on April 16, and at the College of the 
City of New York on April 18-21. 


Professor A. von Oettingen died at the age of eighty-four 
years. 
_ The death is reported of Professor M. Petzold, of the 
Hanover Technical School. i 


NEW PUBLICATIONS. : 
I. HIGHER MATHEMATICS. 


Amopxo (F.). Le ricerche di un matematico napoletano del settecento su 
alcune teoremi di Archimede e sulle Icro estensioni. Napoli, R. 
Accademia delle Scienze fisichə e matematiche, 1920. 


BEHRENS (G.}. Die Pring ie der mathematischen Logik bei Schroder, 
Russell und Konig. — Kiel.) Hamburg, Druck von Berngrüber 
und Henning, 1918. Ce "es pp. 


Fawory (R. C.). Coordinate geometry (plane and solid) for beginners. 
London, Bell, 1921. 8 + 215 pp. 5s. 

Gzause (H.). Geometrischer Beweis d nn zum bikub- 
ischen Reziprozitätsgesetz. (Diss., Kiel.) Altona, Druck von Ham- 
‚merich und Lesser, 1918. 8vo. 61 Dp. 


Hacstrim (K. G.). Der Begriff der statistischen Funktion. (Diss.) 
Uppsala, Almqvist och Wiksell, 1919. 8vo. 52 pp. 
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Haısere (J. L.). Naturwissenschaften, Mathematik und Medisin im 
klassischen Altertum. 2te Auflage, (Aus Natur und Geisteswelt, 

- Nr. 870.) Leipzig, Teubner, 1920. ‘104 pp. 

Hopson (E. W.). The theory of functions of a real variable and the 
theory of Fourier’s series. 2d edition. Volume 1. Cambridge, vee 
versity Press, 1921. 16 + 671 pp. 


Kum (L.). Streifzüge in das Gebiet der Mathematik und cu 
Korneuberg, Fellner und Zausner, 1920. 

PazxmquisT (R.). Quelques études sur la convergence des déterminants 
infinis et les systèmes d'une infinité d'équations linéaires A une infini 
danse .) - Uppsala, Almqvist och Wiksell, 1915. 8vo. 

PP- ae 

Purr (A.). Ueber die sin en Punkte der algebraischen Flächen dritter 
Ordnung. Leipzig, Teubner, 1915. 8vo. 46 pp. . 

Prüss (A.). Ueber vollstandig zerfallende algebraische Raumkurven und 
Flächen. (Diss., Kiel.) Kiel, Schmidt und Klaunig, 1918.: 8vo. 
55 pp. 

Remers (M. H.). Zur Theorie der ‘algebraischen Karren und ihrer 
Tangentenflächen. (Diss, Kiel.) Leipzig, Teubner, 1915. 8vo. 
55 pp. 

Simpson CT. MoN.). Relations between the metric and projective the- 
ories of space curves. (Diss., Chicago.) Private edition, distributed 
by the University of Chicago "Libraries, 1920. 4to. 26 pp. 

DE Vries (H.). Leerboek der differentiaal- en integraalrekening en van 
` de theorie der differentiaalverglijkingen. 2 deele, Groningen, Noord- 

hoff, 1919-1920. 750 + 460 pp. -f. 19.20 + 16.50 


II. ELEMENTARY MATHEMATICS. 


Barer (E.). Aufgabensammlung, methodisch geordnet. Neue Ausgabe 
‚ nach F. Pietsker und O. Pres er bearbeitet von A. Möhrmann. 10te 
Auflage. Leipzig, Teubner, 1920. 450 pp. 


Bosxo (J.). Lehrbuch der Rechenvorteile. Schnellrechnen und Rechen- 
Konat, Wees Natur und Geisteswelt, Nr. 739.) Leipzig, Teubner, 
pp. 


Dmox (W.). Mathematisches Lesebuch. lter und 2ter Band. Sterk- 
rade, Osterkamp, 1920. 


Durst (C. V.). A concise geometry. London, Bell, 1921. | 8 + 819 pp. 
5s. 


GoLLeER (A.). See Lengauer (J.). | S 
Gonacrup (B.). Zaktafels in vier decimalen. Groningen, Noordhoff, 
1919. 52 pp. ` ` 
van DE GRiD (J.). Trigonometrische vraagstukken met beknopte 
theorie. Antwoorden op de Trigonometrische vraagstukken met 


beknopte theorie. Groningen, Noordhoff, 1920. 8vo. en Lë Pp. 
| ' 1 


Lenaaver (J.). Die Grundlehren der. ebenen Geometrie. 20te Auflage, 
von A. Goller., Kempten, Kösel, 1920. 160 pp. 


MonHrMmann LA) See Barney (E.). 
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Prerzxer (F.). See Barpuy (E.). 
PRESLER (O.). See Barpey (E.). 


VAN Tun (A.). Leerboek der vlakke meetkunde met opgaven. Eerste 
deel, vijfte druk. Groningen, J. B. Wolters, 1920. 8vo. Dome 


WEBER (M.). Les mathématiques de l’élève ingénieur. I: Algèbre e 
‘analyse. ire Den Notions fondamentales. Trigonométrie. Al- 
gèbre. Paris, od, 1920. 8vo. 14 + 495 pp. Fr. 45.00 


IO. APPLIED MATHEMATICS. 


Apranam (M.). Theorie der Elektrizität. 2ter Band: Elektromag- 
netische eorie der Strahlung. 4te Auflage. Leipzig, Teubner, 
1920. 


D'ADHÉMAR (R.). Résistance des matériaux. Paris, Gauthier-Villars, 
1921. 8vo. 9 +185 pp. Fr. 20.00 

BoLzmann (L.). See Bucaxorz (H.). 

Born (M.). Die Relativitatstheorie Einsteins und ihre physikalischen 
Grun en. Gemeinverständlich dargestellt. (Naturwissenschaft- 
lichen Monographien und Lehrbucher, Band 3.) Berlin, Springer, 
1920. 


Bose (S. N.). See Eınstam (A.). 


Bovassn (H.). Statique. Machines simples, bascules et balances, frotte- 
ment, graissage, statique graphique. Paris, Delagrave, 1920. 8vo. 
24 + 515 pp. : 

Bryant (W. W.). Kepler. (Pioneers of Progress: Men of Science Series.) 
London, Society for the Promotion of Christian Knowledge, and New 
York, Macmillan, 1921. 12mo. 62 pp. 


Bucaxozz (H.). ET Boltzmanns Vorlesungen uber die Prinzipe der 
Mechamk. 3ter Elastizitätstheorie unc Hydromechanik 
Leipzig, Barth, 1920. 820 pp. 

Case (J). Theory of direct current dynamos and motors. „Cambridge, 
Heffer, 1921. 13 + 196 pp. 158. 

CrAauzEL (G.). Effets gyroscopiques et méthodes vectorielles. Paris, 
Dunod, 1920. 8vo. 147 pp. Fr. 14.00 

DISPER E Ueber die Massenverteilung und Verschiebung der Druck- 
und Zugkräfte in einem Kometen. ontabaux, Kalb, 1919. 42 pp. 

EGERER (A.). Kartenkunde. I: Einfuhrung in das Kartenverständnis. 
(Aus Natur und Geisteswelt, Nr. 610.) Panne, Taubner, 1920. 146 
pp. 

EINSTEIN (A.) ad Mmeowsxı (H.). The principle of relativity. _Ori- 

papers by A. Einstein and H. Minkowski, translated into Eng- 
by M. N. Saba and S. N. Bose. Calcutta, University Press, 1921. 
23 + 186 pp. 

Enazunp (E.). Sur les méthodes d'intégration de Lie et les problèmes 
de eror ane céleste. (Diss.) Uppsala, Almqvist och Wıksell, 1916. ` 

vo. 50 pp. ; 
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THE APRIL MEETING OF THE AMERICAN ` 
MATHEMATICAL SOCIETY. 


The two hundred sixteenth regular meeting of the Society 
was held at Columbia University on Saturday, April 23, 1921, 
“extending through the usual morning and afternoon sessions. 
The attendance included the following sixty-seven members: 

Professor R. C. Archibald, Professor R. A. Arms, Dr. 
Charlotte C. Barnum, Professor A. A. Bennett, Professor E. G. 
Bil, Professor G. D. : Birkhoff, Professor H. F. Blichfeldt, 
Dr. R. F. Borden, Professor R. W. Burgess, Professor Abraham 
Cohen, Dr. G. M. Conwell, Professor Louise D. Cummings, 
Professor D. R. Curtiss, Professor L. E. Dickson, Dr. Jesse 
Douglas, Professor L. P. Eisenhart, Professor W. B. Fite, 
Mr. R. M. Foster, Mr. Philip Franklin, Mr. B. P. Gill, Dr. 
-T. H. Gronwall, Dr. C. C. Grove, Dr. C. M. Hebbert, Pro- 
fessor E. H. Hedrick, Lieutenant R. S. Hoar, Professor L. S. 
Hulburt, Professor W. A. Hurwitz, Mr. S. A. Joffe, Professor 
Edward Kasner, Professor O. D. Kellogg, Dr. E. A. T. Kircher, 
Professor J. R. Kline, Mr. Harry Langman, Professor Florence 
P. Lewis, Mr. L. L. Locke, Mr. John McDonnell, Professor 
H. TF. MacNeish, Professor L. C. Mathewson, Professor H. H. 
Mitchell, Professor G. W. Mullins, Dr. Almar Naess, Professor 
E. J. Oglesby, Professor W. F. Osgood, Professor F. W. Owens, 
Professor Anna J. Pell, Dr. G. A. Pfeiffer, Professor L. W. 
Reid, Dr. C. N. Reynolds, Mr. L. H. Rice, Professor R. G. D. 
‚Richardson, Dr. J. F. Ritt, Dr. J. E. Rowe, Dr. Caroline E. 
Seely, ` -ofessor L. P. Siceloff, Professor L. L. Silverman, 
Professor P. F. Smith, Dr. J. M. Stetson, Miss Louise E. C. 
Stuerm, Professor K. D. Swartzel, Mr. H. S. Vandiver, Pro- 
fessor J. H. M. Wedderburn, Professor Mary E. Wells, Dr. 
Norbert Wiener, Miss Ella C. Williams, Professor H. S. White, 
Professor J. K. Whittemore, Professor Ruth G. Wood. 

Professors L. E. Dickson and W. F. Osgood presided at the 
morning session, and Professor P. F. Smith, relieved by Pro- 
fessors H. S. White and Abraham Cohen, in the afternoon. 
The afternoon session opened with a one-hour lecture given 
by Professor W. A. Hurwitz at the invitation of the programme 
committee, on Topies in the theory of divergent series. 
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The Council announced the election of the following persons 
to membership in the Society: 


Mr. Lewis Albart Anderson, Central Life Assurance Society, Des Moines; 
Dr. Eugene Manasseh Berry, Purdue University; _ : 
Mr. Raymond Van Arsdale Carpenter, Metropolitan Life Insurance 
Company New York; 
Mr. res uglas Craig, Metropolitan Life Insurance Company, New 
ork; ` 
Mr. Bernard Francis Dostal, Oberlin College: . 
Mr. George Graham, Central States Life Insurance Company, St. Louis; 
Dr. Jacob Millison Kinney, Hyde Park High School, Chicago; 
Mr. John SSC Larus, CR hoenix Mutual Life Insurance Company, 
Hartfo 
Professor Dariel Acker Lehman, Goshen College; 
Mr. Joseph Protherton Maclean, Mutual Life Insurance Company, New 
OIK; 
Mr. Franklin Bush Mead, Lincoln National Life Insurance Cornpany, 
Fort Wane; 
Professor James Newton Michie, University of Texas; 
Mr. Henry Moir, Home Life Insurance Company, New York; 
Mr. William Oscar Morris, North American Life Insurance Company, 


Chicago: 
Mr. Sate Winfred Perrin, Penn Mutual Life Insurance Company, Phila- 
phia; 
Professor Harris Rice, Worcester Polytechnic Institute; 
Miss Jessie M. Short, Reed College; 
President Wen Shion Tsu, Nanyang Railway and Mining College; 
Professor Buz M. Walker, Mississippi A; tural and Mechanical Collega; 
Mr. Robert Mon e Webb, Kansas City Life Insurance Compary; 
Mr. Ampel ey Welch, Phoenix Mutusl Life Insurance Company, 
or]; 
Professor Frank Edwin Wood, Michigan Agricultural College; 
ne Hooker Woodward, Equitable Life Assurance Society, New 
ork; 
Mr. William Young, New York Life Insurance Company. 


Eleven applications for membership were received.” . 

It was voted by the Council to accept the invitations re- 
ceived at zhe preceding meeting to hold the next annual meet- 
ing of the Society at Toronto during the Christmas holidays 
in connection with the meeting of the American Association 
for the Advancement of Science, and to hold a meeting of the 
Society with the Chicago Section at Chicagoin 1922. The time 
of the Chicago meeting was not determined. | 

Professor G. D. Birkhoff was reelected a member of the 
Editorial Committee of the Transactions for a term of three 
years beginning October 1, 1921. i 

Professor P. F. Smith presented to the Council the reccm- 
mendaticns of the committee authorized at the last meeting 
to consicer policies for conserving the interests of the Society 
in foreign countries for the year 1921. These recommendations 


1921.] THE APRIL MEETING AT NEW YORK. 391 


were adopted and the committee discharged with the thanks 
of the Couneil. It was voted to request the President to 
appoint a committee to consider and report to the Council a 
policy for 1922 with regard to these and related matters. A 
committee was also authorized to prepare nominations for 
officers and other members of the Council to be elected at the 
annual meeting in December. 

Tt was decided that on the request of the contributor twenty- 
five reprints (with covers) of articles in the BULLETIN be 
given without charge, arid that a statement be made to authors 
concerning the cost of reprints with a request that they forego 
this privilege of free copies unless they can make good use 
of them. | 

The usual luncheon and dinner were held at the Faculty 
Club. 

The titles and abstracts of the papers read at this meeting 
follow below. Professor Huntington’s paper was read by 
Professor Kellogg, and Professor Schwatt’s papers by Pro- 
fessor Kline; the papers of Professors Poor, Lipka, Jackson, 
and McMahon, Dr. Walsh, Professor Fischer, Dr. Post and 
Professor Coble were read by title. 


1. Professor W. F. Osgood: On the gyroscope. 

When a gyroscope moves under the action of any forces, 
its axis describes a cone at a definite rate. The discovery of 
a form of the intrinsic relation between these three factors is 
the chief result of this paper. Since one point, O, in the axis 
is eebe applied forces (the constraint at O being omitted) 
can be replaced (a) by a single force, %, acting at a point.t of 
the axis at unit distance from O and at right angles to Or: 
(b) by a couple, N, whose plane is perpendicular to the axis. 
The contribution of the cone, §, lies in its bending, x. By this 
is meant the rate at which the tangent plane at O turns when 
¢ describes its path, ©, on the unit sphere with unit velocity. 
Finally, let » denote the velocity with which ¢ describes its 
path Œ in the case of the actual motion, and let r denote the 
angular velocity of the gyroscope about its axis. Then’ 

do ; dr 
a Ant + Cro= Q, CN, 
where s denotes the are of ©, T and Q the components of $% 
along the tangent to € and the normal perpendicular to Of 
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respectively, and C and A are the moments of inertia about 
the axis Ot of the gyroscope and an axis through O perpen- 
dicular to Of. The foregoing relations ere intrinsic, i.e. 
independent of any particular choice of coordinates for the 
gyroscope. They apply directly to zhe mation of the axis. 
In the case most important in practice, N = 0, and the angular 
velocity, r, reduces to a constant, ». There remain, then, 
merely the first two equations, in which r is replaced by ». 


2. Professor H. S. White: Seven points in space and the eighth 
associated point. | 

The construction given by O. Hesse in CRELLE’s JOURNAL, 
vol. 20, is interwoven with the relations of the eight points 
to three quadric surfaces on which they lie, and to one auxiliary 
quadric. Using the same construction by points and lines, 
this paper avoids all reference to quadriss. By algebraic 
formula in invariant form it proves the uniqueness of the 
derived eighth point and the symmetry of the completed set 
of eight, and it gives explicitly the equation of the derived 
point, covariant, of degree seven, in the given points. 


3. Professor L. E. Dickson: Most general composition of 
polynomials. 

This paper treats the problem to find =hree polynomials 
f(x) = f(a, «++, Sal, $, F such that f(x)p<f) = F(X), Iden- 
tically in ti «++, tn, En --+, Ën, when Xi, ---, Xn are bilinear 
functions of these 2n independent variables. The author 
proves that this problem reduces to the case of a single poly- 
nomial f for which f{x)f(£) = f(X). This case was treated 
by him in the Comptes RENDUS pu CONGRÈS INTERNATIONAL 
DES MATHÉMATICIENS, Strasbourg, 1920, pp. 131-146. The 
new paper will appear in the Compres RENDUS. 


4. Professor L. E. Dickson: Number of real roots by Des- 
cartes’s rule of signs. 

In this paper, the author gives a complete, elementary 
proof of Descartes’s rule of signs for the number of real roots 
of an equation f(x) = 0 with real coefficients. The proof 
follows from the following fact, which is proved by induction. 
The number of variations of signs in the set do, a1, +++, Gr. 
exceeds by a positive even integer the number of variations of 
signs in bo, --+, bai, if bo is any chosen number of the same 


! 


\ 
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sign as do, while the remaining b’s are found as in the process 
of synthetic division by means of a positive multiplier. 


5. Professor L. P. Eisenhart: The Einstein solar field. 


This paper appears in full in the present number of this 
BULLETIN. 


6. Professor J. K. Whittemore: A special kind of ruled 
surface. 

In this paper are determined all ruled surfaces having the 
property that every pair of curved asymptotic lines cuts a 
constant length from a variable ruling. It is shown that 
these surfaces have an analogy with the right helicoid; in 
particular that all rulings of such a surface are parallel to a 
plane and that the parameter of distribution of such a surface 
is constant. It is proved that a surface of this type is com- 
pletely determined by the choice of a plane curve, a straight 
line, and the constant parameter of distribution. Certain 
questions regarding these surfaces are considered. 


7. Professor V. C. Poor: On the theorems of Green and Gauss. 


This paper contains a definition for the divergence of a vector 
in terms of the point differential, namely: 


div udP X 6P A 8P 
= duX BP À oP + Bu X OP A dP + du X EP A BP, 


with the proof for the uniqueness and the existence of the idea 
so defined. The statement and proof of the following very 
general form of Green’s theorem is given: 


d grad B d grad 2) 
fa (Ke IP — Kp IP dr 


= f Be grad - ep eed à Le 
Another theorem states that 


We u) dr — fu x wordo - fe 


8. Dr. J. E. Rowe: Pressure distribution N a breed 
block. 

The breech-block of a certain gun is circular in form and is 
‘held in place by a thread on its circumference. When the 


Ki 
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gun is fired the gas presses against a circular portion of this 
breech-block, whose area is equal to the cross-sectional area 
of the powder chamber of the gun, and which is eccentricelly 
situated with respect to the breech-klock. The purpose of 
the paper isto derive the intensity of the pressure on eny 
part of the thread from a given powder pressure. 


9. Professor E. V. Huntington: The mathematical theory of 
proportional representation. Third paper. 

The author’s method of apportionment of representatives, 
which was presented at the December and February meetings, 
and which is now known as the “ method of equal proportions,” 
solves the problem of apportionment by a direct and obvious 
comparison between the several states, without the use of the 
idea of total error. A satisfactory expression for total or 
average error may, however, be stated, as follows: E = VS/N, 
where S = Z[(a — a)?/al. Here a is the actual and o the 
theoretical number of representatives assigned to a typical 
state A, and N is the total number of representatives. This 
quantity E (or 8) is the quantity which is minimized by the 
method of equal proportions. The quantity Q, proposed at 
the February meeting by Professor F. W. Owens, and mini- 
mized by the Willcox method of- major fractions, may be 
written as Q = Z[(a — a)*/a]. These quantities S and Q 
and other similar expressions are compared, and reasons given 
for preferring S. v 


10. Professor F. W. Owens: On the apportionment of repre- 
sentatives. Second paper. 

This paper is supplementary to the author’s paper on the 
same subject read at the February mesting of the Society and 


contains further developments and illustrations of the results 
of the different methods. 


11. Professor Joseph Lipka: On the geometry of motion in a 
curved space of n dimensions. > 

In this paper are derived a number of geometric properties 
of certain systems of œ?! curves, =ermed q systems, in a 
curved space of n dimensions. These systems ‘include 
dynamical trajectories, brachistochrones,’ catenaries, and 
velocity curves, under conservative forces or under arbitrary 
positional fields of force as special cases. The properties are 
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expressed in terms of osculating and hyperosculating geodesic 
surfaces and hyperosculating geodesic circles and the loci of 
their centers of curvature. 


12. Professor Dunham Jackson: Note on an irregular expan- 
ston problem. 

This paper will appear in full in the January number of this 
BULLETIN. 


13. Professor James McMahon: Hyperspherical goniometry, 
“with applications to the theory of correlation for n variables. 

The chief suggestion for this paper is contained in an 
article by Karl Pearson in BromeTrrxa (vol. 11, p. 237). 
In Part I, the formulas of spherical trigonometry are gen- 
eralized for the hypersphere in n dimensions, the underlying 
hypergeometry being first sketched in a form adapted to the 
purpose in hand. In Part II, a far-reaching connection be- 
tween the geometry of the hypersphere and the theory of 
>orrelation for n variables is established by linearly trans- 
jorming the ‘ellipsoids’ of equal frequency (on an n-dimen- 
3ional correlation chart) into hyperspherical surfaces. The 
zeneralized formulas of hyperspherical goniometry are then 
applied to furnish easy proofs of various new and old theorems 
:n multiple and partial correlation (including the relations 
referred to above), and to point the way to further develop- 
ments. 


La 


14. Dr. J. L. Walsh: On the location of the roots of poly- 
aomias. , 

This paper contains a proof of the following theorem: If 
the coefficients of a polynomial f(z) are linear in each of the 
parameters o, œ, <, œp and are symmetric (but not neces- 
sarily homogeneous) in these parameters, and if the points 
a lie in a circular region C, then for any value of z we may 
zeplace the a’s by k parameters which coincide in C and this 
without changing the value of f(z). 

This theorem has various applications; it can be easily 
proved that if all the k roots of a polynomial ¢(z) lie on or 
Within a circle C whose center is a and radius r, then all the 
mots of 


Ave) + Auer + deet + + Ave = 0 
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(when the 4’s are arbitrary constants) lie on or within the 
circles of radius r whose centers are the roots of 


Alz — a) + kA — sik? + k(k — 1) 40e — a) p 
+ h(k—1)+++1-Ag= 0. 


15. Professor C. A. Fischer: The kernel of the Stieltjes 
integral corresponding to a completely continuous transformation. 

In the 1918 Acta Matematica, F. Riesz has proved that 
a linear transformation which is completely continuous, A[ fl, 
can be decomposed into the sum of two orthogonal transforma- 
tions, Ai[f] and Alf], such that the transformation 
Bilf] = f(x) — Ailf] has an inverse, and the equations 
Bely] = 0 and Br[e] = 0 have the same solutions. He has 
also proved in an earlier paper that every linear transformation 
can be put into the form 


A= f FOLKE, 


In this BuLLeTIN, October, 1920, Professor Fischer gave the 
conditions which K(«, y) must satisfy in order that A[f] be 
completely continuous. In the present paper he has proved 
that the function K(x, y), corresponding to Riesz’ Alf], 
can be put into the form 


"Kalk, y) = > evtl, (y), 


where the functions ¢,(x) are solutions of the equation 
Biel = 0, v being a positive integer such that every solution 
of Bfe] = 0 is also a solution of Biel = 0. The. applica- 
tions of this theorem to Stieltjes’ integral equations of both 
the first and second kinds are then discussed. 


16. Dr. E. L. Post: On a simple class of deductive systems. 

In the present paper the author considers a general class 
of deductive systems involving primitive functions of but one 
argument, and solves for all such systems the following prob- 
lem: to find a method for determining in a finite number of 
steps whether a given enunciation of she system can or cannot 
be asserted by means of the postulates of the system. The 
solution is obtained by directly analyzing the way in*which 
assertions are generated from the primitive assertions by the 
rules of deduction of the system, and gives the beginning of a 


| 
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` distinct alternative to the truth-table method which was 
introduced in its simplest form in a previous paper. 


17. Professor W. A. Hurwitz: Topics in the theory of di- 
` vergent series. 
This paper will appear in full in the January number of 


. this BULLETIN. 
i 


18. Dr.. Norbert Wiener and Professor F. L. Hitchcock: 
A new vector method in integral equations. 


Starting with the Fredholm equation 


u(e) — À | UGE, dy = ais 
the authors say that f(x) is conjoint to g(x) if 


fla = f rosada S f teste, mary = 0. 


They then develop methods of rendering a closed set of func- 
tions conjoint by pairs, and they show that if {¢,} is a closed 
zonjoint set of functions and 


| Se 0(@) on (x) de 
2 CH En | Dn 
2onverges uniformly, it represents a solution of the Fredholm 
equation. Further extensions of this method give series for u 
zhat converge in the mean, and enable the determination of 
the characteristic numbers. 
The homogeneous equation 


ula) — À Tags, way = 0 


is solved by the determination of a function orthogonal to 
every 


fe) x [SWR ady. 


4 similar method is developed for the solution of the non- 
Eomogeneous equation. 

All the methods of the present paper are immediate general- 
izations of vector methods. 
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19. Dr. Jesse Douglas: On a certain type of system of ©? 
curves. 

The œ? straight lines of the plane form a family in which 
the sum of the angles of every triangle is equal to two right 
angles. The most general families of ©? curves having the 
same property are the loxodromes, that is those formed of the 
totality of isogonal trajectories of a given simply infinite 
system of curves. These are characterized by differential 
equations of the form 


y” = (A+ BAU Lan, 
where A and B are any functions of x and y such that 
A, — B.= 0. 


A natural generalization is to inquire as to the systems of 
œ? plane curves which are such that in every triangle formed 
of three curves of the system, the sum of the angles differs 
from + by an amount proportional to the area. The author 
bases the analysis on the equations of variation, showing that 
it is sufficient to restrict consideration to triangles of which 
two sides are formed of infinitesimally adjacent curves, while 
the third is finitely divergent from these two. The result is 
that the differential equation of the family must be of the 


form : 
y” = (A+ Bai + y), 


with A, — B, = k, where k is the constant of proportion- 
ality. A synthetic construction for curve systems of the type 
so defined is obtained by starting with any system of œ! 
curves, and drawing trajectories to cut them, not under con- 
stant angle, but so that the angle increases by k times the 
element of area ydx under the trajectory. 

The above considerations are easily extended to systems of 
curves on a general surface. 


20. Dr. Jesse Douglas: Concerning Laguerre’s inversion. 

In a previous paper (this BULLETIN, July, 1920) the author 
made use of a certain representation of the (directed) lines of 
the plane on the cylinder z? + y? = 1; namely, the.line of 
Hessian coordinates (w, p) corresponding to the point 
(æ, y, 8) = (cos w, sin w, p). The aspect of this representation 
fundamental for the present paper is that the (oriented) 
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circles of the plane correspond to the plane sections of the 
cylinder. By a projective transformation of space the cylinder 
may be replaced by a general quadric cone. It results that 
the line transformations in the plane that convert circles into 
circles form a group, of seven parameters, of which the geom- 
etry is identical with projective geometry on a quadric cone. 
_ The last statement is dual to the fact that the point trans- 
formations preserving eocircularity form a six-parameter group 
of which the geometry is identical with projective geometry 
. on a sphere (or any ellipsoid), the identity between the two 
geometries being based on stereographic projection, which ~ 
represents the circles of the plane as plane sections of the 
` sphere. The representation described at the beginning thus 
appears as the dual of stereographic projection. 

In the above Gs of point transformations are included the 
ordinary inversions, which may be distinguished as corre- 
sponding to the perspectives of the sphere. On inquiring 
what corresponds in the G, of line transformations to the 
perspectives of the cylinder, one comes precisely upon a 
certain geometric construction described by Laguerre in a 
paper of 1882 (Oeuvres, vol. 2, p. 611). Laguerre studies the 
properties of his transformation from various points of view, 
bringing out especially the duality to ordinary inversion, but 
the aspects above developed appear to be new. 


21. Professor J. R. Kline: Closed connected point sets which 
are disconnected by the omission of a finite number of points. 
Suppose M is a closed connected point set such that if P 
is any point of M, 
 M-P=Mı+M;, 


where M, and M: are two mutually exclusive sets neither 
of which contains a limit point of the other one. The author 
‚shows that M is a continuous curve in the sense of R. L. 
Moore, i.e. it is closed connected, and connected im kleinen. 
Suppose G is a closed connected set such that (1) if P is any 
- point in G, G — P is connected, (2) if Pı and PD: are any two 
distinct points of G, we have 


Fe G — Pı — P= Git Gh, 


where Gi and @ are two mutually exclusive sets neither 
of which contains a limit point of the other one. It is shown 
that @ is a simple closed curve. | 


N 
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22. Professor I. J. Schwatt: The sum of a series as the solu- 
tion of a diferential equation. 

Boole (A Treatise on Differential Equations, 3d editicn, 
pp. 441-450) considers the summation of series that are the 
solutions of differential equations of the special form 


> fı Deu = 0. 


In this paper a general method for the summation of series 
as the solutions of linear differential equations is developed 
and methods are given for solving the equations. 


23. Professor I. J. Schwatt: Method for the summation of a 
general case of a deranged series. 


Dirichlet, Riemann, Pringsheim and Scheibner have shown 
that if the terms of a convergent series are deranged, the sum 
of the resulting series is, in general, different from the sum 
of the given series. The author has treated two particular 
cases of deranged series (ARCHIV DER MATHEMATIK UND 
Pırysik, vol. 24 (1915), p. 139 and GIORNALE DI MATHE- 
MATICHE, vol. 54 (1916)) and considers in this paper the sum 
of a general case of a deranged series. 


24. Professor I. J. Schwatt: Higher derivatives of functions 
of functions. i 

Several methods for finding the higher derivatives of func- 
tions of functions have been given but they are not in a 
form convenient for the purposes of application. To this 
seems to be due the fact that even the leading treatises on 
the calculus give the higher derivatives of only the simplest 
functions of functions, in most cases derived By special devices 
or by induction. Also in the expansion’ of functions these 
authors and others find as a rule by actual differentiation the 
first few derivatives and correspondingly obtain the first 
few terms of the expansion. In the course of this paper 
specific references are given. The author has developed 
methods which enable him to find the general higher derivative 
of functions of functions and their complete expansions. 


25. Professor A. B. Coble: A covariant of three circles. 
This paper appears in full in the present number of this 
BULLETIN. R. G. RICHARDSON, 
Secretary. 
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THE EASTER MEETING OF THE SOCIETY 
Z AT CHICAGO. 


Tue forty-seventh regular meeting of the Chicago Section, 
constituting the sixteenth regular Western meeting of the 
Society, was held at the University of Chicago on Friday and 
Saturday, March 25 and 26, 1921, the first session opening at 
10 A.M. on Friday in Room 32, Ryerson Physical Lab- 
oratory. 

Over sixty persons were pesni at this meeting, among 
whom were the following fifty-three members of the Society: 
Miss Mary C. Ball, Professor G. A. Bliss, Professor Henry 
Blumberg, Professor R. L. Borger, Dr. H. R. Brahana, Pro- 
fessor C. C. Camp, Professor R. D. Carmichael, Professor 
E. W. Chittenden, Dr. H. B. Curtis, Professor W. W. Denton, 
Frofessor L. E. Dickson, Professor Arnold Dresden, Pro- 
fessor Jobn Eiesland, Professor Arnold Emch, Professor W. B. 
Ford, Dr. Gladys Gibbens, Dr. Josephine B. Glasgow, Pro- 
fessor W. L. Hart, Professor E. R. Hedrick, Professor T. H. 
Hildebrandt, Professor T. F. Holgate, Professor Dunham 
Jackson, Miss Claribel Kendall, Professor A. M. Kenyon, Pro- 
fessor W. C. Krathwohl, Professor Kurt Laves, Mrs. Mayme 
I. Logsdon, Professor’A. C. Lunn, Professor W. D. MacMillan, 
Professor T. E. Mason, Professor E. D. Meacham, Professor 
W. L. Miser, Professor E. H. Moore, Professor E. J. Moulton, . 
Professor F. R. Moulton, Dr. C. A: Nelson, Professor C. I. 
Palmer,’ Professor Anna H: Palmié, Professor H. L. Rietz, 
Mr. Irwin Roman, Professor J. B. Shaw, Professor H. E. 
Slaught, Dr. L. L. Steimley, Mr. E. L. Thompson, Professor 
E. J. Townsend, Professor E. B. Van Vleck, Professor G. E. 
Wahlin, Professor E. J. Wilezynski, Professor C. E. Wilder, 
Professor R. E. Wilson, Professor C. H. Yeaton, -Professor 
A. E. Young, Professor J. W. A. Young. 

Forty-seven persons attended the once held at the Quad- 
rangle Club on Friday evening. i 

At the session of Friday afternoon, presided over by Presi- 
dent Bliss, Professor Dunham Jackson read an expository 
paper on The general theory of approximation by polynomials 
and trigonometric sums. This paper appears in the present 
number of this BULLETIN. At the close of the discussion, 
which -followed the presentation of this paper, Professor 
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Wilezynski moved and the Section adopted unanimously 
a resolution expressing to Professor Jackson. their apprecia- 
tion of the admirable way in which he hal presented his 
subject. In view of the great value cf the expository work 
done by Professor de la Vall&e Poussin in the field discussed by 
Professor Jackson, an address expressing to Professor de la 
Vallée Poussin their appreciation of h’s work was signed by 
those present at the dinner on Friday evening. 

The other sessions were presided over by Professor Car- 
michael, Chairman of the Section, relieved fcr part of Satur- 
day forenoon by Vice-President Jackson. 

The papers presented at the meeting are stated below. 
Professor Schwatt’s papers were communicated to the Society 
by Professor Dunham Jackson. The papers of Professors 
Miller and Lane were read by title. 


1. Professor I. J. Schwatt: On the expansion of powers of 
trigonometric functions. 

No satisfactory expressions for the expansions of powers 
of trigonometric functions seem to have been given. Only 
two articles on the subject have been found. One, by Dr. 
Ely in the American JOURNAL oF MATHEMATICS, vol. 5 (1882), 
p. 359, treats only of the expansion of sec? x for odd powers 
of p and obtains by induction & result which involves Euler’s 
numbers. The other, by Shovelton, in the QUARTERLY 
JOURNAL OF MATHEMATICS, vol. 46 (1415), p>. 220-247, uses 
the theory of finite differences. | 

The author has obtained expansions which are believed to 
be simple and new. : 


2. Professor I. J. Schwatt: On the summation of a trigono- 
metric power series. 
To obtain the sum 


= Y pa Sin? (a + ng) „a 
For Gabi ° 


the author applies the operator (r d/dr)% to Sr, where (r d/dr)¢ 
stands for the repetition q times of the operator rd/dr,,r and 
d/dr not being permutable, and where Si is of the same form 
as S-except that n? is wanting. Next Si is reduced to 


_ P 
Sa = Zah i 
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where p = rer ®ei (k = 0, 1, 2, -< +, p); and an expression for 
S2 is obtained by introducing a function f(n) defined by the 
formula 


an A 
| IO) = GE 
where 6; is one of the kth roots of unity. 


3. Professor W. B. Ford: A disputed point regarding the 
nature of the continuum. 

In this paper the author considers the question, originally 
proposed by Du Bois-Reymond, as to whether a decimal whose 
digits are chosen in an arbitrary manner (as by the throwing 
of a die) can properly be regarded as a real number. The 
question forms but a special example of various questions of 
broader significance which were extensively discussed by Borel, 
Hadamard, König and others during the decade preceding the 
war, their conclusions, however, being widely at variance. 
It is merely desired in the present paper to point out that 
such numbers must be regarded as acceptable. in case one is 
to regard the familiar cardinal number theory of Cantor, 
particularly as regards the continuum, as having a proper 
place in mathematics, since the derivation of Cantor’s results 
clearly depends upon the use of decimals whose digits are 
assigned entirely at random. 


4. Mrs. Mayme I. Logsdon: The equivalence of pairs of 
hermitian forms. 


In this paper the author makes a generalization of the 
theory of elementary divisors for hermitian À-matrices with 
special application to pairs of hermitian forms. If two 
hermitian matrices A and B are equivalent in the sense that 
there exist non-singular matrices C and D with determinants 
free of A such that B = CAD, it is shown that there exists a 

‘non-singular matrix P with determinant free of À such that 
B = P'AP, where P means the matrix formed from P by re- 
placing each element by its conjugate imaginary and P’ 
means P transposed. It is found that in the case of hermitian 
forms as well as bilinear and quadratic forms the coincidence 
of the elementary divisors is a necessary and sufficient condi- 
tion for equivalence. 

The Weierstrass reduction is found to hold where one of the 
forms is definite, thereby insuring reality of all the elementary 
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divisors. When complex elementary divisors are present they 
enter in conjugate pairs. In this case it was found possible 
to regularize the matrix with respect to the two conjugate 
linear factors simultaneously and to expand simultaneously 
with respect to these two factors the terms representing the 
adjoint form. A simple canonical form was obtained. 


5. Mr. C. C. MacDuffee (introduced by Professor L. E. 
Dickson): Invariants and vector covariants of linear algebras 
without the associative law. | 


À vector covariant of a linear algebra has been defined 
by Professor Hazlett (TRANSACTIONS, vol. 19) as a covariant 
which involves one or more of the units &, ---, €n. In this 
paper the author considers the general linear algebra in which 
the commutative and associative laws of multiplication are 
not assumed, and shows that, after a vector covariant of 
weight u has been expressed linearly in the units, the coeffi- 
cients of the units are transformed cogrediently, apart from 
the factor D~*, with the coefficients of the general number of 
the algebra under a linear transformation of determinant D. 
Therefore the coefficients of a vector covariant may be inserted 
in place of the variables in the covariants of the characteristic 
equations to give additional relative invariants. After defin- 
ing a determinant whose elements are hypercomplex numbers 
for which multiplication is not assumed to be commutative or 
associative, and after showing that certain elementary theo- 
rems concerning determinants apply to these hypercomplex 
determinants, it is proved that the hypercomplex determinant 
each of whose n rows is e, &, +- » En is a vector covariant 
of weight 1 for every manner of grouping the factors in each 
term. 


6. Professor E. J. Wilezynski: Some projective generaliza- 
tions of geodesics. 

The two most important properties of geodesics are: (a) 
their connection, as extremal curves, with the length of arc 
integral; (b) the property that the csculating plane at any 
point on such a curve contains the corresponding surface 
normal. . 

In this paper, the author considers the generalizations which 
arise from these two points of view; (a) by replacing the length 
of arc integral by some other integral invariant of the same 
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general form; (b) by replacing the congruence of normals by 
some other congruence. The two classes of curves obtained in 
this way do not coincide; but both are included in a larger 
class of two-parameter curves defined by a second order 
differential equation of the forn 


dy do vi _{ dv\? dv 

Fr u(z) EA + Pate 
where M, N, P, and Q are functions of u and v, the parameters 
of a surface point. These classes of curves may be character- 
ized by properties of the osculating planes of the curves of a 
family ‘which pass through a given surface point and dualis- 


tically related properties. It shen remains to locate the two 
more special classes mentionec above within the larger class. 


7. Professor W. L. Hart: Surimable infinite determinants. 

It has been customary to define the value of an infinite 
determinant (1) D = |a;| (2,7 =1, 2, ---) by the equation 
D = Dm Da, in case the limit exists, where D, is the deter- 
minant of order n formed by the elements of D for i, j = 1, 2, 
++, . Utilizing Cesäro summability of order r, the author 
assigns the value D to the determinant (1) if the sequence 
(Da; n = 1, 2, »--) is summab’e to the value D. The results 
of the paper are restricted to the case r= 1. If in (1) we 
choose all elements as zero except for ax ı,» = 1 and ax, 21 
= — ] (k= 1,2, ---), D is summable to the value 4. If 
quantities oer are added to the elements of this determinant, 
then, in gase Z|c,,|converges, the new determinant thus ob- 
tained is summable and possesses most of the useful properties 
of normal infinite determinanzs. There is also exhibited a 
more complicated type of summable determinants, related in a 

‘simple way to a determinant (1), summable to the rational 
value p/q (p < q), all of whose elements are either + 1, — 1, 
or 0. It should be noted thet no cases in the solution of 
infinite systems of linear equat:ons can be solved by means of 
summable determinants which are not also solvable by means 
of normal infinite determinants. 


8. Professor Henry Blumberg: New properties of all functions. 
For the sake of simplicity the following statements will 
be made to refer to functions z = f(z, y) of two variables. 
A point (& n, &), where £ = DS, n), of the surface z = f(a, y) 


H 
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is said to be densely approached if for every y > 0 two 
numbers a> 0 and £ > 0 exist such that the projections 
upon the XY-plane of the surface points in the rectangular 
parallelopiped -aSeSt+a, n—-B=y=n+8, 
rass t+ y are everywhere dense in the rectangle 
E—a=<x=<t+an—-B8=<y=n+8. The author has 
found that the points (x, y) for whick (x, y, 2) is densely ap- 
` proached constitute a residual set (set of second category, 
according to Baire) of the XY-plane; conversely, for every 
residual set R, there exists a function f(x, y) such that (x, y, 2) 
is densely approached if and only if (x, y) isin R. It follows 
` that for every function f(x, y) a dense set D of the XY-plane . 
exists, such that f is continuous if it is defined only in D. 
The results flow from a general theorem concerning closed 
region-point relations. There are generalizations for n dimen- 
sions, function space and more general spaces. 


9. Professor E. B. Van Vleck: On non-loxodromic substitution 
groups in n dimensions. 

This paper is a continuation of a previous paper. For 
linear substitutions 7 = (az + b)/(ez +d) without a common 
pole there exist two types of non-loxodromic groups, the one 
consisting of non-loxodromic substitutions having a common 
invariant circle, while the other contains exclusively elliptic 
substitutions which are without a common invariant circle.. 
On the author’s definition of a non-loxodromic substitution 
in n dimensions corresponding results hold, but the analog 
of the elliptic group exists only in space of an odd pumber of 
dimensions. 


10. Professor G. A. Miller: An overlooked infinite system of 
groups of order pq’, p and q being prime numbers. 

Lists of the possible abstract groups of order pq’, p and 
q being prime numbers, were published almost simultancously 
by Cole and Glover in the AMERICAN JOURNAL OF MATHE- 
MATIcs, vol. 15 (1893), and by O. Hölder in the MATHE- 
MATISCHE ANNALEN, vol. 43 (1893). In a subsequent article 
published in volume 46 of the latter journal, Hölder directed 
attention to the fact that the enumeration of these groups 
contained in the first article mentioned above was incomplete. 
In the present article the author directs attention to the 
fact that Hölder’s enumeration is also incomplete and observes 
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that the same incompleteness appears in the enumerations 
found in the first and also in the second edition of W. Burnside’s 
Theory of Groups of Finite Order (1897 and 1911), as well as 
elsewhere. : 

There is a system which contains g — 1 distinct abstract 
groups for a given value of p and q, while only one of these 
groups is found in the published lists. 


11. Professor L. E. Dickson: Fallacies and misconceptions 
in diophantine analysis. 

This paper has appeared in the April number of this 
BULLETIN. 


12. Professor L. E. Dickson: A new method in diophantine 
analysis. 
This paper has appeared in the May number of this 
‘ BULLETIN. 


13. Professor T. H. Hildebrandt: On a general theory of 
functions. (Preliminary report.) 

In recent years there have been a number of attempts 
in the direction of extending the results of the theory of func- 
tions of n variables to other cases, that of infinitely many 
variables, and functionals of continuous functions having 
received the most attention. This work has been done 
chiefly by Fréchet, Hart and Gateaux. In this paper an at- 
tempt is made to extend by generalization the domain of 
application of the results already attained, and derive new 
ones in the general domain. The author uses the basis recently 
suggested by Lamson (AMERICAN JOURNAL OF MATHEMATICS, 
vol. 42 (1920), p. 245). So far there have been obtained 
theorems of mean value, a theorem on implicit functions, 
existence theorems of differential equations, and some theorems 
on analytic’ functions. 


14. Professor Arnold Dresden: Some new formulas in com- 
binatory analysis. i 
— In this paper the author presents some formulas involving 
binomiale coefficients, which proved of importance in work 
on symmetric functions with which he is occupied. A search 
of the literature of combinatory analysis has failed to bring 
these formulas to light. They are therefore believed to be new. 


x 
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15. Professor J. B. Shaw: Generational definition of linear 
associative hypernumbers. 

Let the n? hypernumbers ^, (i, j = 1, +++, n) and certain 
nilpotent hypernumbers 6,, be given; then the general linear 
associative hypernumber is of the form 


Diy Aaj CT? sk (Osx) WËSCH ? 


The laws by which the Ais and the Ga may be permuted in a 
product are discussed in this paper. They are essential to 
‘the algebra to which the general hypernumber belongs. 


16. Professor'J. B. Shaw: On Hamilionian products. Second 
paper * 

` Our range is the totality of functions of a single real variable 
such that the product of any two is integrable (Lebesgue, 
Stieltjes, etc.) over a given interval. Each function is repre- 
sented with & different argument save as specified. Let 
œ(81), @2(82), -+-+ be functions of the totality considered. Then 
there are two processes considered to be fundamental. The 
first consists in constructing out of n functions a function 
of n arguments as follows. Write the product of the n func- 
tions o(s1)æ(8:)---a:(8.). Form similar products from this 
by permuting the arguments only into every possible arrange- 
ment, giving the result a sign + or — according to the inver- 
ions, as in determinants. The results are then added. This 
is represented by Anaras’ "an. 

The second fundamental process consists in starting from 
the product a1(s1)a2(s2)+--@n(#n) a3 before, but now forming 
products by making two arguments identical in every possible 
manner, the sign of the term being determined by the number 
of inversions necessary to bring the two functions containing 
the identical arguments together. Each term is then in- 
tegrated as to the equal arguments over the given interval. 
If we add the results, we obtain 4 function of n — 2 arguments 
indicated by Aa am0n: —: Gs Repeating the process, or 
what is the same thing, making two pairs of arguments 
identical in every possible way, and then integrating as to 
each of the two, determining signs as before, leads to the 
function Aa ams: - - Ge, Then we define the Hamiltonian 
product of the functions ay, a,+++, a, as the function 


* See this BULLETIN, (2), vol. 16 (1910), p. 304. 
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Hols), 2 (82),° my an(8n) | Gar Anaa: an F An-204102* " "On 
+ +++ + Zoo: "an (or Aoces--- sl for the last term. 


The author considers the resulting theorems. 

17. Professor F. E. Wood: Congruences characterized by cer- 
sain coincidences. 

The equations of certain lines covariantly related to a general 
eongruence of lines have previously been obtained with 
respect to various tetrahedra o reference. In this paper the 
author obtains the equations of these lines with respect to a 
single fundamental tetrahedron of the congruence as well 
as the general equations which transform the equations of 
any configuration related to either of two other tetrahedra of 
reference into the equations of the same configuration re- 
-ated to this fundamental tetraäedron. 

The possible coincidences of these lines, for every line of the 
songruences, are studied in detail. The congruences charac- 
serized by certain coincidences are obtained in a canonical 
zqrm. In particular, the class of congruences for which the 
directrix of the first kind of each focal sheet coincides with the 
directrix of the second kind of the other sheet is found to be 
-he same as the class of congruences associated with functions 
of a complex variable by Wilczynski. 


‘ 18. Professor E. P. Lane: A general theory of congruences. ` 


Geometers who’ have considered conjugate nets from the 
Doint of view of projective differential geometry have for the 
most part been content to study a single net, together with 
ts attendant configurations, and have been forced to carry 
out a tedious transformation whenever it has been desired to 
eonsider another conjugate net on the same surface. 

The author lays the foundation for a theory of all the con- 
zugate nets on a surface, using the following method. The 
asymptotic net is taken as parametric. Then the fundamental 
invariants and covariants of an arbitrary conjugate net are 
ealculated in terms of the asymptotic parameters. The 
resulting formulas are compara-ively simple, and their useful- 
ness isedemonstrated by aprlications to pencils of nets, 
Aarmonic nets, isothermally corjugate nets, and plane nets. 

Among other theorems, it is proved that if there are more 
zhan three harmonic nets in one pencil, the pencil is an isother- 


H 
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mally conjugate quadratic pencil. And if there are exectly 
three harmonic nets in a pencil, the pencil is the Segre-Darboux 
pencil. It is shown that the envelope of the ray of a point 
for all nets of a pencil is a conic. 


19. Professor John Eiesland: The group of motions of an 
Einstein space. 

The question to what extent an Einstein space is determined 
by its group of motions seems to be of interest both from a 
geometrical and from a physical standpoint. Three assump- 
tions L, M, and N have been made. L is of group-theoretical 
nature and postulates that the general space Zgdx,dx, ad- 
mits a certain 4-parameter intransitiv2 group of motions which 
keeps the origin of the space t = ccnst. fixed. The general 
space admitting the group G4 is shown to be of the form 


(1) — d? = (1+ ġdi? + R’(d + sin? 0de’) 
i — 2psdRdi — vide’, 


where pı, ¢2, ps are functions of R. The static space, for 
which 93 = 0, or, 


2) — dè = (1+ edd + RY(dE + sin? Ode?) — gtd, 


is then considered. Adopting two additional assumptions, 
M and N, we arrive at Schwarzschild’s form. The two as- 
sumptions are as follows. M. The discriminant of (2) is in- 
variant and equal to A?sin? (@— ei (This assumption is 
also known as Kottler’s fundamental hypothesis.*) N. The 
sum of the principal Riemannian curvatures of the Space 


dad = (1 + g2)dR? + R?(d® + sin? dg?) 


is equal to zero. 

By varying the last assumption other forms of approximately 
Euclidean spaces have been obtained. Thus, if the sum is 
inversely proportional to the fourth power of R, we obtain 
Weyl’s line-element for the case of a spherical mass with a 
constant electrical charge. In the final part of the paper is 
considered a gravitational space admitting a two-parameter 
group of motions, namely a translation along the t-Axis and 
a rotation about the z-axis. ARNOLD DRESDEN, 

Secretary of the Chicago Section. 


* F. Kottler, Grundlagen der Eïinsteinschen Gravitaitonstheore, ANNALEN 
DER PHYSIK, (4), vol. 56, p. 409. 
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THE APRIL MEETING OF THE SAN FRANCISCO 
SECTION. 


The thirty-seventh regular meeting of the San Francisco 
Section of the American Mathematical Society was held at 
Stanford University, on Saturday, April 9. The chairman of 
the Section, Professor D. N. Lehmer, presided. The total 
attendance was twenty-eight, including the following fourteen 
members of the Society: 

Professor R. E. Allardice, Professor B. A. Bernstein, Pro- 
- fessor H. F. Blichfeldt, Professor Florian Cajori, Professor 
M. W. Haskell, Professor L. M. Hoskins, Professor D. N. 
Lehmer, Professor W. A. Manning, Professor H. C. Moreno, 
Dr. F. R. Morris, Professor C. A. Noble, Professor T. M. 
Putnam, Dr. S. E. Urner, Dr. A. R. Williams. 

After the regular programme, interesting papers were read 
by Professor D. L. Webster, of Stanford University, on the 
quantum theory, and by Dr. T. L. Kelly, also of Stanford 
University, on the new theor of dispersion. 

The dates of the next two regular meetings of the Section 
were fixed as October 22, 1921, and April 8, 1922. 

Titles and abstracts of the papers read at this meeting 
follow below. Professor BelFs papers were read by. title. 


1. Professor Florian Cajor:: Euclid of Alexandria and the 
bust of Euclid of Megara. 

Professor Cajori proves that the portrait issued by the Open 
Court Publishing Company as representing Euclid of Alex- 
andria, the geometrician, is in fact a portrait of Euclid of 
Megara. This article appeared in SCIENCE for April 29, 1921. 


2. Professor Florian Cajori: The spread of the Newtonian 
and the Leibnizian notations cf the calculus. 
This paper appears in the present number of this BULLETIN. 


8. Professor H. F. Blichfeldt: The approximate solution in ` 
‚ integers of a set of linear equarions. 


Consider the n functions fi = lutaw+tal, ---, 
fn = {£n + Ana + an|, involving n+ 1 variables 21, ---, 
In 3 and 2n given constants a1, *'', An, Al, °**, An, the 
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numbers 1, -++, «, being irrationals which satisfy no equation 
of the form kia; + -*-+ un + k = 0, where k, kir, --+, kn 
are integers not all zero. By a theorem of Kronecker it 
follows that, if a positive quantity e as small as we please 
is given, then a set of integers zı, ---, tn, z exist for which 
the functions f; are all < e. It is proved in this paper that, 
given an arbitrary function w(z) of a positive integer 2, pro- 
vided that it represents a positive number approaching infinity 
with z and that o( + 1) > o(z),a set af irrationals Al ***, On 
may be defined, restricted as above, such that the condition 
F < 1/(2) is satisfied by only a finite number of sets of 
integers 21, +++, Za 2; here F represents any one of the ele- 
mentary symmetric functions of degree not higher than n — 1 
of the n functions f;. On the other hand, whenever the set of 
irrationals a1, ---, œn is given, restricted as above, a set of 
integers 21, +++, tq, z exists for which every f, < €, and at the 
same time Ij_1 fs < N/z, where N depends on n only. 


4. Professor M. W. Haskell: Autopolar curves and surfaces. 

In this paper, the author gives the following method for 
deriving all autopolar curves and surfaces. There is a (1,1) 
‘correspondence between the line-elements of a given curve 
and the line-elements of its polar reciprocal with respect to a 
given conic. Every pair of corresponding line-elements deter- 
mines a pair of line-elements belonging to the given conic. 
The locus of the foci of the involution defined by these two 
pairs of line-elements is a curve which is autopolar with 
respect to the given conic. Every autopolar curve swith re- 
spect to the given conic can be derived in this way.” Curves 
and surfaces autopolar with respect to & given quadric surface 
can be derived in the same way, substituting surface-elements 
for line elements. 

The author then gives illustrations of multiply auto-polar 
curves: a special quintic with five cusps autopolar with respect 
to six conics, and a special quintic with three cusps and three 
conjugate points autopolar with respect to four conics. 


> 5. Mr. P. H. Daus (introduced by Professor Lehmer): 
Normal ternary continued fractions. e 


The author discusses an extension of Jacobi’s ternary con- 
tinued fraction algorithm, and points out cer-ain similarities 
between it and the ordinary continued fraction expansion. 


1 


| 
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6. Mr. D. V. Steed (introduced by Professor Lehmer): 
The hyperspace generalization of the lines on the cubic surface. 

In this paper it is shown that a necessary condition for the 
existence of a finite number of linear spaces of dimensions d 
on the general hypersurface of order r in space of n dimensions 
is that r, n, and d satisfy the equation 


(F)-n-aar. 


In particular the case where d = 1 is considered, and a method 
for the enumeration of the lines on the general hypersurface 
of order 2n — 3 in space of n dimensions is developed. The 
numbers found for space of dimensions four, five, six, and seven 
are 2875; 698,005; 306,142,821; and 211,039,426,895, respec- 
tively, but by means of the recursion formulas given it is 
possible to make the corresponding enumeration for space 
of any dimension. ; 


7. Professor D. N. Lehmer: On the computation of interest 
on certain kinds of investments. 

The equations of high degree which are often involved in the 
computation of the rate of interest on annuities, when treated 
by Newton’s method, yield certain correction formulas which 
avail to compute the rate to as high a degree of accuracy 
as may be desired and which require of the computer no more 
knowledge of the theory of equations or of algebra than is 
necessary to substitute quantities in a formula. The author 
exhibits these correction formulas for the rate of interest on a 
bond, bought at a certain price, and on an annuity whose 
present value, or whose amount, is given. 

The paper is to’ appear in the AMERICAN JOURNAL op 
ACCOUNTANCY. 


I 


8. Professor E. T. Bell: The Bernoullian functions occurring 
in the arithmetical applications of elliptic functions. 

In applying elliptic functions to theorems on divisors, 
Glaisher, Halphen and others have given formulas involving 
Bernoullian functions. à 

In this paper it is shown that sixteen distinct Bernoullian 
functions, and no more, can arise in the arithmetic applica- 
tions of elliptie theta functions and their quotients. The set 
is considered in detail with applications. 


en 
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9. Professor E. T. Bell: Anharmonie polyromial generaliza- 
tions of the numbers of Bernoulli and Euler. 


In this paper the author discusses two cyclic sets and 
one anharmonic set which for every degr2e n degenerate 
when z= 1 either to Bernoulli or Euler numbers of 
rank n or to others naturally dependent upon these. The 
entire subject is developed by means of an extension of the 
symbolic calculus of Blissard and Lucas, and is shown to be 
simply isomorphic to the algebra of the twelve Jacobian 
elliptic functions of Glaisher. This analysis leads to several 
novel features, among which may be mentionzd: the definition 
and solution of purely symbolic linear difference equations; 
symbolic addition theorems whereby the polynomials of 
degree m + n can be easily calculated from those of degrees 
m, n; and a wholly new interpretation of Kronecker’s sym- 
metric functions which he took as the point of departure for 
his discussion of Bernoulli numbers. It is shown that the 
polynomials cannot be obtained by linear recurrences, and the 
appropriate recurrences are derived. Finally congruences to 
a prime modulus are discussed in deteil. ‘Tae algebraic rela- 
tions and congruences between the polynomials degenerate 
for s = 1 to recurrences and congruences for Bernoulli and 
Euler numbers. Some of the degenerate cases were given by 
Lucas and others, thus affording checks. 


10. Professor E. T. Bell: Note on the pri-ne divisors of the 
numerators of Bernoulli’s numbers. 

This note, which will appear shortly in the AMERICAN 
MATHEMATICAL MONTHLY, contains a generalization df a result 
due to John Couch Adams, viz. if p is an odd prime which 
divides neither 2 + 1 nor 2 — 1, then the numerator of 
Bap- (in Lucas’ notation) is divisible by p. For r = 1 we get 
Adams’ theorem. The proof follows from the series for sn u. 


11. Professor E. T. Bell: Proof of an arithmetic theorem due 
to Trouville. | 

This paper appeared in the March number of this BULLETIN. 

12. Professor E. T. Bell: On a general arithmetic formula of 
Trouville. e 

This paper appeared in the April number cf this BULLETIN. 

B. A. BERNSTEIN, 
Secretary of the Section. 
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THE GENERAL THEORY OF APPROXIMATION BY 
POLYNOMIALS AND TRIGONOMETRIC SUMS. 
REPORT PRESENTED BEFORE THE AMERICAN MATHEMATICAL 


SOCIETY AT THE SYMPOSIUM IN CHICAGO ON 
MARCH 26, 1981. 


BY PROFESSOR DUNHAM JACKSON. 


1. Introduction. A great part of the progress made in 
mathematical analysis during the last hundred years has been 
closely related, either logically or historically, to the study of 
Taylor’s and Fourier’s series. The power series is funda- 
mental, or can be made fundamental, for the theory of func- 
tions of complex variables, and the theory of functions of 
real variables has been elevated to its present dignity and 
scope largely by the successive additions made to meet the 
demands of the inquirer into the properties of trigonometric 
series.* 

One of the outlying portions of the structure is built around 
the problem of the approximate representation of an arbitrary 
function by means of polynomials or by means of finite 
trigonometric sums in general; that is, with the admission of 
coefficients other than those of a specified number of terms of 
a particular series. This theory, which has grown to its pres- 
ent extent mainly within twenty years, forms the subject of 

the following report. It can not be set off from the rest by any 
` sharp line of demarcation, but there are certain well-marked 
processes of development which it is not difficult to trace. It 
has seemed expedient for various reasons to make this paper 
an introduction to the literature of the subject, rather than 
an independent exposition of any considerable part of the 
theory. Even with this limitation, the treatment is merely 
illustrative, not in any sense exhaustive. 


2. Tchebychef’s Theory and its Generalizations. Between ‘ 
1850 and 1860, Tchebychef f discussed the problem of de- 


* Cf. Van Vleck, The influence of Fourier’s series u 
A pon the development 
mathematics, Soruxcn, vol. 39 (1914), pp. 113-124, : 

t Tchebychef 1 (this form of reference will be adopted when there is 
occasion to cite more than one paper by the same author), Théorie des 
mécanismes connus sous le nom de parallélogrammes, MÉMOIRES PRÉSENTÉS 
À L'ACADÉMIE IMPÉRIALE DES SCIENCES DE ST.-PÉTERSBOURG PAR DIVERS 
men vol. 7 (1854), pp. 539-568; Oeuvres, vol. 1, Petrograd, 1899, pp. 


Tchebychef 2, Sur les questions da minima qui se rattachent à la représenta- 


~~ 
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termining a polonii P,(x), of given degrez n, to approzi- 
mate a given continuous function f(z), in such a way that the 
maximum of the absolute value of the error, 


Max. |f(x) — P,(x)|, MERE 
shall be as small as possible. His reasoning, as recorded at 
‘that early date, was naturally incomplete, according to 
present standards. It was put into modern form by Kirch- 
berger* in 1902. The idea was then rapidly carried further. 
It was applied by Fréchett and by J. W. Youngt to problems 
of a considerably higher degree of generality, and in particu- 
lar to representation by finite trigonometric sums, by Tonelli$ 
to functions of more than one variable (e. phase already 
touched upon by Kirchberger and Fréchet), and#by Sibirani|| 
to representation by linear combinations of a given set of 
linearly independent functions generally; and it has been .ex- 
tended in a variety of other ways. : 

The most striking facts with regard to the Tchebychef 
polynomial of given degree n, for a given continuous function 
f(x), in a given interval a Sa = b, are that it is uniquely 
determined, and that the error f(z) — P„(z) takes on its 
greatest numerical value not just once, but at least n + 2 
times, alternately with opposite signs.§ When n = 0, for 
tion approximative des fonctions, MÉMOIRES DE L’AcaDfirııH IMPÉRIALE DES 
SOTENCES DE ST.-PETEREBOURG (6), SCIENCES MATHÉVATIQUES ET PHYS- 
IQUES, vol. 7, (1859), pp. 199-291; ; Oeuvres, vol, 1 573-378. 

In preparing the present paper, I have GH only the ‘collected 
works from which the Citations of the original memoirs are quoted. 

hberger, Ueber T sche Annakerungsn-ethoden, e 


Disserta- 
tion, Göttingen, 1902. Seo also lichfeldt, Note on the functions of the 
form f(z) = (2) + asi + awra +--+ fay which in a given in- 
terval differ the least 





possible from zer: 0, TRANSACTIONS OF THH AMERICAN 
Mara. Soormry, vol. S (1901), pp. 1002102. 
t Fréchet 1, Sur lVapproximation des fonctions suites trig 


nométriques Cowpres RENDUS, vol. 144 E pp. 124-155; 
Fréchet 2, Sur approximation d des fonctions continues périodiques par les 
sommes che er Lar , ANNALES DE L'ECOLE NORMALE Su- . 
PÉRIAURE Eh vol zu pp. 43-56. 

tJ. W. al theory of f approzimólion by functions involving 
a en number en parameters, TRANSACTIONS OF THE AMERICAN 

Mara. Soormry, E 8 (1907), pp. 331-344. 

$ Tonelli, I polinomi @approssimazione di Tchebychev, ANNALI DI 
Marmaris (3), vol. 15 (1908 908), pp. 47-119. 

Sulla Kar entazions approssımala delle funzioni, ANNALI 
ee (3) 16 ere pp. 203-221. 

x In the paper of 1854, e earliest reference to the subject with which 
I am acquainted, e says (Oeuvres, vol. 1, p. 124): 

“Boit fz une fonction donnée, U un polynome du Äert n avec des coefli- 
cients arbitraires. Si l’on choisit ces coefliciens de manière A ce que la 
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example, it is evident that the best constant is that midway 
between the greatest and least values of f(x), so that the max- 
imum deviation is reached at least twice, once positively and 
once negatively. A little experimentation with a ruler and 
a curve drawn on paper will leave little doubt as to the correct- 
ness of the statement for n = 1, and perhaps will suggest 
at the same time the idea of the general proof. The latter, 
however, is by no means trivial, and it is a very satisfactory 
exercise in the application of elementary theorems of algebra 
and of the simplest principles of analysis. 

For the corresponding trigonometric problem, let it be 
supposed that f(x) is af period 27, and is continuous for all real 
values of x. Among all expressions of the form 


Te) = ao + mcos x + +--+ a, cos ng 
+b sin gz + ----+ bn sin ng, 

that is, among all finite trigonometric sums of order n, there 
will be one and just one for which the maximum of the 
quantity |f(z)— T,(x)| has the smallest possible value. This 
particular sum is characterized by the fact that the quantity 
f(z) — Tel reaches its greatest numerical value at least 
2n + 2 times in a period, alternately with opposite signs. It 
will be seen that the number 2n + 2 here, like the number 
n + 2 in the polynomial case, is one more than the number of 
arbitrary coefficients in question. i 

Except for certain specific references in a later section, there 
is perhaps no occasion to dwell upon the subject longer here, 
since its main features are very readably presented in standard 
treatises.* The explicit determination of the approximating 
function, or of the degree of approximation attained, is ex- 
traordinarily difficult, even in relatively simple cases, be- 
cause the dependence of the approximating function on f(x) 
is not linear. Itis especially noteworthy that the Tchebychef 
différence fx — U, depuis x = a — h, jusqu'à z = a + h, reste dans les 
limites les plus rapprochées de 0, la différence fe — U jouira, comme on le 
satt, de cette propriet: BW | ‘ 

‘Parmi les valeurs les plus grandes et les pe petites de la différence 
Jz — U entre les limites z = a — h, z = a + h, on trouve au moins n + 2 
fois la même valeur numérique.’ ” 


Thestalics are mine. Kirchberger, op. cit., p. 6, states that the problem 
was originally proposed by Poncelet. 








£ 


* Cf., e.g., Borel, Leçons sur les Fonctions de Variables Réelles et les. 
Développements 


. en Séries de Polynomes, Paris, 1905, pp. 82-92; de la Vallée 
Poussin 1, Leçons sur V Approximation des Fonctions d’une Variable Réelle, 
Paris, 1919, see chapters 6, 7. 
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theory did not lead in any direct way <o a recognition of the 
fundamental fact brought out in the next section, that there 
exist uniformly convergent processes of approximation by 
polynomials or by finite trigonometric sums, for an arbitrary 
continuous function f(x), although the approximating func- 
tions of Tchebychef by definition yield the most EE? 
convergent of all such processes. 


3. Weierstrass’s Theorem. Let f(x) be an arbitrary con- 
tinuous function over the interval a = x < b; and let ebe an 
arbitrary , positive quantity. Then there will always exist a 
polynomial P(x) such that |f(z) — P(x)| < e throughout 
the interval. This theorem was first published by Weier- 
strass* in 1885. Almost at the seme time, and inde- 
pendently of Weierstrass, Runge,t without formulating this 
particular conclusion, supplied the materials for a second 
proof, quite different in form. Other writers successively 
added other demonstrations, in great variety.f A time came 
when there was no longer any distinction in inventing a proof 
of Weierstrass’s theorem, unless the new method could be 
shown to possess some specific excellence, in the way of 
simplicity, for example, or in rapidity of convergence. The 
question of degree of convergence will be the principal concern 
of the remainder of the paper. In respect to simplicity, 
mention may be made particularly of the proof of Lebesgue,$ 
which depends on the application of the binomial theorem to 
the representation of a function whose graph is a broken line, 
the proof of Landau,|| which makes use of an especially, con- 

* Weierstrass 1, Uber die analytische Daretellbarkeit sogenannter will- 
kurlicher Functionen einer reellen Veranderlishen, BERLINER BITZUNGS- 
BERICHTE, 1885, pp. 633-639. 

+ Runge, Uber die Darstellung willkurlicher Functionen, ACTA MATHE- 
MATICA, vol. 7 1885), pp. 387-392, together with an earlier paper by the 
same author: Zur orie der eindeutigen analytıschen Functionen, ACTA 
MATHEMATIOA, vol. 6 (1885), pp. cate p- Zen The first-named 
paper deals with the approximation of an arbitrary continuous function by 
means of a rational function, while the other EE the necessary facts 
about Kë representation of rational functions by means of 
polynomi 

Fe , e.&., Borel, op. cit., pp. 50-61. 

Lebesgue 1, Sur Va pproximction des fonctions, BULLETIN DES SCIENCES 
MATHÉMATIQUES, (2), ae 22 (1898), pp. 278-287; cf. de la Vallée Poussin 
1, pp. 3-6. 

| Landau, Uber die Approzimatton einer stetigen Funktion durch eine 
ganze raionale Funktion, RENDICONTI DEL CIRCOLO MATEMATICO DI 
PaLeRmo, vol. 25 (1908), pp. 337-345. 


H 
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venient form of (so-called singular) definite integral, and 
Simon’s niodification* of Landau’s proof, in which the definite 
integral is replaced by a finite sum. 

The trigonometric form of the theorem, to the effect that 
an arbitrary continuous function of period 27 can be uniformly 
represented by a finite trigonometric sum with any assigned 
degree of accuracy, was established by Weierstrass himself, 


not in the first paper already cited, but immediately after- ` 


wards.f The polynomial and trigonometric cases are not 
only susceptible of parallel treatment, but are readily- con- 
vertible one into the other by a simple change of variable. 
Among the direct proofs for the trigonometric case may be 
mentioned, for simplicity and elegance, those of de la Vallée 
Poussin,f using a definite integral, and Kryloff,§ using the 
finite.sum which corresponds to de la Vallée Poussin’s in- 
tegral. | x 


4. First Studies of Degree of Convergence. De la Vallée 
Poussin’s Problem. It has long been known, in more or less 
detail, that there is a relation between the properties of con- 
tinuity of a function and the degree of accuracy that can be 
attained in its approximate representation by specified means. 
For example, Picard,|| in his Traité d Analyse, points out in- 
cidentally that if f(x) is a function of period 2r possessing a 
kth derivative which is (essentially) of limited variation, the 
coefficient of cos nz or sin nz in the Fourier series for f(x) 
does not exceed a constant multiple of 1/n**! in absolute 
value., This leads to a theorem about the degree of approxi- 
mation tô f(x) given by the partial sum of its Fourier series, 
that is by a particular trigonometric sum of the nth order. 

Lebesgue, in 1908, formally proposed the problem of dis- 
cussing the relation between the accuracy of polynomial ap- 


*Simon STE ANNALS OF MATHEMATICS, 
(2), vol. 19 pect ieee pp. 
t Weierstrass 2, same title as his first paper, BERLINER Srrzunas- 








cn 1885, 789-805. 
de la Vallée oussin 2, Sur V'a imation des fonctions d'une variable 
et de leurs dérivées par des ynômes et des suutes limitées de Fourier, 


BULLETINS DE L'ACADÉMIR ROYALE DE BELGIQUE, Classe des Sciences, 


$ off, Sur quelques formules d’interpolation généralisée, BULLETIN 
ae marsttackrıgtme, (2), vol. 41 (1917), pp. 300-890. 

|| Picard, Traité d'Analyse, we, oad ad ed., vol. 1, pp. 252-253, 255-256. 

è 2, Sur la représentat le des fonctions GEES 


Z 
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proximation and the requisite degree of the polynomial, and 
indicated that if f(x) satisfies a Lipschitz condition for a = x 
= b, it can be approximately represented by a polynomial of 
the nth degree with an error not exceeding a constant multiple 
of „(log n)/n. This result was improved by de la Vallée 


Poussin,* who obtained the limit 1/+n in place of that just 
mentioned. For a more restricted class of functions, re- 
taining enough generality to include any function whose 
graph is a broken line with a finite number of segments, he 
foundf the still closer limit 1/n. Then he added,§ 

“Tl serait trés intéressant de savoir s’il est impossible de 
représenter l’ordonnée d’une ligne polygonale avec une 
approximation d'ordre supérieur à 1: n par un polynôme de 
degré n.” 

. This remark has been the direct or indirect occasion of 
` most of the subsequent work on the subject. 


5. Inner Limit of Approximation. S. Bernstein’s Theory. 
The simplest example of a function coming within the speci- 
fications of the problem is the function |z|, considered in the 
interval from — 1tol. It was shown by de la Vallée Poussin|| 
that the maximum, error of an approximating polynomial of 
degree n cah not approach zero faster than 1/(n log? n). S. 
Bernstein and the writer** independently replaced this limit 
by 1/(n log n). The final solution, verifying de la Vallée 
Poussin’s surmise that 1/n is the actual limit, was given by 
S. Bernstein,tf in a notable prize essay for the Belgian Academy, 


\ *de la Vallée Poussin 2, already cited, p. 222. aw" 
t The hypothesis was somewhat differently stated by de la Vallée 
` Poussin, but his analysis is immediately applicable to the case of a Lip- 
schitz condition; cf. D. Jackson 1, cited aes p. 10, footnote. 

t de la Vallée Poussin 3, Note sur approximation par un polynôme d’une 
fonction dont la dérivée est à variation bornée, BULLETINS DH L’ ACADÉMI® 
ROYALE DE BELGIQUE, Classe des Sciences, 1908, pp. 403-410. 

Footnote, p. 403. _ l 

de la Vallée Poussin 4, Sur les polynomes d'approsimation et la repré- 
sentation approchée d’un angle, BULLETINS DB L'ACADÉMI ROYALE DE 
Baretque Glasse des Sciences, 1910, pp. 808-844. 

78. Bernstein 1, Sur l’approxımation des fonctions continues par des 
polynomes, ComPTES RENDUS, vol. 152 (1911), pp. 502-504. 

** D, Jackson 1, Über die Genauigkeit der Annaherung stetiger Funktionen- 
durch ganze rationale Funktionen gegebenen Grades und trigonqmetrische 
Summen ns Ordnung, Dissertstion, Gottingen, 1911; see pp. 49-52. 

tt S. Bernstein 2, Sur (ordre de la meilleure approsimation des fonctions 
conlinues par des pol de degré donné, Mémoire couronné, Brussels, 
1912. (Included in OIRES PUBLIÄS PAR LA CLASSE DES SCIENCES DE 
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with de la Vallée Poussin’s problem for its text. Expanding 
into a discussion of a wide range of questions in the theory of 
polynomial approximation generally, the essay contains a 
number of results comparable in interest with the accomplish- 
ment of its original purpose. One of these, by reason of its 
simplicity and its far-reaching consequences, may well be 
regarded as one of the most remarkable theorems of recent 
times. -It will be worth while to dwell on it at some length. 
Here, again, it is possible to speak either of polynomials or 
of trigonometric sums. The statement is more striking in 
terms of the latter. For the trigonometric case,"the theorem 
is as follows: : 


Let T,(x) be an arbitrary trigonometric sum of order n, and 
let L be the maximum of its absolute value. Then the maximum 
of the absolute value of the derivative T',’ (x) can not exceed nL. 

For this formulation, to be sure, the credit is not undivided. 
Bernstein’s own statement* asserts merely’ that | T'n’(a) | 
can not attain the value 2nL; his proof is far from simple; and 
its validity has been called in question,f though this last 
remark applies only to his discussion of the trigonometric 
theorem, not to the polynomial case, in which he was primarily 
interested. The theorem was approached by subsequent 
writers from different angles, and was finally revealed in its 
true simplicity by de la Vallée Poussin,t whose demonstration 
is well worth repeating here. 

An equivalent form of the assertion to be proved is as follows: 

If the maximum of |T,'(x)| is 1, the maximum of | Tale) | 
can not beless than 1/n. 


Suppose the maximum of |7»(z)| were less than 1/n. 
Then, for any value of the constant C, the function 


Ra(x) = sin (ne + C) — T, (x) 


would have the sign of sin (nx + C) at each of the 2n points 


L'ACADÉMIE ROYALE DE BELGIQUE, Q), vol. 4; the detailed citations be- 
low, however, refer to the page-n of the essay itself, as printed 
separately.) . 
* 2, p. 20. 

Î Cf. de la Vallée Poussin, passages cited in next footnote. 

de la Vallée Poussin 5, Sur le maximum du module de la dérivée d'une 
en irigonométrique d'ordre et de module bornés, COMPTES RENDUS, 
vol. 166 (1918), pp. 843-846; de la Vallée Poussin 1, pp. 39-42. 
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at which |sin (ne + C)| has a maximum, in an interval 
of length 27. Because of the alterna-ion of these signs, and 
the periodicity of the functions involved, Ra(z) would then 
venish for at least 2n distinct values of z in a period, and con- 
sequently, by Rolle’s theorem, the same thing would be true 
of the derivative 


Rp’ (x) = cos (na + C) — Tr’). 


But if C is chosen so as to make cos (nz + C) coincide in 
velue with 7',’(x) at a point where the latter is equal to + 1, 
R.'(x) will have a double root at this point. Hence it will 
heve, in an entire period, roots of aggregate multiplicity at 
least 2n + 1. For a trigonometric sum of order n, which 
can not vanish identically—since A,„(z), by reason of its 
ckanges of sign, can not be a constant—this is impossible, 
and the contradiction proves the thecrem. It can be shown 
further,* though not quite so simply, that the maximum of 

T,(æ) | will be greater than 1/n, unless T,(x) has precisely the ` 
form (1/n) sin (nt + ©), that is, the latter is the only function 
for which the limit specified in the theorem is attained. 

The corresponding theorem for polynomials may be stated 
as follows, for a particular interval: 

Let P,(x) be an arbitrary polynomial of degree n, and let L 
be the maximum of its absolute value for —1S a1. Then 
the maximum of |V 1— 2 P,'(x)| can not exceed nL in the 
interval specified. 

Bernstein established this fact first,f and went from it to 
the trigonometric case. The relative simplicity of tht opposite 
procedure, on the basis of de la Vallée Poussin’s trigonometric 
proof, has been pointed out by the writer. 

The most immediate application of the theorem is to a 
type of argument of which the following is a simple case. 
Lat f(x) be a continuous function of period 27, and let it be 
supposed that there exists, for every positive integral value of 
n. a trigonometric sum 7',(x), of order n, so that 


(ra — Ta (@)| = gi, 
where Q is independent of n and x. Then f(x) is tha sum of 


* Cf. citations in preceding footnote. 
IS Bernstein 2, pp. 6-11. 
D. Jackson 2, the convergence of certain trigonometric and poly- 
nomial approximalsons, TRANSACTIONS OF THE AMERICAN MATH. SOCIETY, 
vol, 22 (1921), pp. 158-166; see p. 162. 
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the uniformly convergent series 

Ti+ (Ta — T) + (T — T) + (h — T) + -, 
or, if f(z) — Tale) = ra(z), 
(1) f(e) = T+ (ri — ra) + (r2 — ra) + (ra — r) H eee, 


It will be shown that if the series on the right is-differentiated 

term by term, the resulting series will be uniformly convergent, 

and f(x) consequently must have a continuous first derivative. 

Since |r,| = Q/n?, by hypothesis, 
Q 


` 2 
In r| 5+7 < 29, nl e, 
2Q 


Irs — rel SECH nice 


But since rı — rris a trigonometric sum of order 2, ete., it fol- 
lows from the theorem on the derivative of a trigonometric 
sum that ! 
ee i 2Q 
In-r)|<2-2Q9, [Cr — 70) Lues? “es 
and, generally, that the derivative of the (p + 1)th term on 
the right in (1) does not exceed 
2? 2Q Q ` 


tere 


The last quantity is the general term of a convergent series, 
and the uniform convergence of the series of derivatives is 
established. It is evident that this illustration by no means 
exhausts the possibilities of the method. Thus we may state 
the following more general theorem.* 

If f(x) can be represented by trigonometric sums of order n 
with an error not exceeding Q/n*+*, where k is a positive integer 
or zero, and 0 < a < 1, then f(x) has a continuous kth deriva- 
tive satisfying a Lipschitz condition of order a, that is i 


f®(«’) — filter = Ala’ = a’ |s, 
where A is a constant.t The idea can be carried still further. 


ee Zu 
e * ir ui Poussin 1, p. 57; also 8. Bernstein 1, and 8. Bernstein 
pp. 22- | 
"The value æ = 1 is ruled out in the statement of the theorem; but 
if the hypothesis is satisfied for æ = 1, as in the preceding illustration 
C = 1), it is of course satisfied, and the conclusion holds, for an arbitrary 
ueotaæa <li . 


© 
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The theorem concerning the order of approximation to |æ], 
like the theorem on the derivative of a trigonometric sum, is 
most accessible at present through the exposition of de la 
Vallée Poussin.* The idea of his proof is a3 follows. In the 
first place, the problem is referred to the equivalent one of 
representing |sin zl by a trigonometric sum of order n in x. 
Lebesguet had pointed out that no trigonomstrie sum of order 
n can give an error smaller than the corresponding remainder 
in the Fourier series, multiplied by a quartity of the order 
of i/logn. As it is readily recognized that the error in the 
Fourier series for |sin zl is of the order of 1/n, the quantity 
1/(n log n), already mentioned as a step toward the final 
result, is seen at once to be an inner limit for the order o7 the 
best approximation. If the Fejér mean could be used in 
the same, way as the Fourier sum proper, the desired limit 
1/n would be obtained with equal ease; for Lebesgue’s remark 
is a consequence of the fact that the partial sum of the Fourier 
series for an arbitrary function can not exceed the maximum 
of the absolute value of the function itself, multiplied by a 
quantity of the order of log n, and in the ease of the corre- 
sponding Fejér mean, this multiplier is replaced by 1. But the 
method fails at first, because it is essential also that the Fourier 
sum of order n for a function T,(x1 is identical with T,(x), 
while this is not true of the Fejér mean. However, de la 
Vallée Poussin observes that if raz) is the Fejér mean of 
order k — 1, 7,(x) is reproduced identically by the formula 

Te) = Aral) — Tala); 
and from this relation he is able to draw the desiretl inference, 
not quite immediately, but by easy steps, in the course of 
two or three pages. The general theorem which intervenes is 
as follows. 

Let f(x) be a given arbitrary function, let Eva) be the partial 
sum of its Fourier series to terms of order k and let T,(x) be 
any trigonometric sum of order n. Then the maximum of 
\f(z) — T(z) | can not be less than one-fourth the maximum of 


Sn + Sn + Son 
f(z) — + at + Sont 


* de la Vallée Poussin 6, Sur la meilleure approcimation des forcti 
d'une variable réelle par des expressions d'ordre donné, COMPTES U8, 
vol. 166 (1918), p. 799-802; de la Vallée Poussin 1, pp. 33-37. 

t Cf. eg. Ges 3, Sur les intégrales singulicres, ANNALES DE LA 
FACULTÉ DE TOULOUSE, (3), vol. 1 (1909), pp. 25-117; see pp. 116-117. 
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Bernstein himself, in the prize essay, proves the theorem 
about the polynomial representation of $ | in two different 
ways. * Both of his demonstrations depend on an extension, 
interesting in itself, of the Tchebychef theory to the problem 
of the approximate representation of a given continuous 
function by linear combinations of powers of x with arbitrarily 
given exponents.f The exponents may be any positive real 
numbers, not necessarily integral. There is a real generaliza- 
tion, however, even if they are merely selected integers; 
there would be no peint in saying that some powers may be 
omitted, in the approximating polynomials used, for that is 
always understood, as a matter of course; but the problem is 
essentially changed if it is demanded that certain powers 
shall be omitted. 

By way of obtaining a corresponding generalization of 
Weierstrass’s theorem, Bernstein further inquires under what 
circumstances a sequence of positive powers x, 2%, ---, will 
be sufficient (in technical language, complete) for the uni- 
formly convergent representation of an arbitrary continuous 
function.f He derives a condition which is necessary, and 
others which are sufficient. Müntz and Szäsz$ later estab- 
lished a condition which is both necessary and sufficient, 
namely (except for minor qualifications) the very simple re- 
quirement that the series È (1/a,) diverge. The last-named 
author extends the discussion to the case of complex exponents. 

The rest of Bernstein’s memoir must be dismissed with the 
utmost brevity in the present summary. Among the topics 
treated*msy be mentioned some results concerning the ab- 
solute value of a polynomial for complex values of the argu- 
ment,|| a study of the approximate representation of analytic 
functions of a complex variable, theorems with regard to the 

*8. Bernstein 2, pp. 55-62. See also S. Bernstein 3, Sur la meilleure 


approximation de |x par des polynomes de degrés donnés, ACTA MATHE- 
Re vol 37 (1914), pp. 1-57. 
8. i 38-41. | 








H 8-84. 

Szdaz, die A imation EC ENAA al T durch lineare 
Aggregate von Potenzen ALEN, vol A e take pp. 
482—496. The paper of Boa which I have not seen, is c 
ps 483, footnote. 

pp. 1 

Tpp. 36, 65-76, 94-95, and elsewhere. This subject, which has an 
extensive literature of its own, must be left outside the scope.of the present 
review. 
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degree of convergence of Fourier’s series ard the Fejér means 
of Fourier’s series,* in the spirit of the following section, and 
applications of the theory of approximation to questions of 
the existence of derivatives of functions of more than one 
variable.t 

A paper by Montel f presents a noteworthy continuation 
of Bernstein’s work jn various directions, particularly with 
reference to derivatives of fractional order. 


6. Outer Limit of Approximation. From Picard’s inequali- 
ties, already cited, for the coefficients in a Fourier series, it 
follows that, if the function developed has a continuous kth 
derivative which is of limited variation, the remainder after n 
terms of the series does not exceed a constant multiple of 
1/nt. For k = 1, the same outer limit of error for the ap- 
proximation obtainable by means of finite trigonometric sums 
of order n was found by de la Vallée Poussin,§ under a similar 
but somewhat more general hypothesis.. Most often, how- 
ever, such discussion has involved the hypothesis of a Lip- 
schitz condition, either on the function itself or on one of its 
derivatives. 

For the case of a function satisfying a Lipschitz condition, 
de la Vallée Poussin,|| as has already been noted, found the 
order of approximation 1/ Vn, and the same limit was recorded 
a little later by Lebesgue, both for polynomials and for 
trigonometric sums. From the point of view of a rapid survey 
of the problem, it is not necessary to specify each time which 
kind of approximating function is used, as the twg classes of 
results are to a large extent interchangeable. 

Another step in advance was presently taken by Lebesgue,** 
who proved that the remainder in the Fourier series for a func- 
tion of the kind under discussion can not exceed a constant 
multiple of (og n)/n. 








* pp. 3. 
t pp. 97-103. 
1Montel, Sur les polynomes d’approrimation, BULLETIN DE LA Boorërë 
MATHÉMATIQUE DB ce, vol. 46 (1919), pp. 151-192. 
de la Vallée Poussin 3. 
de la Vallée Poussin 2, p. 222. 
Lieben "PR SE t wmälrigue ochée des fi 
e ur la représentation irigor. appr onc- 
tions fans une condition de Lipschitz, BULLETIN pm LA Socıfrä 
MATHÉMATIQUE DB FRANCE, vol 38 (1910), pp. 184-210; pp. 199-201. 
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He also showed that this result is final, as far as the 
Fourier series is concerned, that is that there exist functions 
satisfying a Lipschitz condition, for which the remainder does 
not approach zero any more rapidly.* 

There still remained a question as to the degree of approxi- 
mation that might be attained by a different choice of the 

‘approximating functions. The writer showed that a function 
satisfying a Lipschitz condition can be represented by a 
trigonometric sum of the nth order,t or by a polynomial of 
the nth degree,f with a maximum error not exceeding à, con- 
stant multiple of 1/n, and that the limit 1/n in this general 
statement can not be replaced by any infinitesimal of higher 
order.$ The truth of the last part of this assertion of course 
also follows immediately from Bernstein’s results with regard 
to the function |x|, which were published a little later. The 
writer subsequently obtained inequalities for the magnitude of 
the numerical constants involved, so that the following state- 
ments can be made in summary. i 


If f(x) is a function of period 2r satisfying everywhere the 
condition 


(2) Fa) -SENE — 21, - 


i is possible to represent f(x) by a trigonometric sum of order n 
with a maximum error not exceeding K)/n, where K is an ab- 
solute constant; the statement is true for K = 3, but not for any 
value of K less than 7/2. 


If f(a) satisfies the condition (2) for a = x = b, tt can be repre- 
sented throughout this interval by a polynomial of the nth degree 
with a maximum error not exceeding LA(b — a) In, where L is an 
absolute constant; the statement is true for L = 14, but not for 
any value of L less than +. 


The upper values for K and L, as actually computed by the 
writer, were slightly less than 3 and 14 respectively, and they 
can = further reduced by other methods, due particularly to 





gen, Kee p. 202-206. 
D. J n1, , Theorem VI; seo also top of p. 48. 


D. Jackson 1, Theorems XII, XIH. 

DeJackson 3, On a imation by trigonometric sums and polynomials, 

SACTIONS OF THE can Marx. Socwry, vol. 13 (1912), pp. 491- 
515; Theorems I, U, VI, VII. There is a misprint in the statement of 
Theorem VII; for’ Ls should be read In. 
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Gronwall.* The ultimate determination of the best values for 
K and L, however, is still an open question. 

The order of approximation being once established for the 
case of a Lipschitz condition, corresponding results can be 
deduced without difficulty both for more general and for more 
restrictive hypotheses. By way of generalization,t let Toi 
be an arbitrary continuous function, of period 27, say, to 
restrict attention to the trigonometric case, and let w (6) be 
the maximum of |f(@) — f(2’)| for |æ'—x"| së Let 
fi(z) be a function represented graphically by a broken line, 
equal to f(z) at the points x = 2jr/n (j = 0,+ 1, + 2, --.), and 
varying linearly from one of these points to the next. Then, 
for any x, f(x) and fi(x) will each differ from the value at the 
nearest vertex point by not more than w(2z/n), and 


Ui) — file) | = 20 (2x/n) 
for all values of x. Since f1(x) satisfies a Lipschitz condition 
with coefficient w(2x/n)/(2x/n), there will exist trigonometric 
sums 7„(x), of order n, so that 
ag vCr/n) 1 3 
On Sn a 2g OOM 
and 


la) — Tal = IDDIE 


A similar result can also be obtained directly by means of 
a definite integral, without the intermediate reference to the 
Lipschitz condition. í g 

On the other hand, suppose that f(x), once more as$umed to 





* Unpublished letters to the present writer, ey Al and Feb 
16, 1913; On approximation y trigonometric sums, this BULLETIN, vol. 
21 (1914-15), pp. 9-14. See de la Vallée Poussin 1, pp. 4446. My 
computation, in the Transactions article citel, ınvolved the ratio of two 
integrals, Jm’ and Jm; within a few weeks after its publication, I was in 
receipt of letters from Messrs. Gronwall, I. Schur, and D. Cauer (the last- 
named, then a student at Gottingen, writing informally in of Pro- 
fessor Landau) , which contained, among other data, two proofs that 


Jn =F (1 +) 


and seven pronis SC one quoted by Schur from Marcel, Riesz) 
that lima. Jw = log 2. 

tSee, e.g., D. Jackson 1, Theorem VIII. The fundamental idea of 
the proof is derived from Lebesgue 4, p. 202. 

ł Cf. de la Vallée Poussin 1, pp. 44-46. 
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Aave the period 27, is not merely continuous itself, but has 
a continuous first derivative satisfying the Lipschitz condition 


f’@') Po fen] = Ala’ SE ei", 
There is a finite trigonometric sum 7',’(z) such that 


o- als, 


Moreover, it follows from the proof of the theorem on which 
this assertion is based, though not from the statement of the 
theorem itself, that 7,’ can be taken so that its constant term 
ia zero,* and its integral therefore is also a trigonometric sum 
C order n. Let the expression 


HO) + Troes 
be denoted by T,(x), and let f'(x) — Toi = r,(x). Then 
Fe) = Ta) + | rnla)de. 


Cf course the integral on the right does not exceed a constant 
multiple of 1/n, but it is possible to say much more than that. 
For the integral has a derivative which does not exceed 3A/n, 
that is the integral itself satisfies a Lipschitz condition with 
ccefficient 3N/n, and can be represented by a trigonometric sum 
of order n with an error not exceeding 9/n*. This sum, com- 
bined with T,(x), gives an equally close approximation for 
f@). In generalf—though the proof requires a little attention 
in detail—if f(x) has a (k — 1)th derivative which satisfies a 
I-pschitzcondition with coefficient A, then f(x) can be approxi- 
mately represented by a trigonometric sum of order n with an 
error not exceeding 3*\/n*. There is a corresponding but 
slightly less simple result for polynomial approximation.{ 
From the trigonometric theorem it follows immediately, by 
a remark of Lebesgue already cited, that if f(z) has a (k — 1)th 
* That is, if the function for which an approximate representation is 
sought, f'(x) in this case, is such that its integral is periodic, the particular 
ee function defined in the course of the demonstration will 


odic in: e 
tD. J n 4, On approzimale r entation of an indefinite in- 
teg-al and the degree 17 convergence of Fourier’s series, TRANSACTIONS 
OF -THE oan Mara. Socıery,' vol. 14 (1913), pp. 343-364; Theorem 


-IIL Cf. also D. Jackson 1, Theorem VII, and D. Jackson 3, Theorems 


D. Jackson 4, Theorem VII; ef. D. Jackson 1, Theorems L, IVa, and 
- D. Jackson 3, Theorems IV, IX. 
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derivative satisfying a Lipschitz condition, the remainder 
after terms of the nth order in the Fourier series for f(x) does 
not exceed (log n)/n*, multiplied by a quantity independent of 
n and x. It is noteworthy that a different method yields a 
still closer result here, to the extent that the constant multiplier 
obtained is independent of k. If the coefficient in the Lipschitz 
condition is À, the error does not exceed A(log n)/n*, multiplied 
by an absolute constant.* 

Finally, we may note a case in which one of the theorems of 
the preceding section has an exact converse.f If f(x) has a 
continuous kth derivative satisfying a Inpschitz condition of 
order a, where k is a positive integer or zero, and 0< a< 1, 
then f(x) can be represented by trigonometric sums of order n 
with an error not exceeding Q/n***, where Q is independent of 
nandz. Taken without regard to its converse, the statement 
can be made both more precise, by exhibiting the dependence 
of Q on the coefficient in the Lipschitz condition, and more 
general, by varying the hypothesis on the kth derivative. 


7. Trigonometric Interpolation. In the theory which forms 
the subject of § 6, much use is made of formulas involving 
definite integrals. It is possible to vary the treatment by 
replacing the integrals by finite sums. From this substitu- 
tion, which works out most satisfactorily in the trigonometric 
case, results an extensive theory of trigonometric interpola- 
tion.f The ordinary formula of interpolation with equidistant 
ordinates has of course been known for a long time, but its 

* Cf. 8. Bernstein 2, PB; 92-93; D. Jackson 4, Theorem X; de la Vallée 


Poussin 1, pp. 23-25 
go de la Vallée Wis 1, pp. 51-52, 57; also D. Jackson 4, Theorem 


"Ten. e. g., de la Vallée Poussin 7, Sur la convergence des formules d'ir- 

entre ordonnées équidistantes, BULLETINS DE L’ACADÄMIE ROYALE 

DE BELGIQUR, Classe des See 1908, pp. 319-403; Faber 1, Über stetige 

Funktionen, THEMATISCHE ANNALEN, vol. 69 zg PP. 372-443, see 

pp. 417-443; Faber 2, Uber die interpolato-ische Darstellung steliger Funk- 

- JAHRESBERICHT DER DEUTSCHEN Maes 
vol 2 (1914), pp. 192-210; D. Jackson 5, On the accuracy of trig 

OOTY, SCH 1 








interpolation SACTIONS OF THE AMERICAN MATH 
(1913), pp. 453-481; D. Jackson 6, A formula of trigonometric interpo 
RENDICONTI pen, CIRCOLO MATEMATICO pi PALERMO, vol. 37 (1914), p>. 
371-875; D. Jackson 7, Note on trigonometric interpolation, RANDICONTI DEL 
CiRcoLo MATEMATICO DI PALERMO, vol. 39 (1915), pp. o. 330-232; ; D. Jacx- 
son 8 Où the order of magnitude of ihs toe cients in trigonometric interpola- 
tion, TRANSACTIONS OF THE AMERICAN MATH. Socwry, vol. 21 (1920), 
Pp. = 
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convergence seems to have been first studied in detail by de la 
Vallée Poussin and Faber within fifteen years. The con- 
vergence properties of the interpolating formula are similar 
to, but not absolutely identical with, those of the Fourier 
series, which it formally. resembles. The analogy extends to 
questions of degree of convergence, and to the various methods 
of trigonometric approximation which have been devised for 
one special ‘purpose or another. 


8. The Method of Least mth Powers. Of modest importance 
in itself, perhaps, but- of some interest as affording a field 
for the application of the preceding results, is the theory of 
what may be called the method of least mth powers.* If f(x) 
is a continuous function of period Ze (to restrict attention 
to the trigonometric case once more), it is well known that 
the trigonometric sum 7',(x), of order n, for which the integral 


E Lie) — Th(a) Pde 


has the least possible value, is the partial sum of the Fourier 
series for f(z). The condition determining T,(x) can be 
generalized by writing, in place of the square of the error, 
the mth power of its absolute value, where m is an arbitrary 
positive exponent, most conveniently assumed to be greater 
than 1. The resulting sum 7,(x) is not readily amenable to 
calculation, because, like the Tchebychef sum, it does not 
depend linearly on f(z); but it is possible to show that it 
always pxists, is uniquely determined, for m > 1, and ap- 
„roaches the Tchebychef sum as a limit when m becomes in- 
änite. Furthermore, if m is held fast and n is allowed to 
nerease indefinitely, T,(x) will converge uniformly to the 
value f(x), under suitable hypotheses. The proof depends on 
3ernstein’s theorem concerning the derivative of a trigono- 
metric sum, and on the possibility of representing f(x) by a 
properly chosen sum with a specified degree of approximation. 
Tue University op MINNESOTA. 
* Cf. D. Jackson 9, On functions of closest approximation, TRANSA 
cr TER AMERICAN MATH. Socrery, vol. 22 (1921), pp. 117-198, and D 
Jackso 2, already cited. The polynomial case had previous! been 
treated I Pölya,.in a note with which I was not acquainted at the time 


cf writing my own pa Sur un algorithme, etc., Comptes RENDUS, vol. 
157 (1918), pp. 840-843. f 


r 


432 THE EINSTEIN SOLAR FIELD. [June-July, 


H 


THE EINSTEIN SOLAR FIELD. 


BY PROFESSOR LUTHER PFAHLER RISENHART. 
(Read before the American Mathematical Society April’23, 1921.) 


The Schwarzschild form of the linear element of the Einstein 
field of gravitation of a mass m at rest with respect to the 
space-time frame of reference is 
Ka 


m dur— ur (dus?-+ sin? Ur dus’), 





(1) de= D = =m) dë 


where ¢ is the coordinate of time, and us An, Us are space 
‘coordinates. Since the coefficients in (1) are independent of 
t, the particle moves in the 3-space Sa whose linear element is 





u ’ A 

(2) ds? = u = 2 mu + ur (dur + sin? Us dus). 
If we put 

T1 = Uz SİN Us COS Us, Ta = Uy SIN Us SIN Us, 
8) WEE 

Ti = Ur COS Wa, da = 4m el: 

2m 

we have 
(4) í ds? = de? + dz? + de? + dep. 


Hence S; is immersed in the euc_idean space of four dimensions, 
S4, whose rectangular coordinates are x; (2 = 1, arg 4).* More- 
over, as follows from (3), Sa is the quartic variety defined by 


(5) ze + 22+ 2 = (+). 


We shall show that equations (3, define the only three- 
spread with the linear element (2) in euclidean four-space by 
_ making use of the following theorem of Bianchi:f In euclidean 
n-space (ri > 3) every hypersurface is not deformable unless 
at least n — 2 of the principal radii of curvature are te. 





*Cf. Kasner, AMERICAN JOURNAL OF MATHEMATIOS, vol. 43, p. 182 
(April, 1921). - 
t Lezioni, vol. 1, p. 467. 
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In fact we show that all of the principal radii of curvature of 
(5)lare finite. If X, denote the direction-cosines of the nor- 
mal to (5), that is 


£ Ox; i ; 
Dry H0G=12,3, ZX=1, 
i=l u, 

then | 


2m 2m . , 
X1 = Al sin uz COS Us, X, = 4|— sin Ais sin us, 
, U U1 
2m 2m 
X, = 4 — cos | Kane", 
3 u Us, 4 u 














If we define functions Ors by 
| OX; Oz, 
Ore = = Lou, du,’ 
we find Q,, = 0 (r + ei and 
Gia een. One Nomad 
u,— 2m N 2u 
“The principal radii of curvature are given bet 
re, Le ua 
Rı T U ~ N2u1? Ra ur u? 
u — 2m 
JL a Gm, 
Rs ursin uw Nu 


which are finite since u + 0. 

In accordance with the Einstein theory the world-line of 
a particle in the gravitational field is a geodesic of the space 
with the linear element (1), that is a curve along which / ds is 
stationary; and the world-line of-a ray of light is a curve for 
which ds = 0 and ‚/ dt is stationary. In each case the frame 
of reference can be so chosen that a particular path satisfies 
the condition us = 7/2.f From (3) it follows that for this 
path z = 0, and hence the path considered by astronomers 
B the projection upon the plane z; = 0 of a curve on the surface 


2 2 
ai + a? = (&+ 2m) 


* Bianchi, Le, pp. 368, 472. 
+ Cf. Eddington, Report on the Relativity Theory of Gravitation, p. 49. 
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This is the surface of revolution of a parabola of latus rectum 
8m about its directrix. A similar result was obtained by 
Flamm* who considered the surface, in euclidean three-space, 
for which the linear element is given by (2) for % = 7/2. 


Princeton UNIVERSITY, 
April 16, 1921. 


A COVARIANT OF THREE CIRCLES. 
BY PROFHSSOR A. B. COBLE. 


(Read before the American Mathematical Society April 23, 1921.) 


Dr. J. L. Walsh f has stated the following theorem. 

Teworem. If the double ratio, (zı, za | 22, 2), of the four 
points 21, Ba, Za 3 im the complex plane is a real number X, then 
as the points au, 22, 33 run over the circles Ci, Ce, C; (and their 
interiors) respectively, the locus of z is a circle (and its interior). 

This locus is evidently a covariant, under the inversive 
group, of the three given circles, which is rational in À We 
find in (8) its equation and incidentally prove the theorem. 


In conjugate coordinates z, 2, a circle is 
Cie) = 0122 + QZ + az + by = 0, 


where ai, bı are real, and a1, o are conjugate imaginary. 
The bilinear invariant of two circles Ci(z), C2(z) is 


[Ci C2] = a102 + ai — aıba = Gaby, 


It vanishes when the two circles are orthogonal. When they 
coincide it becomes [C,C1] = 2(aja, — aıbı). This van- 
ishes when C1 is a point circle, i.e. one whose equation is 


(1) P. (2) = (z — 2,)(2 — 2) = 0. 
It is easily verified that 
[Crn P.(2)]=—Ci); Pe), Pa) EP) Pu). 
The two point circles of the pencil C(z) + uK(z) = 0 are 
determined by 

[0 + uK, C+ uK] = [C, C] + 2u [CK] + x [KK] = 0. 


* PHYSIK. ZEITSCHR., Yok H (1916), p. 449. 

f TRANSACTIONS Aunar. Maru. Society, vol. 22 (1921), a 2 The 

eometric proof of this theorem given by Dr. Walsh is v lissted. 
The method of proof followed bere 1s considered by Dr. oc. cit., 
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They coincide and the circles C(z), K(z) touch when 
[KCF — [KK] [CC] = 0. 
We begin the proof with the condition 
(2) (zı — 23) (z3 — 2) — 
(21 — 3) (z3 — 2) 


and set 
l= (z2—33)(z—321), l= (23—21) (3—22), l= (31—22) (%— zl, 
(3) | h+k+kh=0; 
gz AA sch gw=1-A, 
(4) qaga + gan + gue = 0. 


The condition (2), or (A + Js/l1) = 0, when multiplied by its 
conjugate, (A + l/l), is easily reduced by the use of (3) 
and (4) to the symmetrical form qılılı + qlla + galals = 0. 
Again, in the notation of (1), this condition is 
GP.) P a (2) + gefall: Dall + Pa) Pall = 0. 

For fixed values of A, z3, 23, z this is the equation which deter- 
mines zı. If z; lies on a circle C:(z) = 0, then 

K = qPa(es)- C1) + q2Ci(2s) Pa) + gCill) Pa) = 0. 
For fixed 22, 23, and zı variable in the circle C1, K(z) = 0 is 
the equation of the circle within which z lies. Now let zə 
range from its fixed position outward in all directions toward 
the boundary of a circle C2. Then the circle K(z) ranges 
outward in all directions from its original position toward the 
boundary of an envelope which is the ower part of the envelope 
of the ring of circles K(z) as z runs over the circumference of 
the circle Cz.. This envelope is the locus of points z for which 
K regarded as a circle in the variables 22, 2: touches the given 
circle Cz and therefore the equation of the envelope is 


[RC] — [KK][C3C3] = 0. 


We shall show that [KK] is a perfect square and therefore ‘he 

envelope factors into a pair of circles of which we want the 

outer. We notice that K(ze) breaks up into three terms, 

Kıl) t Ka(2:) + Kate), Hence 

i [KK] = 2[K.K,] + 22[K.K,] (@, j= 1, 2, 3; à + j). 
footnote, p. 102) but rejected because of algebraic difficulties. These 


however are not inherent. The algebraic method has, moreover, the 
decided advantage of furnishing the required DEN in covariant form. 
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To within the coefficients g the terms [K;K,] are all alike and 
equal to — P,,(z)-Ci(z)-Ci(zs). But according to (4) the : 
sum of the coefficients of these three terms’ vanishes. More- 
over [K;K,] = 0 (à = 1, 2) since Kı'z) and K3(z) are point- 
circles. Hence [KK] = q;?-(P,*(s))?-[CiCi]. Also 
[KC] SS giCi(z)- Ca (zs) = qaC1(83) * -C3(z) + qaP .,(2)° -[C102]. 
Thus for proper choice of the sign of the radicals the outer 
part of the envelope is the circle 
(5) L= — qe): Ces) — q2Ci(ze) Cal) 
+ qP s,(2) {{C1Cs] — [CC] v[CsC2]} - 
We now let z run over a circle C3(z) = 0. As before the 
envelope of the circle D(z) in (5) is the tact-invariant of I 
regarded as a circle in the variable za and of C;(z3) = 0. I 
is therefore’ 
(6) [LC — [LL] [CC] = 0. 
Again the term [ZZ] is a perfect square. In fact 
[LL] = q°C2(z) IC + gr? (2) - [C10] 
+ 2q1g2C1(2) : * Ca(s) -[CiC2] 
+ Boston + ge) Cr(z) Cala) {[C1C2] — NON) dek, 
the term in q dropping out since ga is the coefficient of a 
point circle. Since ga(gi + q2) = — 9192 this becomes 
(7) [LE] = Lotte) [C202] + g202(2) VICC}. 
Hence the final envelope (6) factors into two circles (neces 
sarily inner and outer) and the thearem is proved. 
In order to obtain the equation of the envelope we note that 
, Lüde q1ıC1(2) -[C3C5] = q2C3(z) - [C1C3] 
— gsCs(z)- {[01C2] — [CC] IC: C2]. 
This, together with (7), yields the factors of (6), whence 
The locus of x referred to in the theorem is, in explicit form, 
ACA — 1)-Cx(@) let) — SN) d'G 
(8) + À: Cie) {[C2Ci] — VCC) VICCH} 
+ (1 — NX): Cie) {[C1C2] — LOCH VCH} = 0; 
where the sign of the radical v[C;C, is to be taken opposite the 








sign of the quadratic de for given A, 
On account of the symmetry and homogeneity of this deeg 
the verification of sign can be made for (5) and o = œ = 1. 


‚We have in (5) two circles which determine the aa 
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DI wi Os) te) — qC 123) - Ca(8) + gef, JO) 

x — {qs [0,0] VGCJP,@} = 0. 
Let C1, Cy be small circles around the points 21, 23 respectively 
which themselves are not on a line with the point z The 
pencil (9) contains the point circle P,,(2) and therefore another 
point circle P interior to the two point circles (5) since P,,(z) 
is exterior to them. Hence in (9) we must have for u = 0 
the point circle zg; for u = ur the radical axis; for u = 1, the 
outer circle (5); for u = — 1 the inner circle (5); and for 
u = e(— 1 < e < 0), the point circle P. "bus As, the param- 
ater of the radical axis of the pencil (9) must be positive. But 

Be = qa VLCC] V[C2C2]/(— qiCa(es) — q2Ca(zs) + gelt af. 

Tf now the circles C1, Cz approach the points 21, z: as limits the 
denominator of ur approaches as a limit 


110) — (q + gah? + ge?) 

where o, B, y are the lengths of the sides opposite the vertices 
£1, &, 23 Of the triangle zı, %, 23. In terms of À (10) becomes 
a = aN e cd = By. 

The discriminant of (11) is 

(a++ a+ B+ )(—B+ a+ EEN 
which is negative. Hence (11) is a definite quadratic form 
evidently negative for sufficiently large À. Then (10) is 
regative for all real values of A and this requires that 
‘gs CO CC be negative. Since gugag = — NA — 1)? 
is negative for all real values of X, the three radicals must take 
tae same,signs as, or opposite signs to, the three quadratics q, 
Tae UnIvERsSITY or ILLINOIS. 





ON SKEW PARABOLAS. 


BY DR. MARY F. CURTIS. | 
RB , 
The theorem that a real rectifiable skew parabola is a helix, 
proved in my note in this BULLETIN, November, 1918, for 
skew parabolas which can be represented in rectangular co- 
ordinates by equations of the form: 


(D t= at, T = bE, T3 = ct, i abc + 0, 
was extended by Professor Hayashi in this BULLETIN, Novem- 


ber, 1919, to cover all real skew parabolas, whose equations 
he reduces to the form 
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(2) bo = aß + Gb, La = bi + bs, T3 = ef, asbeC1 + 0. 


Professor Loria, in an extract from a letter to Professor 
D. E. Smith published in this BULLETIN, February, 1921, 
states that Professor Hayashi’s work was unnecessary, in that 
every (real) skew parabola can be represented in rectangular 
coordinates by equations of the form <1). 

When the coordinates are oblique, “1) does represent every 
real skew parabola.* Professor Loria’s statement that this 
is equally true when the coordinates are rectangular is, how- 
ever, at fault. A skew parabola C: 


(3) z, = aP + bË + ott h (i = 1, 2, 3) 


lies on a unique parabolic cylinder S and meets the ruling R 
on which the vertices of the orthogonal sections of Slieina 
unique finite point P. If P: t= 0 is taken as the origin of 
coordinates, À as the zy-axis, and the axis of the orthogonal 
section through P as the æ:-axis, equations (3) become 
(4) tı = Ci, t: = br, T3 = azt + bit? + Cat, Gaar + 0, 
and these are as simple equations representing a general skew 
parabola in rectangular coordinates as can be found. 

It is clear that the osculating plane at P :t= 0 is the plane 
zs = 0 if and only if bs = cs = 0. Then (4) reduces to (1). 


THEOREM. A real skew parabola C can be represented in 
rectangular coordinates by equations of the form (1) if and only 
af, at the point in which O meets the line of vertices of the parabolic 
cylinder on which C lies, the osculating plane of C is ae: 
to the cylinder. 


The representation (4) for the general skew parabola, the 
_theorem and the representation (1) for the particular skew 
parabolas which the theorem singles out hold in the complex 
domain, unless the rulings of the cylinder S are minimal, or the 
parallel planes each of which cuts S in a single ruling are 
minimal, or both the rulings and the planes are minimal. In 
such cases simple representations of the skew parabola exist. 
WELLESLEY COLLEGE. 


* ENOYKLOPADIE DER MATHEMATISCHER WISSENSCHAFTEN, III, C 2: 
O. Staude. Flachen 2. Ordnung und ihre Systeme, p. 234. ENOYOLOPÉDI® 
DES SCIENCES Martino TEL 22 (1914), p. 130. 

tO. Staude: Analytische Geomeirie Kubischen Kegelschnilie (1913) 
p.139. The equations (2) which refer the curve to the tangent, princip 
normal and binormal at an arbitrary point may, for some purposes, be 
preferable to the equations (4). 
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THE DISPERSION OF OBSERVATIONS. 


BY PROFESSOR JULIAN LOWHLL COOLIDGE. 


In the study of statistics bearing upon groups of objects, it 
is of fundamental importance to know whether, and to what 
extent, the different objects in the same group are comparable, 
and also to what extent one group is comparable with another. 
The first writer to study such questions seems to have been 
Lexis* and subsequent writers have developed his ideas of 
normal, supernormal and subnormal dispersion, or of Ber- 
noulli, Lexis, and Poisson series. 

In all articles dealing with these topics, which have come to 
the writer’s attention, the data are either restricted to series 
of probabilities or frequency ratios, or else it is assumed that 
variations are distributed according to the Gaussian law of 
error. This restriction is unnecessary and unfortunate. The 
purpose of the present paper is to show how any series of sets 
of observations may be tested for the normality of their 
dispersion. The mathematical means employed are of the 
most elementary nature. 

Suppose that we have n observed values yi, a, Yn 


The expression 
Valse- z8] 


is called the dispersion or standard deviation of the set, and is of 
first importänce in the theory of errors of observation, and of 
statistics. Let us find the mean value of its square. For 
simplicity, the mean value of y; shall be called a, while the 
mean value of its square is 4;. We shall write the averages, 


KIK 
The square of the dispersion is 


Um) Dae - w= Um (m — a) -W-@)+Ha-al: 


In the large round parenthesis, if the averages y and a be 
replaced by their expanded values, we have the sum of a 
number of terms, each of which has the mean value 0, and 
as these terms are independent, the mean value of the product 


* Zur Theoris der Massenerscheinungen in der menschlichen Gesellschaft, 
Freiburg, 1877. 
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of two is also 0. The m2an value of the square of the round 
bracket is the sum of the mean values of the squares of its 
individual terms. The mean value of the product of the 
round and square brackets is 0, and the mean value of tke 
square of the square bracket is its ostensible value. 





Ha Genet 2u © 
at ED iw- DN Ys — 45) + (Yu — On) F ii Yn = gel 
a 2 n 


The mean value of (y: — a)? is A; — as, and the coefficient 
will be (n — 1/n)? in one case, and 1/n? in (n — 1) other 
cases. Summing, we reach the following theorem. 

FUNDAMENTAL DISPERSION THEOREM. If n independent 
quantities Yi, Yz,  * +, Yn be given, their mean values being ai, ca, 

+, Gn, while the mean values of the squares are A1, As, +++, In 
respectively, and if y = (1/n)Z.y., a = (1/n)2.a,, then the mem 
value of the square 2 the dispersion is 

Ilan 

In practice it is convenient, first to replace (n — 1)/n by 1, 
and, secondly, to replaze the mean value of the square of the 
dispersion by its observed value. We thus obtain the appraxi- 
mate equation 


(1) Dias == Id: — a) + Dia — a}, 


Let us show the cheat application of this equation. 
Suppose that we have N sets, each of s observations, 





Mu To u men, 

T21 T22 *** Tzs; Day = t, 
3 

tm tm" TN; GË = ty. 


Let the mean value of zo be a,,, while the mean value o° its 
square is 4;,; and let 2,a,, = a, 2; = Nx, Z,a, = Na. Then, 
by (1), we have 


Z Q = =) = Z (Ay — aif) + % (a; — 2). 
Summing again, we find. 


(2) > (zs = =) = 2 (Ag — gelt 2 Le = =). 


KI 
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Again, we may write (x; — a) = 2,(2:;, — Gel. The mean 
value of (x; — a,)? is Z,(4;, — a;f). Hence applying (1) once 
more, we find 


(3) LG -z = 2 (Ai — Gif) + la: — a}. 
He Zi — Dei between (2) ind (3), we obtain 


@ 7 E JE DECH = Elea- 0. 


This i is our fundamental equation. In practice it is usual 
to see whether a given series of sets of observations belong 
to one of three recognized types: 

(A) BERNOULLI serres. Here all of the observations are 
supposed to be upon the same object, or at least the mean 
value does not vary from one object to another. We have 


ER 2 
du = Gu h = a, © (2-2) =), (m: — x}. 
4J + 


Such a series is said to have normal dispersion. 
(B) Lexis series. All observations in one set are supposed 
to bear on the same object, but the object varies from set to set. 


2 
Gu Gi, a#a, >> (25 _ =) < > (2; — EI. 
DÉI ` 


Such a series is said‘to have supernormal dispersion. 

(C) Poisson serIEs. The objects within a set are supposed 
to differ from one another, but all sets are supposed com- 
parable. 


Gij Œ Ou a; = a, Eat) > Lara). 
13 


Such a series is said to have sub-normal Ate 

What we can do in practice is this. We calculate the quan- 
tities Di; po — Self and Z,(x, — x). If they be virtually 
equal, we are sure that the members of each set can not all be 
equal, "unless the sets are all the same, and'vice versa. If the 
first be less than the second, the various sets can not be the same. 
If the first be greaier ihan the second, the individuals must difer 
within a set. ` 

It is well, in disons to show how our formulas connect 
with the usual formulas for the dispersion of ratios. The 
problem is to see whether certain frequency ratios vary from 
case to case, or from set to set. If the geueric letter for one 
of our probabilities be Pus and this represent the chance that 
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zu takes the value 1, while in the contrary case it takes the 
value 0, then a,/s represents the average probability for the , 
ith set. 


X Pu = spi = Gi 2 Pi = Np=a/e p+g=i. 
Ay — 4, = Mean wales of Gre — Doll = Du — Pi. 
From (3), we find 
= (z; — x) = SS (py — Du) + À Z (p: — p}. 
ur} 
Now‘ 
> (py — mi)’ = Eë — ap, 
DH 
. Hencé 
Ip = 8p? + x (psy — 2). 
D 
Similarly 
Ip 2? = Np? + pm) S 
2a =g = Ein — sp? — Dev — D} + #(p, — p)” 


= Mon = Ps — p)? ee eg be =p); 


(5) Är z)? = spq — size: mH o 


To take up the particular cases: 
(A) BERNOULLI SERIES. The probability is constant 
throughout. b 


1 
Pi = P= P, Än 2) sp. 

(B) Lexis series. The probatility is constant throughout 
a set, but varies from set to set. 
Py = Pi, D: ED. EN = a = epg + Lal F LG =D" 

(C) Porsson serres. The probability varies an the set, 
but all sets are comparable. 

Pu + Pu Pi = D. Io = J= = 8pq 7 20s zei Dp)’. 
These are the standard formulas.* 


HARVARD UNIVERSITY, 
April, 1921. 


* Conf. Fisher, Mathematical Theory of Probabilities, New York, 1915, 
pp. 120 ff. 
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THE ISOMORPHISMS OF COMPLEX ALGEBRA. 
BY DR. NORBERT WIENER. 
(Read before the American Mathematical Society December 28, 1917.) 


Definitions and Conventions. By the transform by a 
function ¢(z) of a function F(x, £2, -++, u) we mean the 


expression 
Fe"), pts), +++, er}: 


We shall consider © as a possible argument for a function, 
and we shall define F(œ) to be lim F(z). Similarly if lim F(z) 


= œ, as |x| grows without limit in every possible way, we 
shall say that F(c) is ©, while if lim F(z) = © as z ap- 


proaches a in every possible way, we shall say that F(a) = 
Similar conventions will be established for functions of more 
than one variable. 

A function F of the complex variable z is said to be con- ` 
tinuous at z if lim F(a + €) = F(x). 


lel=0 

A function F(x, 22, --+, £n) will be said to be continuous in 
general if there are only a finite number of sets (Zi, zz, «++, £a) 
for which F(a, £2, *--, £a) fails to be continuous. 

A variable u is said to depend uniquely on t, £a, +++, £n if 
there are only a finite number of sets 2, £2, ---, x, for which 
p is not uniquely determined, and if for these u is undefined. 

Tarorem. If a function ® is single-valued, as well as its 
inverse, over the set of arguments consisting of all complex numbers 
and ©, and if it is continuous in general, and transforms every 
algebraic function into an algebraic function, it is a linear func- 
tion or its conjugate. The proof of this will involve almost no 
considerations except those of elementary algebra. 

. To begin with, Jet us consider any function of the form 
: Sat bz + vy + bry 
PED CF feb ay + bay 
which does not degenerate into a constant nor into a function 
of a single variable. Such a function has the following 
properties. n 
(1) F(z,"y) depends uniquely on x and y. 
(2) x depends uniquely on y and F(z, y). 
(3) y depends uniquely on x and F(z, y). 
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It is easy to show that these properties will also belong to any 
transform of F by a biunivocal functicn 
Now, no algebraic function not of the form 

at pe + yy + Aen 

e+ Ee + ny + bry 
has properties (1), (2), and (3). Any algebraic function with 
these properties must be obtained by solving for x an equation 
P(x, y, 2) = 0, where P is some polynomial. Since g is 
uniquely determined by z and y, we may assume, without any 
real loss of generality, that P is of the form* 


Ca(æ, y) + zhe, yi}, 


\ 


which we may write : 
g% + mg” hz + terms in higher powers of z. ‘ 


Since P is a polynomial, oe and g”'3 are polynomials. Let 
us call these Q and R, respectively. P is then of the form 


ral + sho} = (a, (Qe, + R(E, air 


where Q and R may be taken so as to be mutually prime, 
. by removing any common factor and transferring it to the 
factory. By considerations of symmetry, we may write 


Pi, y, 2) = V'( DAQ (y, 2) + aR’ (y, 
= Y" (x, 2) {Q (z, 2) + yR” (z, als, 
It follows from a consideration of the irreducible factors of 
P that we may write 


P(g, y, 3) = (a+ pz + yy + day a 
— ez — ez — qyz — Baum)”, 
where œ, +++, # are constants. Hence the only algebraic 


functions satisfying conditions (1), (2°, and (3) are of the form 
a + Br + yy + bay 
MOD = Chee tay + Oxy - 

We shall now state a lemma which may readily be established 
by the usual method of undetermined coefficients. The func- 
tion 1 — 2/y is the only function of the form 
a+ Br + yy + bry . i 
e+ ke + yy + ony g 
which satisfies the four conditions 

* Notice that this is only true in complex algebra. 


\ 


F(z, y) = 
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(1) F(a, x) = 0 for all z other than 0 or w: 

(2) F(0, x) = 1 for all.x other than 0 or œ; 

(3) F(a, 0) = © for all z other than 0 or o: i 

(4) F{1, F{1, F(1, x)}} = 2 for all z other than 0 or œ. 

Now, consider a function G(x, y) which is derived from 
1 —2/y by a transformation which is continuous in general, 
which is one-to-one, and which leaves all algebraic functions 
a.gebraic. We have already shown that any such function 
:6(z, y) must be of the form 

at Pe + vy + Aen 
et Ex + ny + day 
Let us now subject this function to a linear transformation e 
which turns.the transforms by ® of 0, 1, and œ back into these 
respective numbers. The resulting function, which we shall 
csll H(z, y), satisfies conditions (1), (2), (3), and (4). Hence 
w2 have H(z, y)=1-x/y. Hence the transformation x 
formed by performing first and then ¢ leaves invariant the 
function 1 — ein, I have shown in an earlier paper* that 
acdition and multiplication can be obtained by the iteration 
of the function 1 — x/y. Hence the transformation x leaves 
these functions invariant. 

Now, any continuous transformation of the complex plane 
waich leaves multiplication invariant must leave invariant 
the circle of the roots of unity. In a like manner, any con- 
tinuous transformation of the number-plane that keeps addi- 
ticn invariant must keep invariant first the set of all sets 
each consisting of all the rational multiples of some number, 
then the set of all lines each consisting of the real multiples 
of some number, and finally must turn into a line every line 
in the complex plane, since every such line can be formed 
by adding the same number to the product of a given complex 
number by a variable real number. Hence our transforma- 
Don x is an affine transformation which keeps invariant the 
po-nts 0, 1, and the unit circle. There is no difficulty in show- 

‚ing that any such transformation is either the identity or the 
conjugate transformation. | 

-t follows-that & is obtainable by applying after the identity 
or the conjugate operation the linear operation e"). This is 
precisely the theorem which we set out to prove. 

WIASSACHUSETTS INSTITUTE OF TECHNOLOGY. | 

= Bilinear operations generating all operations rational in a domain Q, 
ANTALS or MATHEMAT108, March, 1920. 
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ON THE GENERALIZATION OF CERTAIN FUNDA- 
MENTAL FORMULAS OF THE MATHEMATICAL 
THEORY OF FINANCE. 


BY PROFESSOR O. H. FORSYTH. 
(Read before the American Mathematical Society December 29, 1920.) 


1. Introduction. Certain of the fundamental formulas in 
the mathematical theory of finance lack a generality which 
would add much to the usefulness of such formulas. The lack 
of generality is due to an assumption that the periodic returns 
from capital profitably invested will be invested at the same 
rate of interest at which the principal itself is invested. For 
example, the most fundamental formula in the mathematical 
theory of finance, 

S= PO + 4), 


is employed to give the amount to which a principal P wil 
accumulate at the end of n years at compound interest at rate 3. 
But it is assumed in its derivation that every payment of 
interest upon the principal will be immediately invested, 
that all the interest upon this interest will be immediately 
invested, that all the interest on this third system of interest 
will be immediately invested, and so on, all at the original rate 
of interest. A much more general formula would be obtained 
both in this case and in many other cases if an allowance were 
made for the fact that the interest upon the principal tnay be 
invested at another rate of interest. 

The purpose of this paper is to cerive various fundamental 
formulas based upon an assumption that the periodic returns 
from an investment will be invested at another rate of interest. 
A few formulas will also be given which assume that even the 
interest upon the investment of the regular interest payments, 
and all further interest income, will be invested at a third rate 
of interest, such as that of a savings bank. Such formulas will, 
of course, include as special cases the formulas ordinarily 
employed and even the cases where the interest payments are 
not invested at all. : 


2. The Amount of an Investment of a Single Sum. Two 
Rates of Interest. If P dollars are placed at interest at rate 1 
for n years the annual payments of interest will constitute an 
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1 
annuity of iP per year. If we assume that these payments 
and all further interest will be immediately invested at a 
rate r the total accumulations or amount at the end of n years 
will evidently be 
(1) S = DO + isa), 
to be valued at rate r. If it should prove possible to invest 
all interest payments at the rate of interest at which the 
original principal was invested, that is if r = 7, the formula 
(1) reduces at once to the usual form S = P(1 + Om, 

Tf the regular interest payments are not invested at all, 
that is if r = 0, formula (1) reduces to the form S = P(1 + mi), 
which is the formula employed in simple interest. 

If the regular interest payments at rate : were made m 
times a year and the interest at rate r upon these interest 
payments were paid and compounded ? times a year the 
formula for the amount at the end of n years would be 


(2) S = DO + js), 


to be valued at rate r/t, where j is the nominal rate of interest 
realized upon the original principal, and sl is the symbol 
generally adopted for the conventional amount of an annuity 
of Iper annum but payable m times a year, that is, 


in 
D + 2) —1 
n E Um 3 
e D +1) = 
at raterr/t, or 


1 5 
‘ (m) — — IL, 
(A) ==] M Soe 
at any rate r/t. In case t/m should prove to be fractional, the 
value of 1/87 could be found in a table of values of Lee for 
fractional values of n or in a table of values of 7/j,,), where 
EN 
Sa jo 
If it were found possible to invest all the interest payments 
at the same rate of interest and at the same frequency of 
conversion at which the original principal was invested, that 
is if r = j and t = m, the formula (2) would reduce to the form 


- 8S = P(1+ Aan, 
which is the formula ordinarily employed in compound interest 


k \ 
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expressed in terms of a. nominal rate of interest payable 
several times a year. 


A 

3. The Investment of a Single Sum. Three Rates of Interest. 
It is certainly possible for the regular interest payments to be 
sufficiently large to enable the investcr to invest them at a 
more favorable rate than he could realize at his savings bank, 
in which case he would be interested in the amount of his 
investment where three rates of interest would be involved. 
If the rate of interest realized on the original principal is j 
payable m times a year, the rate on these interest payments 
is r payable ¢ times a year, and the rate on the second and all 
successive systems of interest payments is p payable 0 times 
a year the amount at the end of n years, according to formula 


(2), is 
S = P{1+ Z(j/m)(1 + req}, 


at rate p/#, where the summation extends from x = 0 by 
intervals of 1/m to x = n — 1/m inclusive. This expression 
reduces without difficulty to 


. , IS — MEER) 
Doo s= p [ipni mm) 
(3) Lat SE 
It is easily verified that when p = r and 0 = t formula (3) 
reduces to formula (2). 


4. The Amount of an Annuity. Two Rates of Interest. 
We shall consider first the amount or total accumulations of 
the simplest form of an annuity of 1 per annum. As the 
amount of an annuity is simply the sum of the amounts of all 


_ of the various payments, the amount of the annuity, which is 
denoted by Sn, is 
Sp = (1+. tommy) + (1 + tog) + + + der) + 1 
= n + ilsi + sa + +), 

at rate r, which reduces easily to 
(4) Si, = n+ (le) — n) | 
atrater. Ifr = i, formule (4) evidently reduces at once to sq. 

)If the annuity of l'per annum were payable p times a year, 
the interest at rate j on these payments were payable-m times 
a year, and the interest at rate r on these interest payments 


were payable and compounded {times a year the amount of the 
annuity would be, by (2), 


Sn = Z(1/p)(1 + I”), 
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at rate r/t, where the summation extends from æ = 0 by 
intervals of 1/p to x = n — 1/p inclusive. This expression Te- 
duces without difficulty to 


mm gene 4 Bis np), 

PMT ës Soe 
at rate r/t. 
: If the annuity ‘and all the interest payments were payable 
only once a year, that is if p = m = t = 1, formula (5) would 
reduce to formula (4). Similarly, if j = r ‘and m = t, formula 
(5) reduces to.formula (A). 


5. The Amount of an Annuity. Three Rates of Interest. 
If the annuity of 1 per annum were payable p times a year, the 
interest at rate j on these payments were payable m times a 
year, the interest at rate r on these interest payments were 
payable ¢ times a year and the interest (p) on the second and 
all successive systems of. interest payments were payable 6 
times a year the amount of the annuity, ac according to formula 


(3), would be 
1 jr0(Seq — MIST) | 
Sa = 2-41 
>| elek Din zs) Zeg, 

at-rate p/6, ee the summation extends from x = 0 by 
intervals of 1/p to x = n — 1/p inclusive. This expression 
reduces then to 

n (np — Dj ( 10 \ , Jr (een — npsap) 
6) S, =n +—— {1 - -— Som Er ren 
©) a5 2p tose pmntp* oss Sansa 
at rate p/6. 


It is. easily verified that if p = r and 0 =i, formula (6) 
reduces to formula (5). If p=r=j and 8 = t= m, the 
formula reduces to the familiar s,) at rate Alen. 


6. Present Values. Perpetuities. The general formula for 
the present value of a single sum due at a future time where 
two or more rates of interest are involved is obtained by solving 
formula (3) for P. One must be careful, however, in problems 
involving several sums, qe apply the formula thus obtained 
only when circumstances justify the application. For ex- 
ample, & formula so obtained should rarely be applied to 
compute the present value of an annuity. A little reflection 
will make it clear that the assumption that the same rate of 
interest will be realized on all interest income as on the prin- 
cipal may well be valid., For since the regular payment of the 
annuity is greater than the interest on the principal for the 
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game period, except in the case of a perpetuity, the one who 
provides the annuity needs in practice to withdraw only 
enough of the principal which supplemented by the interest 
will just provide the regular payment of the annuity. If the 
intervals between the payments of the annuity and the inter- 
vals of conversion of interest are the same, this procedure is 
equivalent to withdrawing the amount of the full payment 
of the annuity from the principal and then investing the 
interest at the same rate of interest at which the principal is 
invested. In any case the solution of the general problem of 
computing the present value of several sums due at various 
future times requires a careful analysis of the individual prob- 
lem and can not be obtained in all cases by employing one 
general formula. The truth of this statement is further 
exemplified by the fact that it is apparently impossible to 
obtain such a formula which is concise and simple to apply, 
particularly in the case of an annuity. 

The problem of finding the present value of a perpetuity 
whose payments are made at intervals of k years, where the 
interest payments are to be invested at a different rate of 
interest from that realized upon the principal, reduces simply 
to that of finding the principal whose interest payments will 
accumulate at the second rate to the successive payments of 
the perpetuity as they become due. If we denote such a 
principal by A and the successive payments by R, we may 
write 

Aissi = R, 

` R : 
(7) A= ae l 
at rate r, which is the same formula as that ordinarily em- 
ployed but is to be valued at another rate r (instead of 1). 

If the principal is invested at rate j payable m times a year 
and these interest payments and all further interest payments 
are invested at rate r payable ¢ times a year the principal 
necessary to provide a perpetuity of Rat intervals of k years is 


(8) E a 
18 
The formula corresponding to three rates of interest would 
be obtained by replacing sg‘ by that portion of formula (3) 
included in the brackets minus unity. The formula would be 
valued, of course, at the third rate of interest. 
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7. Valuation of Bonds. Two Rates of Interest. We shall 
now derive formulas for valuating a bond which are based 
upon the assumption that the amortization factors will be 
invested at another rate of interest than that expected to be 
realized upon the principal of the bond. 

We shall consider first the simplest type of a bond where the 
face value C is to be repaid in a single sum at the end of n 
years. If we denote the dividend rate offered in the bond 
offering by g, the rate to be realized by 7, where both interests 
are payable but once a year, and the corresponding price by A, 
the amortization factor is Cg — Ai. If we treat the amortiza- 
tion factor as the annual payment into a sinking fund which 
is to accumulate at another rate of interest r and which is to 
account finally for the reduction in principal or A — C, we have 

(Cg — Ai)sn = 4 — C, 
at rate r, where, in the case the bond is bought at a discount, 
the amortization factor and the reduction in principal are 
both negative. Solving for A, we find 


It gsm | 

A=C I SE 
at rate r. If we let C = 1, A becomes the price per dollar 
or 1+ k, where & is the premium or discount per dollar. 
. Solving for k, we obtain 


pov, 
(9) +i 


at rate. «If it should prove to be possible to invest the amor- 
tization factors at the rate planned to be realized on the whole 
bond, that is, if r = 2, formula (9) reduces to the formula 
B) k= on — à), 
at rate ?, since 
1 

— ati t= = 
at rate îi. Formula Bi is the formula ordinarily employed 
to value a bond. If all the interests are payable m times 
a year, the formula for k is easily found to be 


Sr E Bee à 
a+ 
Sas] j 


at rate r/m, where j is the nominal rate to be realized. 


3 


(10) 


H 


H 
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If the principal of a bond is to be repaid in installments it is 
easily shown that the premium or Ciscount per dollar on the 
whole bond is simply the weighted arithmetic average of the 
premiums or discounts per dollar corresponding to the various 
installments treated as principals of distinct bonds where each 
premium or discount is weighted by the amount of the corre- 
sponding installment. For, if C1, C2, +++, C, are the values 
of the installments and E, ke, ---, k, are the corresponding 
premiums or discounts per dollar found by one of the formulas 
derived above, the total price of the whole bond, say C(1 + Æ, 
where k is the premium or discount per dollar on the whole 
bond, is given by the formula 


OO + k) See OO + kı) + Call T ka) ++ OO + k.). 
But C = C1 + C++ Ca. Tkerefore 
(11) Le Ciki + oh + + Ob, R 


Formulas (10) and (11) can then be employed to value any 
bond whether the principal is to be repaid in a single sum or 
in installments. 

Formula (10) is especially valuable because it can be applied 
so easily to solve the inverse problem, namely, given the price 
of a bond to find the rate of interest which will be realized, 
since on clearing of fraction3 7 occurs only to the first degree. 
Those who are familiar with the difficulties encountered in 
employing other formulas for this purpose will appreciate the 
advantage to be gained in employing formula (10). This 
application of formula (10) is so important that the golution 
of the formula for j is given as follows: 


(12) ae, 
at rate r/m. 


Incidentally, if the amortization factors are not invested 
at all, that is if r = 0, formula (12) reduces to the form 





k 
(13) De , 
JI=1+% 


DARTMOUTH COLLE 
Aprıl 19, 1921. 
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THE ,SPREAD OF NEWTONIAN AND LEIBNIZIAN 
NOTATIONS OF THE CALCULUS. 


BY PROFESSOR FLORIAN OAJORI. 
(Read before the American Mathematical Society April 9, 1921.) 


Tue bitter controversy over the invention of the calculus is 
generally supposed to have eliminated the Leibnizian notation 
from Great Britain down to the time of Woodhouse, Peacock, 
Herschel and Babbage, and to have prevented the use of the 
Newtonian notation on the European continent. It is the 
purpose of this article to point out the extent to which this 
general impression is in need of revision and also to indicate 

‘the spread of these notations in America. 


1. Leibnizian Notation in Great Britain. Several years 
before Newton permitted his theory of fluxions and his nota- 
tion for fluxions and fluents to see the light of day in printed 
form, his friend, John Craig, used the notation of Leibniz, 
dp, dx, dy, in a book, the Methodus Figurarum published in 
1685 in London. Craig employed the Leibnizian notation 
again in 1693 in another booklet, the Tractatus Mathematicus, 
as well as in articles printed in the. PurLogopHicaL TRANSAC- 
TIONL OF LONDON for the years 1701, 1703, 1704, 1708; his 
article of 1703 contains the sign of integration f. In the 
TRANSACTIONS for 1704-05, an article by John Bernoulli makes 
extensiye use of the Leibnizian signs. In 1716 the English 
physician ‘and philosophical writer, George Cheyne, brought 
out in London the Philosophical Principles of Religion, Part 
II, which contains a chapter from the pen of John Craig on a - 
discussion of zero and infinity, dated September 23, 1713. : 
In this chapter Craig uses Leibniz’s symbols for differentiation 
and integration. But in 1718 Craig made a complete change. 
In that year he issued a book, De Calculo Fluentium, in which 
he switches over to the exclusive use of the Newtonian nota- 
tion. Evidently this change is a result of the controversy 
then raging between the supporters of Newton and Leibniz. 

In volume 23 of the PHILOSOPHICAL TRANSACTIONS op Lon- 
DON, for the years 1702 and 1703, De Moivre uses dots for flux- 
ions, but in integration he uses the Leibnizian sign f. Thus, 
on page 1125, De Moivre writes “adeoq; d = Sdt — $dr?y, 
igitur q = Adr — f $de*’y. Ergo ad hoc perventum est ut 


r 
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fluentum quantitatem inveniamus cujus duxio est #dry.” 
Evidently his partisanship favoring Newton did not at this 
time prevent his resorting to the convenience of using the 
Leibnizian symbol of integration. 

Even John Keill, who fought so prominently and unskill- 
fully on the side of Newton, employed a similar mixed nota- 
tion. In a paper, dated November 24, 1713, and printed in 
the PHILOSOPHICAL TRANSACTIONS for 1714-16, he adopts the 
symbolism “ f ¢%”. A mixture of Continental and British 
symbols is found in the writings of E. Waring and much later 
in Olinthus Gregory’s Treatise of Mechanics (8rd Ed., London, 
1815) where on page 158 there is given “S dyv (£ + #).” 
In times still more recent the Newtonian dot has been used 
to advantage, by the side of Leibnizian symbols, in the treaz- 
ment of mechanics and the algebras of vectors.* 

Returning to the eighteenth century, we find Benjamm 
Robins} writing the Leibnizian sigrs in a review of a publica- 
tion of Leonhard Euler. Joseph Fenn, an Irish writer, little 
known, who had studied on the Continent, and was at one 
time professor of philosophy in the University of Nantes, 
issued at Dublin soon after 1768, a History of Mathematics. 
In it Fenn has occasion to use the calculus, and employs the 
Leibnizian notation. In a Plan of the Instructions given in 
the Drawing School established ty the Dublin Society (p. 
LXXXIX of the above volume) ke discusses the tides, and, 
in finding the greatest height of the tides, he uses the calculus 
and the notation of Leibniz. Hz uses them again in his 
Second Volume of the Instructions given in the Drawing School 
established by the Dublin Society, Dublin, 1772. He is friendly 
to Newton, uses the terms “fluxion” and “fluent,” but never 
uses Newton’s notation. He is perhaps the last eighteenth 
century writer in Great Britain who used the symbolism of 
Leibniz. 

From our data it is evident that the Leibnizian notation 
was the earliest calculus notation in England which appeared 
in print, that in rare instances it was used by certain English- 
men, but that it vanished almost completely from British 
soil in the latter part of the eighteenth century. 

* See, for example, P. G. Tait’s Elementary Treatise on Qu'aternions, 
2nd Ed., 1878, Chapter X; T. Hayashi in this BULLETIN, vol. 26, 1919, p. E 
t Benjamin Robins, Remarks on Mr. Euler’s Trealise on Moien 


Smith’s Compleat System of Opticks, and Dr. Jurin’s Essay upon Gë 
and Indistinct Vision, London, 1739. 
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2. Newtonian Notation in Continental Europe. That New- | 
ton’s notation would be reproduced in editions of his works 
printed on the European continent is to be expected. Thus the 
fluxional symbols appear in J. Castillon’s edition of Newton’s 
mathematical works, brought out at Lausanne and Geneva 
in 1744, and in the appendix to the second volume of Cas- 
tillon’s edition of Newton’s Arithmetica Universalis, Amster- 
dam, 1761. John Muller, a German by birth, who was ap- 
pointed master of the Royal Military Academy at Woolwich ~ 
and became “the scholastic father of all the great engineers 
this country (England) employed for forty years,” brought 
out in 1736 in London a book entitled A Mathematical Treatise: 
Containing a System of Conic-Sections; with the Doctrine of 
Fluaions and Fluents. Muller translated his own book into 
French and had it published at Paris in 1760. The French as 
well as the English editions used the Newtonian symbols. 
An article from the pen of David Gregory at Oxford, after 
its appearance in the PHILOSOPHICAL TRANSACTIONS OF 
Lonvon, was republished in 1697 in the Acta ERUDITORUM 
of Leipzig, the British fluxional symbols being faithfully 
reproduced. This procedure is no more unusual than was the 
printing of John Bernoulli’s article in the PHILOSOPHICAL 
TRANSACTIONS of 1704-05. The fluxional notation is given 
in full in the article “Fluxions” in Alexandre Savérien’s 
Dictionnaire Universel de Mathématique et de Physique, Paris, 
1753. We proceed to more startling disclosures. 

After the middle of the eighteenth century when feelings of 
resentment ran high between the adherents of Leibniz and 
their opponents, it is extraordinary that a mathematical 
journal should have been published on the European continent 
for fifteen years which often uses the Newtonian notation, 
but never uses the Leibnizian. It is more surprising still, 
- that no reference is made to this fact in any history of mathe- 
matics, though many volumes have been written which deal 
with various phases in the evolution of the calculus. The 
journal in question is a monthly, published at Amsterdam 
from 1754 to 1769. It appeared under the title, Maandelykse 
Mathematische Liefhebbery. (Monthly Mathematical Recrea- 
tions). *Each issue contained about forty pages. It is men- 
tioned in Cantor’s history,* but otherwise has not attracted 


*M. Cantor, Vorlesungen über Geschichte der Mathematik, Vol. IV, 
Leipzig, 1908, p. 70. 
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the attention of writers on the general history of mathematics. 
This neglect is due, probably, to its appearing in the Dutch 
language and devoting itself to the solution of elementary 
problems on algebra, arithmetic and geometry, and to the 
publication of school items of only local interest. It contains 
problems on maxima and minima, solved with the aid of 
fluxions dressed in the familiar garb of the Newtonian dots. 
The first twelve volumes of the journal give altogether forty- 
eight or more such problems; the last few volumes contain 
no fluxions. About seventeen different writers contributed 
fluxional solutions. Some writers give only their initials; 
none of them are men of note. It was a time when the Nether- 
lands did not have great mathematicians. Huygens had died 
in 1695; Hudde in 1704; Nieuwentijt in 1718. Among the 
contributors using fluxions were G. Centen, J. Schoen, J. 
Kok, J. T. Kooyman, F. Kooyman, A. Vryzr, J. Bouman, D. 
Böcx. The two most noted where P. Halcke, and Jakob 
Oostwoud. The latter was editor of the monthly during the 
first twelve years. Oostwoud was a teacher of mathematics 
in Oost-Zaandam near Amsterdam, who in 1766 became 
member of the Hamburg Mathematical Society.* Later he 
collected and published the problems solved in his journal in 
three separate volumes.t 


3. Calculus Notations in the United States. In the United 
States the early influence was predominantly English. Wher- 
ever higher analysis received attention, it was in the form of 
the fluxions of Newton. Before 1766 oceasional studies of 
conic sections and fluxions were undertaken at Yalet under 
the inspiring leadership of President Clap. Perhaps as early 
as 1795, and again in 1802, Jared Mansfield published at New 
Haven, Conn., a volume of Essays, Mathematical and Physical, 
which includes a part on “fluxionary analysis.” In a foot- 
note, on page 207, he states that the fluxions of x, y, 2 are 


* Bierens de Haan in Festschrift, herausgegeben ton der Mathemattechen 
4 in Hamburg, anlasslich ihres £00 jahrıgen Jubelfestes 1890. 
Erster Teil, Leipzig, 1890, p. 79. 

f Bierens de , op. cit., p- 80, where the titles of the three publica- 
tions are given in full. See also de Haan’s Boutwstofen voor de Geschiedenis 
der Wis-en Natuurkundige Weterscha in de Nelerlanden, 1878, p. 76- 
85, reprinted from Verslagen en M angen der Kon. Akademie van 
Wetenscha , Afd. Natuurk., 2° Reeks, Deel VIT-, IX, X en XII. 

t Yale College; o Sketch of tts History, by William L. Kingsley, Vol. I, 
pp. 497-498. 
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usually denoted “with a point over them, but we have here 
denoted these by a point somewhat removed to the right 
hand,” thus x’. A similar variation occurs in Robert Wood- 
house's Principles of Analytical Calculations, Cambridge 
(England), 1803, p. XXVII, where we read, “Again zy or 
(xy) is not so convenient as d’(zy).” 

In 1801 Samuel Webber, then professor of mathematics 
and later president of Harvard College, published his Mathe- 
matics compiled from the Best Authors. In the second volume 
he touched upon fluxions and used the Newtonian dots. This 
notation occurred also in the TRANSACTIONS OF THE AMERICAN 
PAILOSOPHICAL Society, of Philadelphia, in an article by 
Joseph Clay who wrote in 1802 on the “ Figure of the Earth.” 
It is found also in the second volume of Charles Hutton’s 
Course of Mathematics, American editions of which appeared 
in 1812, 1816(?), 1818, 1822, 1828 and 1831. 

An American edition of S. Vince’s Principles of Fluxions 
appeared i in Philadelphia in 1812. That early attention was 
given to the study of fluxions at Harvard College is shown by 
the fact that in the interval 1796-1817 there were deposited 
in the college library twenty-one mathematical theses which 
indicate by their titles the use of fluxions.* These were 
written by members of Junior and Senior classes. The last 
thesis referring in the title to fluxions is for the year 1832. 

At West Point, during the first few years of its existence, 
neither fluxions nor calculus received much attention. As 
late as 1816 it is stated in the West Point curriculum that 
fluxions were “to be taught at the option of professor and 
student.” In 1817, Claude Crozet, trained at the Polytechnic 
School in Paris, became teacher of engineering. A few times, 
at least, he used in print the Newtonian notation, as, for 
instance, in the solution, written in French, of a problem 
which he published in the Portico, of Baltimore, in 1817. 
Robert Adrain, later professor in Columbia College and also 
at the University of Pennsylvania, used the English notation 
in his earlier writings, for example, in the third volume of the 
Portico, but in Nash’s LADIES AND GENTLEMEN'S DAIRY, 
No. II, published in New York in 1820, he employs the dæ. , 

A slight deviation from the Newtonian forms is found in 


* Justin Winsor, Bibliographical Contributions, No. 32. Issued by the 
Library of Harvard University, Cambridge, 1888. 
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articles on the theory of fluxions, contributed by Elizur 
Wright of Tallmadge, Ohio, to the AMERICAN: JOURNAL OF 
SCIENCE AND ARTS, for the years 1828, 1333, 1834. Like 
Mansfield, he does not place the dot exactly over the variable, 
but a little to the right, where ordinarily exponents are put. 
Thus, the fluxion of x is x; the first, second and third fluxions 
of x? are, respectively, 3272"; 6x a*, 623. After 1830 the New- 
tonian fluxional system is rarely encountered in the United 
States. 

In the AMERICAN JOURNAL OF SCIENCE AND ARTS, the earli- 
est paper giving the Leibnizian symbols was prepared by Pro- 
fessor A. M. Fisher of Yale College. It is printed in Volume 
5 (1822) and is dated August, 1818. 

The earliest articles in the MEMOIRS oF THE AMERICAN 
ACADEMY oF ARTS AND SCIENCES which contain the “d-istic’’ 
signs bear the date of 1818 and were from the pens of F. T. 
Schubert and Nathaniel Bowditch.* The latter came to know 
the calculus on long sea voyages during the years 1795 to 
1804, when he studied Lacroix’s Celculus. Bowditch began 
his translation of Laplace’s Méchanique Céleste in 1814. In 
the Memorrs mentioned above, Theodore Strong of Rutgers 
College began in 1829 to publish a series of papers containing 
solutions of problems, involving the Leibnizian symbolism. 

The articles contributed by Fisher, Schubert, Bowditch 
and Strong were isolated papers which were not accessible 
to the mass of students in mathematics. The publication 
which placed the Leibnizian calculus and notation within 
reach of all and which marks the time of the real beginning 
of their general use in the United States, was the translation 
from the French of Bezout’s First Principles of the Differential 
and Integral Caleulus, made by John Farrar of Harvard Uni- 
versity in 1824. Between 1824 and 1831 -ive mathematical 
theses were prepared at Harvard which contain in their titles 
the words “Differential Calculus” or “Integral Calculus.’’+ 
After 1824 French influences dominated all instruction in 
higher analysis at Harvard. j 

From what we have stated it appears that the movement 
toward the introduction of continental enalysis began in 
America about ten years later than it did in England. . 

UNIVERSITY OF CALIFORNIA. 





* MEMOIRS OF THE AMERIOAN ACADEMY OF ARTS AND SCIENCES, Vol. 4, 
Part I, Cambrıdge, Mass., 1818, pp. 5, 47. 
t Justin Winsor, op. cit. 
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GROUP THEORY REVIEWS 
IN THE 
JAHRBUCH ÜBER DIE FORTSCHRITTE DER MATHEMATIK 


BY PROFRSSOR G. A. MILLER. 


A few erroneous statements found in a recent volume of the 
JAHRBUCH ÜBER DIE FORTSCHRITTE DER MATHEMATIK and 
relating to the theory of groups led the present writer to make a 
brief survey of the other volumes of this series for the purpose 
of determining the reliability of the reviews relating to this 
particular subject. . As these reviews are so widely read and 
so frequently referred to, it seems desirable to note here a few 
of the instances of inaccurate or. misleading statements found 
therein, since some of these instances may be instructive and 
since such a notice may tend to prevent a repetition of these 
particular errors. The fact that a few of the many reviewers 
failed to maintain the high standards of this classic series 
should not be surprising, and a knowledge of their short- 
comings can-only increase the usefulness of this series, which 
has had no serious competitor, since its inauguration about 
half a century ago, in its field of providing critical reviews 
of the entire current mathematical literature relating to 
important advances. 

The erroneous statements mentioned above are found on 
page 164 of volume 44 (1918) and relate to the possible sets, 
or systerhs, of independent. generators of a finite group whose 
order is a power of a prime. It is there stated that the 
number of the operators in such a set is equal to the index of 
the commutator subgroup. In the following sentence the 
equally incorrect statement is made that a system of inde- 
pendent generators of such a group can be obtained by taking 
one operator from each of the co-sets with respect to the 
commutator subgroup. According to these statements the 
cyclic group of order p”, p being a prime number, would have 
a set ol p” independent generators, since the commutator sub- 
group of this group is the identity. On the contrary, it is 
well known that only one operator can appear in such a set 
of generators. 

These statements are so obviously incorrect that one might 
be inclined to attribute them to a harmless and amusing over- 
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sight if they were not followed by a sentence which is not only 
incorrect but also practically meaningless. In that sentence. 
it is stated that the author in question considered the series of 
commutator subgroups and made assertions about their 
minimal order. As a matter of fact minimal orders of the 
centrals of these commutator subgroups were considered in 
the article under review. From what has been noted, it is 
evident not only that the reader of this particular review will 
get very little knowledge therefrom.regarding the significance 
of the article in question, but that he is also in danger of being 
led to regard a theorem as true which he will find later to be 
false. ` 

It may be of interest to note in this connection that each 
one of the published volumes of the JAHRBUCH contains re- 
views of articles on group tkeory and that more than thirty 
different men wrote these reviews. Most of these men pub- 
lished only a few such reviews. Among the early reviewers 

‚along this line E. Netto stands out most prominently for his 
long service and the number of articles he reviewed. In par- 
ticular, Netto reviewed most of C. Jordan’s articles on this 
subject as well as his now classic Trait& des Substitutions, 1870. 
These reviews of Jordan’s work were not always fair. For 
instance, in the review of this Traité, Netto said, “ there are 
still many gaps to be filled, much diffuseness to be removed, 
and many proofs to be corrected.” 

The fact that Jordan was not pleased with this review is 
clear from a note published in volume 79 of CRELLE (p. 258), 
where Jordan refers to the first publication of Netto in support 
of the criticism quoted above, and says that Netto was not 
entirely successful in his effort. Jordan adds that he could 
not hope that his Traité des Substitutions was free from inexact 
statements in view of its great extent and of the novelty and 
difficulty of the subject treated, but that he was convinced 
that there were few such statements; he himself had found 
two which he corrected promptly and he would be greatlr 
obliged to those who would point out others. 

In a review which appeared on page 41 of the first volume 
of the JAHRBUCH, Netto makes an incorrect statement relating 
to a fundamental question, and hence it may be worth noting 
here. After defining the term isomorphic group in accord with 
our present definition of simply isomorphic group, Netto con- 
siders n rational functions Fı, Fs, ---, Fa of the m variables 2, 


H 
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Za, ***, 2m, Which constitute a complete set of conjugates 
under a substitution group G on these m variables. He 
observes correctly that the substitutions of G transform F, 
Fs, +++, Fa according to a transitive substitution group, but 
he adds incorrectly that this transitive group is isomorphic 
(simply isomorphic) with G. It is now well known that a 
necessary and sufficient condition that the transitive group on 
the £’s be simply isomorphic with @ is that the subgroup 
composed of all the substitutions of G which transform into 
itself one of these F’s should be non-invariant under G and 
should not include any invariant subgroup of @ besides the 
identity. 

An'article of unusual importance in the development of 
group theory is the’one in which A. Capelli introduced the 
concept of general isomorphisms between two groups. It is 
therefore of interest to note here several inaccuracies which 
appear in the review of this article, published on page 106 
of volume 10-of the JAHRBUCH. Near the beginning of this 
review the term subgroups is used to denote co-sets, and the 
definition of generalisomorphisms is obscured thereby. Near 
the end of the review the statement that a transitive group 
of order p and of degree n > p cannot be primitive is found. 
It was known even at the time of A. L. Cauchy that the order 
of a transitive group is always divisible by its degree and that 
therefore there can be no transitive group of order p and of 
degree n >». In the same review, theorems relating to 
Sylow subgroups, which were well known at a much earlier 
date,.were spoken of as if they were new. 

On page 116 „oe volume 16 it is stated that in groups of 
order n = p*-q®----, where p, q, --- are prime numbers, 
which contain only one subgroup of each of the orders p%, 
qQ°, ---, all the substitutions are commutative. On the fol- 
lowing page, it is said that these groups are the only ones in 
which every subgroup is invariant. . As a matter of fact the 
non-abelian groups in which every subgroup is invariant were 
investigated much later and were named Hamiltonian groups 
by R. Dedekind. It is true that each of these groups contains 
only one Sylow. subgroup for-every prime which divides the 
order. of the group, but this is not a sufficient condition for a 
Hamiltonian group. It is fortunate that-the statement just 
noted was not accepted as true since otherwise the interesting 
later investigations relating to pene groups would 
probably not have been made. 
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It is interesting to note that some of the most important 
articles were reviewed very briefly. For instance, Netto 
devoted only eight lines to the review of the important article 
by L. Sylow which appeared in volume 5 of the MATHEMAT- 
ISCHE ANNALEN. A special case. of a fundamental result 
contained in this article but which Netto failed to mention 
was later credited to Netto in a review written by F. Meyer 
and published on page 139 of volume 20 of the JAHRBUCH. 
The latter review is such a mixture of meaningless statements 
and trivialities that it would be almcst amusing if it did not 
appear in a work which maintains, on the whole, very high 
standards. 

In view of the fact that most of the reviewers for the JAHR- 
BUCH have been more familiar with the work of German 
authors than with that of authors of other lands, it is only 
natural that one sometimes finds undue credit given to the 
former. This does not imply that these reviewers were 
conscious of any unfairness in giving credit. An interesting 
example of this apparently unconscious bias is found in the 
review of an article by the present writer, on page ©8 of 
volume 27. It is there stated that the theorem that every 
group of order p*, p being a prime number and o > 3, contains 
an abelian subgroup of order p°, is a consequence of theorems 
due to Holder and Frobenius. As a matter of fact Hölder 
needed this theorem but failed to find it when he was deter- 
mining the groups of order pt, and he devoted more than 30 
pages of the MATHEMATISCHE ANNALEN (vol. 43) to a dis-- 
cussion of properties of these groups. When the present 
writer communicated this theorem to Hölder, the latter 
replied that after receiving this information he at once went 
over his groups of order p* and verified that each of them 
actually contains an abelian subgroup of order p’. He 
realized that the use of this theorem would have greatly 
simplified his discussions. The theorem might be said to be a 
consequence of developments due to Sylow rather than of 
work done by Hölder and Frobenius. 


UNIVERSITY oF ILLINOIS, 
December 22, 1920. x 
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Einführung in die Vektoranalysis, mit Anwendungen auf die 
mathematische Physik. By R. Gans. 4th edition. Leip- 
zig and Berlin, Teubner, 1921. 118 pp. 

Elements of Vector Algebra. By L. Silberstein. New York, 
Longmans, Green, and Company, 1919. 42 pp. 

Vektoranalysis. By C. Runge. Vol. I. Die Vektoranalysis 
des dreidimensionalen Raumes. Leipzig, Hirzel, 1919. viii 
+ 195 pp. 

Précis de Caleul géométrique. By R. Leveugle. Preface by 
H. Fehr. Paris, Gauthier-Villars, 1920. Ivi-+ 400 pp. 


The first of these books is for the most part a reprint of the 
third edition, which has been reviewed in this BULLETIN (vol. 
21 (1915), p. 360). Some small condensation of results has 
been accomplished by making deductions by purely vector 
methods, The author still clings to the rather common idea 
that a vector is a certain triple on a certain set of coordinate 
axes, so that his development is rather that of a shorthand 
than of a study of expressions which are not dependent upon 
axes. 


The second book is a quite brief exposition of the bare 
fundamentals of vector algebra, the notation being that of 
Heaviside, which Silberstein has used before. It is designed 
primarily to satisfy the needs of those studying geometric 
optics. However the author goes so far as to mention a linear 
vector operator and the notion of dyad. The exposition is 
very simple and could be followed by high school students 
who had had trigonometry. 


The third of the books mentioned is an elementary exposition 
of vectors from the standpoint of Grassmann. The author uses 
Gibbs’ notation, abandoning the usual German notation of 
parentheses and brackets. This is a step in the right direc- 
tion, though matters would be still further improved by using 
the Hamiltonian notation complete. The development of 
the tensor (dyadic)* is after Gibbs. The treatment is entirely 








* Tensor as,here used means dyadic, though generally it means sym- 
metric dyadic, self-transverss matriz. 


464. RECENT BOOKS ON VECTOR ANALYSIS. | June-July, 


for ordinary space, consideration of four-dimensional and 
higher space, useful for relativity, being deferred to the suc- 
ceeding volume. 

The first chapter is on’ vectors and plane magnitudes or 
quantities, and defines the various kinds of products. The 
second chapter is on differentiation and integration. The 
third is on tensors or dyadics. Simple applications are in- 
troduced where needed, the development reaching the usual 
elementary theorems on divergence, curl, Stokes’ theorem and 
Green’s theorem. The author uses the vector directly and 
only occasionally reverts to vectors as triples. There is not 
much attempt to elaborate formulas. 

The fourth book is all that the title implies, and as a manual 
for working mathematicians and students is quite complete. 
It was written during the captivity of the author. There is a 
carefully worked out plan of exposition, from general notions 
on complex numbers to applications to electricity. In a 
preface of fifteen pages the general plan is explained with 
reasons for the eclectic notation. The sixteen chapters are 
analyzed, article by article, in a table of contents, making the 
work very accessible to the reader who wishes to consult the 
book. This table occupies twenty-six pages. An introduc- 
tion of four pages examines the idea. of quantity, and gives 
. certain historical references of use. We shall give some idea 
of the scope of the work. 

The first chapter is fundamental. In it the author starts 
with the notion of qualitative number as a given foundation, 
defines units, and takes as primary notion that of nymber 
considered to be the sum of numerical multiples of the units. 
The totality of numbers thus formed for a given set of units 
constitute the domain of the units. Domains are identical 
when every number (hypernumber) in either is also in the 
other. The degree of the domain is the number of linearly 
independent units necessary to express every number of the 
domain. Units are not unique, in the sense that any system 
of numbers of the domain which are linearly independent and 
in number as many as the degree of the domain, will equally 
define the domain. The divergence of Hamiltonian develop- 
ments from Grassmannian developments comes with the idea 
of the product of two hypernumbers. In the former a product 
is always in the domain of the total set of units; in the latter a 
product is a hypernumber of a different grade and not in the 


H 
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domain. This very great distinction is usually omitted, over- 
looked, or not regarded "oa existing, in many treatments of 
vectors. It is, however, vital. 

In. the second chapter are defined vector, parallelogram 

` (bivector) and spath (trivector). Addition of points and the 
barycentric calculus are defined, and the equations that result 
are deduced. The bipoint or-glissant vector and the tripoint 
or glissant bivector are defined. The third chapter deals 
with combinatorial or alternating multiplication, progressive 
and regressive, exterior and interior. The fourth chapter 
applies these notions to geometry, kinematics, and statics. 
The notions are essentially those of Grassmann. 

Chapters five and six consider the product of vectors and 
the scalar and vector parts of the products. These notions 
are essentially quaternionic. The fundamental formulas are 
derived from the postulated laws of multiplication of the unit 
vectors 1, j, k. Chapter seven deals, with the differentiation 
.of vectors. f 

Chapter eight applies all the foregoing developments to 
geometry, kinematics, twisted curves, and curved surfaces. 
In each case the fundamental theorems are proved and the 
necessary useful formulas are deduced. 

Chapter nine develops in some detail the dyadic or linear 
vector operator. The notation of Gibbs is introduced in part. 
The invariants, scalar and vector, are found, and important 
special cases’are studied. An application is-made to quadrics. 

Chapters ten and eleven consider the very important nabla 
of Hamilton, and the various resulting differential expressions. 
In chapter twelve multiple integrals with the theorems of 
Stokes and Green, and a study of vector fields, are to be found. 
These three chapters lay the foundations for mathematical 
physics. In the remaining chapters the theory of the poten- 
tial, movement of a solid, elasticity, and electromagnetism, 
are treated. 

The book is amply supplied with examples and exercises. 
The typography is up to the usual excellence of the publica- 
tions of the firm, and few errors occur. As a satisfactory 
beginning book for the various forms of vector calculus it is 
to beshighly recommended. | 

JAMES BYRNIE SHAW. 
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SHORTER NOTICES. 


Oeuvres de G. H. Halphen.° Publiées par les soins de C. 
Jordan, H. Poincaré, E. Picard, avec la collaboration de E. 
Vessiot. Vol. I, 1916, xliv + 570 pp. Vol. II, 1918, vii 
+ 560 pp. Paris, Gauthier-Villars. 

Picard in his Notice sur la vie et les travaux de Georges- 
Henri .Halphen and Poincaré after him in his Notice sur 
Halphen urged that one could distinguish among the mathe- 
maticians of thirty years ago two well-marked and opposing 
tendencies of thought separating mathematics] labors into two 
distinct categories and the mathematicians themselves, per- 
haps less definitely, into two classes. Those of the one class 
are preoccupied principally with enlarging tke field of known 
notions; the others prefer to devote their energies primarily 
to penetrating more deeply into notions which already have 
been analyzed and elaborated. This distinction of classes is 
just as valid today as it was when Picard and Poincaré insisted 
upon it in 1890; and it is likely to remain so as long as mathe- 
matics develops along the lines already marked out. 

Those who are most concerned with extending the frontiers 
of science often find it necessary to leave thei- new ideas with- 
out much elaboration and to proceed to a general account of 
the lay of the field, so to speak, in order to obtain at once a 
comprehensive view. In such.investigations many questions 
will be raised and not answered, it is very difficult te stand 
always clear of errors in detail, lines of investigation which 
deserve to be followed up must at most be only indicated, 
and many promising thoughts must be dismissed altogether. 

The mathematicians of the second class, af whom Halphen 
is one of the greater, are more intimately concerned with a 
desire to give to their work a character of absolute perfection. 
An error with respect to even the smallest detail becomes a 
matter of acute pain. Whatever these mathematicians touch 
they wish to achieve:to the point of leaving unanswered no 
question which their investigation raises. ‘They seek nothing 
less than to put their thought into a form of absolute per- 
fection and beauty. 

_ „These two directions of mathematical thought are observed 

also in the different branches of the science. Une can probably 
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still say (as Picard said in 1890) that in a general way the 
tendency to comprehensive investigation and broad charac- 
terization is found more often in matters relating to the theory 
of functions, and the tendency to deep penetration in the 
works on modern algebra and analytic geometry. 

The work of Halphen is marked principally by’ the tendency 
to deep penetration. He devoted himself for the most part 
to algebra and geometry, fields apparently best suited to such 
a temperament. He analyzed the difficult problems attacked 
to the point of complete and definitive results. Everywhere 
his work is marked by the effort to leave not a single thing 
unachieved. 

After the researches of de J onquières and Chasles there was 
a lively investigation of algebraic systems of conics depending 
on a single parameter. Chasles had found, by a sort of induc- 
tion, a general law giving the number of conics satisfying a 
given condition. This number was composed of a sum of two 
terms, each of them being a product of two factors one of 
which depended on the system and the other on the condition. 
Halphen, simultaneously with several other mathematicians, 
sought a proof of the law of Chasles; and he believed that he 
had found one. Later he perceived an error in his argument 
and consequently took up again a study of the question. 
After a long investigation his labors were rewarded through 
the discovery of a complete solution of the problem by means 
of a method of great originality. The result is distinguished 
by a characteristic deep penetration. 

Halphen’s masterpiece, acccrding to Poincaré, is his memoir 
on twisted algebraic curves, crowned in 1881 by the Berlin 
Academy. This theory is contrasted in a remarkable manner 
with that of plane curves. Fer the latter a single number, the 
degree, suffices for a complete classification. Twisted alge- 
braic curves do not possess a like property. To give a single 
number is not enough to classify them. Moreover, one can- 
not find a system of integers enjoying with respect to twisted 
curves a rôle analogous to that of the degree for plane curves. 
Halphen obtains a satisfactory solution of the problem; but, 
since the solution is not susceptible of an analytical expression, 
its character is likely to escape the superficial reader. The 
results bring to light certain curious and unnoticed properties 
which are brought out clearly by Poincaré (vol. I, p. xxxi). 

Among the other larger subjects investigated by Halphen 
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may be mentioned the following: singular po_nts of algebraic 
curves, differential equations and invariants, eliptic functions, 
theory of numbers, and theory of series. 

For a brief sketch of the life of Halphen, wich some remarks 
on the character of his work, the reader nay consult the 
Notice by Picard (vol. I, pp. vii-xvi). In the Notice by 
Poincaré (vol. I, pp. xvii-zliii) we have an excellent systematic 
analysis of his mathematical contributions. Eesides this there 
is the Notice by Halphen himself (vol. I, pp. 1-47) in which 
his own contributions were analyzed on the occasion of his 
candidacy before the Paris Academy of Seiences in 1885, 
about four years before his death. These’ excellent brief 
accounts of his work relieve the reviewer of th duty of making 
an analysis of the separate memoirs. The ertire works (with 
the exception, apparently, of the Tratié des Fonctions Ellip- 
tiques) are to be included in four volumes, of which the third 
is announced as in press and the fourth in pr>paration. 

R. D CARMICHAEL. 


A History of the Conceptions of Limits and L’luxions in Great 
Britain from Newton to Woodhouse. By Florian Cajori. 
Chicago, The Open Court Publishing Conpany, 1919, pp. 
viii + 299. 

This work appears as number five in the Cpen Court Series 
of Classics of Science and Philosophy, a series which should 
meet with all the encouragement and suppo-t that American 
scholars can give in these times, when thẹ question of the 
publication of such works is so critical. Tha- such ençourage- 
ment and support is justified may be seen from an examination 
of this latest production of Professor Cajoris pen, for he has 
here given to scholars one of the best of his various studies in 
the history of mathematics. 

The work consists of twelve chapters under substantially 
the following titles: I. Newton; U. Printed books and 
articles on fluxions before 1734; III. Berkeley’s Analyst; 
IV. Jurin’s controversy with Robins and Pemberton; V. Text- 
books immediately following Berkeley; VI. Maclaurin’s 
Fluxions (1742); VII. Textbooks of the m ddle of the eigh- 
teenth century; VIII. Robert Heath and tie controversy in 
his time; IX. Abortive attempts at arithmetization; X. Later 
works on fluxions; XI. Criticisms under the influence of 
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French writers; XII. Merits and defects of the early fluxional 
conceptions. The work has a good index which students will 
find helpful in the matter of ready reference. 

The two features of the work that will appeal to the student 
as of paramount importance are the selection and arrangement 
of original material and the translations which accompany 
the Latin texts. For good or ill, the ability of American 
scholars to read Latin easily has departed;, and although-the 
original Latin forms are desirable for reference, either a trans- 
lation or an explanation of some kind has now come to be a 
desideratum, if not a necessity. Professor Cajori has placed 
students under great obligation for searching out with care the 
passages in Wallis, Newton, and others who played leading 
parts in the perfecting of the calculus, and in presenting these 
passages in a manner that renders them accessible to all who 
care to consult them. Here the reader will find the early 
symbolism, the definitions, and the methods of approach that 
are necessary to an understanding of the numerous con- 
troversies that agitated mathematical England, with respect 
to the calculus, for more than a century. 

In the first chapter Professor Cajori has given numerous 
excerpts from such works of’ Newton as appeared before 
1734, the date. of Bishop Berkeley’s attack upon the whole 
theory of fluxions. These are chiefly from the Principia 
(1687), from Newton’s Quadrature of Curves, which Wallis 
first published in his Algebra (1693), from the Commercium 
Epistolicum (1717) and from certain letters and manuscripts. 
These extracts show that Newton made use of infinitesimals 
as early as 1665, that he used the dot notation in the same 
year, that he first used the word “ fluxion ” (at least in print) 
in 1687, that he used the idea of limits in 1687, and that he 
finally placed his theory on a thoroughly logical basis_in the 
1704 edition of his Quadrature of Curves. The summary is a 
particularly lucid one of the steps taken by Newton in his 
development of the calculus. 

The literature upon the subject which appeared in Great 
Britain between 1686, when John Craig published his Methodus 
Figurarum . . . quadraturas determinandi, and 1734, when 
Berkelay’s Analyst appeared, is next considered. Professor 
Cajori shows that the influence of Leibniz was much greater 
in England than is generally suspected, and shows that the 
clashing of the two different methods of attack, the New- 
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tonian and the Leibnizian, gave to Berk=ley an excellent 
opportunity for “ the most spectacular event of the century 
in the history of British mathematics.” Mathematicians 
are generally aware of the fact that this atteck was made, but 
the details are rarely known. Berkeley’s Analyst is not a 
common work, although it is occasionally 2ffered by dealers 
in the classics of the eighteenth century. Eor this reason the 
careful summary here given will be welcome to those who care 
for the genesis and early status of great movements in the 
field of their favorite science. The extraccs from Berkeley, 
for example, have been carefully copied, although the author 
has taken certain justifiable liberties in the natter of punctua- 
tion, spelling, and capitalization. 

A further service rendered by Professor Cajori is seen in his 
chapters on the books on the fluxional calcılus that appeared 
after Berkeley’s attack; many of them, nc doubt, being the 
natural result of such criticism, the authors appearing as 
champions for a cause that seemed to them worthy of strong 
defence. For the interesting details of this defence, and for 
the subsequent fortunes of the fluxional type of analysis, 
however, the reader should consult the wor? itself. i 

The mathematical world has often beer in debt to Pro- 
fessor Cajori for his detailed studies, but nəver more so than 
in this case. i 

DAvD ZUGENE SMITH. 


Cours de Cinématique théorique. By H. Lacaze. Paris, 

Gauthier-Villars, 1920. 138 pp- 

This text is for the use of students of the lycé& ¢ and the 
government schools. The first part of tte book covers 56 
pages, the complementary part 82 pages. In the first part 
are five chapters entitled, respectively, vectors, kinematics 
of a point, movement of a solid and distrib.ıtion of velocities, 
composition of accelerations, and displacement of a vector 
in a plane. The complementary part has jive corresponding 
chapters. Vectors are represented throughout as triples, 
no real vector notation entering the book. The first part is 
elementary, the complementary part is more advanced. 
Explanations are brief but sufficient, and s few exercjses are 
introduced which help out the book for student use. It is 
clear, well-printed, and ample for a beginning course. 

JAMES BYRNIE SHAW. 
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Some famous problems of the theory of numbers and in particular 
Waring’s problem. An inaugural lecture delivered before 
the University of Oxford by G. H. Hardy. Oxford, Claren- 

’ don Press, 1920. 8vo. 34 pp. 

The particular problems with which this lecture is concerned 
belong to the additive theory of numbers. The general prob- 
lem of the latter is stated by Hardy as follows: “Suppose that 
n is any positive integer, and a1, o, œs, --- positive integers 
of some special kind, squares, for example, or cubes, or perfect 
kth powers, or primes. We consider all possible expressions 
of n in the form n= a, + aap -+ &, where s may be 
fixed or unrestricted, the a’s may or may not be necessarily 
distinct, and order may or may not be relevant, according to 
the particular problem on which we are engaged. We denote 
by r(n) the number of representations which satisfy the condi- 
tions of the problem. Then what can we say about r(n)? 
Can we find an exact formula for r(n), or an approximate 
formula valid for large values of n? In particular, is r(n) 
always positive? Is it always possible, that is to say, to find 
at least one representation of n of the type required? Or, if 
this is not so, is it at any rate always possible when n is 
sufficiently large? ” 

The number p(n) of unrestricted partitions of n into posi- 
tive integral summands has been studied by many authors; 
the principal result of the investigation of this function by 
Hardy and Ramanujan has been the discovery of an approxi- 
mate formula for p(n) which enables them to approximate to 
p(n) witan accuracy which is almost uncanny. Of p(200), 
for example, the value 3,972,999,029,388 is obtained with an 
(additive) error of .004 by employing eight terms of their 
series; and the result has been verified by MacMahon, without 
the use of their formula, by a direct computation which 
occupied over a month. 
` The principal object of the lecture is a discussion of the 
problem of Waring of determining the number of representa- 
tions of an integer n as a sum of s positive kth powers of 
integers and particularly of the (more usual) restricted form 
of this problem in which one seeks to show that for fixed k 
there exists a finite s+ independent of n such that every integer 
n has at-least one representation as a sum of s, non-negative 
kth powers. In connection with this problem there are two 
functions of fundamental importance, whose existence has 
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been proved in recent years; they may be Cefined as follows: 
The number g(k) is defined to be the least number for which 
it is true that every positive integer is the sum of g(k) non- 
negative kth powers of integers; the numb=- G(k) is defined 
to be the least number for which it is true that every positive 
integer from a certain point onwards is cae sum of G(k) 
non-negative kth powers of integers. The existence of éither 
of the functions G(k) and g(%) obviously implies that of the 
other. The existence of g(k) was first proved by Hilbert in 
1909, after an interval of 139* years from th2 time of its enun- 
ciation by Waring,t who gave the theorem without proof. 

For a long time it has been known that ¢(2) = G(2) = 4. 
In 1859 Liouville proved that g(4) exists and does not exceed 
53; it was shown by Wieferich in 1909 that g(4) = 37, the 
most that is known at present. The number 79 = 4-24 + 15-1* 
needs 19 biquadrates, and no number is krown which needs 
more. ‘There is still therefore a wide margin of uncertainty 
as to the actual value of g(4). The existence of g(3) was first 
established in 1895 when Maillet proved that g(3) = 17; 
Wieferich proved in 1909 that g(3) =9. As 23 and 239 
require exactly 9 cubes, the value of g(3) is exactly 9. [Hardy 

_remarks that it is “no doubt true” that 23 and 239 are the 
only integers requiring 9 cubes for their expression.] In 
1909 Landau proved the “singularly beauti*ul theorem” that 
the number of integers requiring 9 cubes each for its expression 
is finite. It was in view of this fact that the number G(k) was 
introduced. It is known that 4 = G(3) =8; and Hardy is 

* Corrected from Hardy’s “127” on page 17, in accordane® with the 
information indicated in the next footnote. 

+ At the time when Hardy wrote his address he wa: under the impression 
that Waring first stated his theorem [that every positive integer is a sum 
of at most 4 positive squares, 9 positive cubes, 19 poe tive biquadrates, and 
80 on] in the third edition (1782) of his Medilaliones Algebraicae [pp. 349- 
350], but in a letter of Jan. 4, 1921, he writes me thet a correspondent has 
called his attention to its appearance in an earlier ecxion. On examinin 
the three editions I fail to find it in the first (1762), bu- find it in the secon 
(1770) [pp. 204-205], and in the third (1782), asindicated. These references 
are given’ also in Dickson’s History of the Theory of ZTumbers, vol. II, pp. 
xviii and 717 in connection with his orate history of Waring’s problem. 
[Am I right in supposing (as I have done in numbering the editions above) 
that Waring, when he came to publish the third ed-tion, treated the first 
part (pp. 1-85) of his Miscellanea Analytica (1762) ae the first edition of his 
Meditationes Algebraicas, its material being reproduced in the editions of 
1770 and 1782; or was there another edition of the litter between those of 
1770 and 1782? The view which I have taken ag-ees with a statement 


given in an old manuscript note on the fly-leaf of a of the 1770 edition 
of the Meditahones Algebraicae in the library of the versity of Illinois.] 
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disposed to conjecture that G(8) has the value 4 or 5, and he 
seems to lean towards the former (p. 23). A simple argument 
shows that G(4) = 16 and Hardy and Littlewood have proved 
that @(4) = 21, so that @(4) lies in a comparatively small 
known range. 

On pages 27-34 we have one of the most fascinating accounts 
in our literature of the fundamental idea which has guided g 
mathematical investigation, the account of that which directed 
Hardy and Littlewood in their investigation of the properties 
of G(k). The method seems to be very powerful. It has 
brought them for the first time into relation with thé series on 
which the solution in the last resort depends; it gives numer- 
ical results which, as soon as k exceeds 3, are far in advance of 
any known before; and it gives a definite upper bound to 
G(k), namely, . 
G(k) = (k — 22145, 


[On the other side it is known that G(k) = k+ 1 and that 
G(2*) = 2°? if æ is a positive integer.] Hardy adds: “It is 
beyond question that our numbers are still very much too 
large; and there is no sort of finality about our researches, for 
which the best that we can claim is that they embody a 
method which opens the door for more.” 

Concerning Goldbach’s assertion that every even number is 
the sum of two primes we have the following (p. 34): “Our 
method is applicable in principle to this problem also. We 
cannot solve the problem, but we can open the first serious 
attack upon it, and bring it into relation with the established 
prime üttmber theory. The most which we can accomplish 
at present is as follows. We have to assume the truth of the 
notorious Riemann hypothesis concerning the zeros of the 
zeta function, and indeed in a generalized and extended form. 
' If we do this we can prove, not Goldbach’s theorem indeed, 
but the next best theorem of the kind, viz. that every odd 
number, at.any rate from a certain point onwards, is the sum 
of three odd primes. ` It is an imperfect and provisional result, 
but it is the first serious contribution to the solution of the 
problem.” 

It is with genuine regret that the reviewer has to point out 
one or two, historical errors in an address which is otherwise 
so charming. (We have already mentioned one of these.) On 
page 18 he refers ‘to Fermat’s “notorious assertion concerning 
Mersenne’s numbers”; a letter to the reviewer indicates that 
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this error probably arose through referring to Fermat a 
statement which was in fact made by Mersenne (and stated 
by W. W. Rouse Ball to be “ probably due to Fermat’’).* 

From page 18 of Hardy’s lecture I quote as follows: “No 
very laborious ‘computations would be n2cessary to lead 
Waring to a highly plausible speculation, whith is all I take his 
contribution to the theory to be; and in the theory of numbers 
it is singularly easy to speculate, though often terribly difficult 
to prove;* and it is only proof that counts.” It is hard to see 
in what sense the author can say that “it 5 only proof that 
counts” when he has before him a conjecture like that of 
Waring which has certainly influenced for good the develop- 
. ment of a very fascinating chapter in the modern theory of 
numbers. Probably the same feeling that induced this state- 
ment led to Hardy’s calling by the name “theorem of 
Lagrange” the theorem that every integer is a sum of four 
non-negative squares, whereas Fermat had stated that he 
had a proof of the theorem (both Fermat and Bachet ascribing 
the theorem to Diophantus) and Euler had made repeated 
efforts for forty years to prave it before Lagrange through the 
aid of Euler’s work succeeded in giving the first proof in 1772. 
[See Dickson’s History, vol. IL, pp. ix, x, 275-303.] It appears 
to me to be unfortunate to have this theorem called by the 
name of Lagrange; it certainly represents one extreme of 
judgment concerning the question of attaching names of 
mathematicians to specific theorems. 

The opposite extreme of the same thing recently came to 
my attention in another connection; curiously enough, , it is 
again a case of a “theorem of Lagrange.” The thedrem that 
the order of a subgroup is a factor of the order of the group 
containing it has been called the “theorem of Lagrange” by at 
least two authors of high repute [see Pascal’s Repertorium (in _ 
German), vol. I, 2d edition, 1910, p. 194, and Miller, Blich- 
feldt and Dickson’s Finite Groups, 1916, p 23 (in the part 
written by G. A. Miller). Now the facts seem to be that 


* If any one of the many mathematical propositions stated by Fermat is 
incorrect, with perhaps a single exception, I am unaware of it. The case 
of exception is that concerning ths prime character of the so-called Fermat’ 
numbers 2* + 1 where k = 2"; and this incorrect statement he first made 
several times as a conjecture and finally (after the lepse of several years) 
implied that he knew a proof of it. would seem therefore tobea 
lapse of memory rather than an error in Feasoning. All his other theorems 
have been proved with the one famous exception. Sse Dickson’s History, 
vol. I, p. 375, and vol. II, p. xviii. 
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Lagrange knew the theorem only for the case of the subgroups 

of the symmetric group and that even for this case he had no 
satisfactory proof. Abbati (in 1803) completed the proof for 
subgroups of the symmetric group and also proved the theorem 


‘ for cyclic subgroups of any group; but it was apparently more 
. ` than seventy-five years after the publication of Lagrange’s 


memoir (in 1770-1771) before the completed theorem became 
current (though it had appeared earlier in a paper by Galois 
in 1832). In this case we have attributed to Lagrange a 
theorem which he probably never knew or conjectured, on 
the ground (it would seem) that he knew a certain special case 
of it. In Hardy’s paper we have a theorem referred to 
Lagrange apparently on the ground that he first published a 
proof of it though it had been in the literature-long before. 
Somewhere between these two extremes lies the golden mean 
of proper practice in attaching the names of mathematicians 
to specific theorems; and this mean, in the opinion of the 
reviewer, is rather far removed from each of the extremes 
indicated. 
R. D. CARMICHAEL. 


Statics, including Hydrostatics and the Elements of the Theory of 
Elasticity. By Horace Lamb: Cambridge, University 
Press, 1916. xii + 341 pp. 

Mathematics as ordinarily taught in our colleges and 
mathematics as used in this work-a-day world are birds of 
entirely different feather, and they do not flock together. 
This may perhaps be illustrated by a simple problem (No. 20, 
p. 178) LE Lamb’s Statics: 

“Water is poured into a vessel of any shape. Prove that 
at the instant when ‘the center of gravity of the vessel and the 
contained water is lowest it is at the level of the water surface.” 

Let us imagine a well trained sophomore attacking this 
problem. It is clearly a minimum problem involving integra- 
tion. We measure h vertically upward from the bottom of the 
inside of the container, take the density as unity (or shall we 
keep it as p?), and let AC) be the area of the cross-section of 
the vessel. Then the center of gravity of the water is at a 
height , 


ne fore + Tun 
À | 


Let the mass of the vessel be denoted by M, and let its center 
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of gravity be at the altitude An, Then the center of gravity 
of the whole is at the height 
zn = Mio + SohAdh 
M+ fipAdh ? 
and it is to be proved that 


dH dn , 
28 0 and ae 0 when 3=H. 


I have assumed perhaps naturally that the student knows 
enough or too little not to use double or triple integrals, but 
knows too much not to use any. I have alsc assumed tha: he 
knows enough to write À = H, which I doubt. 

Having thus stated his problem, perhaps he can solve it 
and perhaps he cannot, but probably he will get at least 50% 
for his statement, even if he has not proved anything except 
that his thorough course in calculus has developed a serious 
set of inhibitions whereby he is prevented from using his 
common sense on a simple mathematical prcblem. 

Lamb’s Statics is full of such disappomtments for the 
student of mathematics. Indeed it may be feared that his 
is malice aforethought on the part of the author. (See 17 
of his Preface). Nor would I seem to criticize mathematical 
instruction of others without being more precisely critical of 
my own. For twenty years I have taught or tried to teach 
not only mathematics of the canonical sort to all grades of 
students but mechanics and physics to Freshmen, to Juniors, 
to Seniors, and to Graduates. It is my own experience that 
despite my best endeavors my students will solve successfully 
with complicated mathematical machinery problems that I 
am confident they do not understand and wil fail lamentably 
in the solution of simple common-sense problems where the 
canonical machinery is in the way. Perhaps we should teach 
less of the machinery, reduce things less to rule and formal 
procedure, and above all dwell longer on tae simple funda- 
mentals of our subjects of instruction. Mechanics is a 
particularly difficult topic for teacher and for taught. In our 
large engineering schools we are apt to take three shots at 
mechanics: once in the course in physics, once at some pcint 
of the course in mathematics, and once in applied mechanics. 
The material covered overlaps a great deal, dut the points of 
view are often divergent. Might it not be that if we all got 
together, physicist, mathematician, and engineer, pooling our 
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combined time, and cooperating at each phase of the work, 
we should accomplish a far better result? . 

Lamb’s Statics keeps to the middle road of presenting the 
subject as a branch of naczural science, largely deductive 
because of the paucity and simplicity of the fundamental laws. 
It is a work on physics rather than on engineering or mathe- 
matics; it should afford a fine introduction whether to applied 
mechanics of the more technical sort, to the theory of struc- 
tures, to more advanced paysical theories, or to analytic 
statics. 

. To show the breadth of treatment the titles of the chapters 
may be quoted: Theory of Vectors, Statics of a Particle, Plane 
Kinematics of a Rigid Body, Plane Statics, Graphical Statics, 
Theory of Frames, Work end Energy, Analytical Statics, 
Theory of Mass-Systems (centers of mass and moments of 
inertia), Flexible Chains, Laws of Fluid Pressure, Equilibrium 
of Floating Bodies, General Conditions of Equilibrium of a 
Fluid, Equilibrium of Gaseovs Fluids, Capillarity, Strains and 
Stresses, Extension of Bars Flexure and Torsion of Bars, 
Stresses in Cylindrical and Spherical Shells. This is a con- 
siderable program; it is well and consistently carried through 
—as should be ‘expected by all who have known his other 
writings and particularly his >ompanion volume on Dynamics, 
noteworthy for the same Greek characteristic cwepoctrn. 

These books, Statics and Dynamics, are not written for the 
writing; they are products of teaching, for they are based on 
lectures delivered at the University of Manchester. If the 
matter were taken slowly erough, satisfactory results would 
attend'their use in our American institutions, provided our 
teachers had an all round interest in the elements of mathe- 
matics, of physics, and of engineering, and a fine contempt for 
superficial ground-covering im any of the three. 

J E. B. Wusox. 


Principes usuels de Nomographie avec applications à divers 
problèmes concernant Vartillerie et l'aviation. Par Lieu- 
tenant-Colonel Maurice 4Ocagne. Paris, Gauthier-Vil- 
lars, 1920. 67 pages. : 

This pamphlet, as the title indicates, is a short exposition of 
nomography in which the illustrations are taken from artillery 
_ and aviation. Nomography is the general theory of the 
graphical representation of equations of any number of vari- 
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ables: the end of such a representation is to replace all kinds of 
numerical computation by readings made on the graph. If an 
equation contains three variables x, y, 2, say, then by giving a 
value to 2 and using x and y as rectangular coordinates a curve 
can be constructed. If these curves are constructed for 
various values of z then a set of values x, y, z satisfying the 
equation will be found by taking the coordinates x, y of any 
point together with the value of z which corresponds to the 
curve passing through that point. If the z-curves are con- 
structed reasonably close together it is possible to interpolate. 
The corresponding values are then determinec as the inter- . 
section of three curves. If then instead of point coordinates, 
tangential coordinates are used corresponding values will 
correspond to points on a line. D’Ocagne has introduced a 
particular kind of tangential coordinates which makes the 
constructions very simple. This is the alignment chart and 
has many advantages over the construction first mentioned. 
The drawing of curves is replaced by the construction of 
scales and, for the case of four variables, the whole drawing 
can be made on a single sheet of paper. The first half of 
the pamphlet deals with the theory of the construction of 
these charts. 

The second part applies the theory to the actual making of 
charts for formulas used in artillery and aeronautics. The 
charts are arranged according to the simplicity_of the con- 
struction. Among the charts we find the following: the 
coefficient of adjustment, K = D/A; the angle of sight, tanz 
= Z/D; the initial angle of fire, 


(1 + cos 2p) tan e= sin 2¢ — sin 2a; 


the limiting velocity for arming fuses, 4KrD? = E V?; the in- 
terior pressure in the autofrettage, 


These give an idea of the kind of formulas handled. The 
charts are well constructed and the explanations are very clear. 
On the whole this little pamphlet makes delightful reading and, 
now that graphical charts are so much used, the teacher of 


mathematics should no longer be ignorant of the subject. 
. L. E. Moore. 
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Mathematische Streifzüge durch die Geschichte der Astronomie. 
By P. Kirchberger. Mathematische-Physikalische Bibli- 
othek, Bd. 40. Leipzig, Teubner, 1921. iv + 54 pp. 
Some of the difficulties of publication and sale in connec- 

tion with German works are seen in the case of this worthy 

addition to the Teubner list,—one of the small monographs 
of the type that was intended to and did popularize science 
before the war, and that sold in those days for a mark or less, 
often in a cloth binding. This particular number, like others 
at the present time, appears in paper binding, with a nominal 
price of 2 Marks in Leipzig, but with the announcement that 
there is also a Teuerungszuschlag of 120% for home purposes, 
with a Bewilligung stamp saying that the value is 3 Marks 

30 Pf., and with an accompanying statement that the price 

of the book to an American buyer is 10 Marks,—all of which 

is an interesting problem for the economist. 

As to the work itself, it maintains the high intellectual 
standard usually found in German booklets of this class. It 
is written by one who holds professorial rank in the Leibniz- 
Oberrealschule at Charlottenburg, and it shows that scholarly 
ideals still prevail in spite of post-bellum difficulties. ` 

Dr. Kirchberger has divided his work into six chapters, 
in each of which he has considered the essential features which 
mathematics has contributed to the progress of astronomy. 
The general topics are as follows. 

I. Early history to the time of Hipparchus, including (a) the 
first steps in the making of a system of chronology, together 
with early traces of the idea of a continued fraction; (b) 
astronomical geography, as in the geodetic work of Eratos- 
thenes; (c) the Greek contributions to measurements relating 
to the sun and the moon, as in the finding of the supposed 
- size of and distance to the sun by Aristarchus. 

U. The planetary theories of Ptolemy, Copernicus, and 
Tycho Brahe, including Ptolemy’s theory of epicycles and the 
effect of improved methods of observation and computation 
upon the work of the sixteenth century. 

III. Kepler, with a résumé of his leading mathematical 
contributions to astronomy, and with attention to the fact 
that he looked upon the latter science as a branch of physics 
rather than a part of geometry. 

IV. Newton, with especial reference to his theory of gravity. 

V. From Halley, to Bessel, including particularly the de- 
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velopment of the modern ideas of parallax and aberration 
and with special attention to the contributions of Lacaille, 
Lalande, and Römer. 3 

VI. Modern problems. 

The-work is, of course, merely the briefest kind of survey. 
Only forty-one names are mentioned, and under the prominent 
names there could not be, under the limitations imposed, more 
than a mere indication of the work accomplished by each. 
Nevertheless, for general students of mathematics and of 
astronomy, the book will furnish some interesting reading 
and some valuable information. There is a helpful bibliogra- ` 
phy, mostly of German sources, but including several transla- 
tions from the English and French. 

Davm EUGENE SMITE. 


Natural Tangents. By Emma Gifford. Manchester, Eng- 
land, 1920. iv + 90 pp. 

It is now seven years since Mrs. Gifford issued her table 
of natural sines to every second of arc and to eight places of 
decimals. This appeared in the spring of 1914, before the 
war began. The demands upon the time and strength of 
everyone in England were so great during the years that 
followed that Mrs. Gifferd’s projected table of natural tangents 
was greatly delayed, and the present volume is only the be- 
ginning of a work that will be as complete as was the former 
one. The table extends only to 15°, but the pragress will now 
be more rapid and we may hope soon to see the work com- 
pleted. 

Mrs. Gifford has taken the natural tangents for every 10” 
from the Opus Palatinum of Rheticus, published in 1596. 
She has then found the tangents to 1’’ through interpolation 
by the aid of a calculating machine. The computation was 
in each case carried to ten places for the purpose of establishing 
the eighth place. The arrangement is that of he Chambers 
logarithmic tables, which is more convenient tran the semi- 
quadrantal plan commonly found in this country, although 
it makes the book more bulky. , ` 

Mrs. Gifford is so well known as a careful computer that 
the work will be welcome to all who have need for an eight- 
place table of natural tangents. Such a table is suggestive 
of the diminishing relative importance of the logarithm with 
the rapid improvement in mechanical calculation. 

David EUGENE SMITH. 
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b 
Oeuvres Complètes de Cristiaan Huygens, publiées par la Société 
Hollandaise des Sciences. Tome XIV. Calcul des Prob- 
abilités. Travaux de Mathématiques Pures, 1655-1666. 
- La Haye, Martinus Nijhoff, 1920. 524 pp. 
, Approximately the first one-third (pp. 1-179) of this attrac- 
tive volume is devoted to contributions to the theory of 
probability (1656-1657), with appendices most of which are 
of later date. The next division (pp. 181-407) presents 
contributions to various subjects (1655-1659) including the 
theory of numbers, rectification of the parabola, quadrature 
of conoids, volumes of solids of revolution, centers of gravity, 
properties of the eycloid, and theory of evolutes. The third 
division (pp. 409-427) gives contributions to the commentaries 
of von Schooten on the Geometria of Descartes, editions of 
1649 and 1659. The fourth division (pp. 429-524) like the 
second related to a wide range of subjects. This’ division 
(1661-1666) presents contributions to the theory of loga- 
rithms including the logarithmic curve with application to 
the determination of altitude by means of the barometer, 
further work on solids of revolution, rules for finding the 
tangent to an algebraic curve, and the theory of cubics. Each 
division is preceded by a valuable historical introduction. 
Although the first steps in the theory of probability were 
taken by Pascal and Fermat in their correspondence as early 
as 1654 about questions proposed by the Chevalier de Méré, 
“the work of Huygens constitutes the first treatise on the sub- 
ject. He starts from the fundamental assumption that there 
exists for any equitable game a determinate numerical value 
for the probability that a player will win or lose. He de- 
velops a few elementary propositions of which he makes fre- 
quent application. Proposition III ‘asserts that if a player 
has “p chances of gaining a and q chances of gaining b, his 
expectation is (pa + gb)/(p + q)” In present day usage, 
we should probably avoid the use of the word “chances” 
in the sense in which it is here used. The thought could be 
expressed by saying that (pa + gb)/(p + q) is the expectation 
of a trial when in a total of p + q equally likely trials, there 
are p ways of gaining an amount a and q ways of gaining b. 
This proposition affects much that follows it. 
The entire treatment of probability contains fourteen 
propositions, five problems, and nine appendices. The first 
two propositions are special cases of proposition III just 


482 SHORTER NOTICES. [ June-July, 


d 
stated. The propositions IV to IX are concerned with the 
problem of points with two or three players. The propositions 
X to XIV deal with the throwing of dice. Thenine appendices 
‘treat various applications many of which came up in corre- 
spondence. The last one, which carries the date 1688, is 
the problem of the chances of three players at piquet. This 
problem was reduced by Huygens to the sum of an infinite 
series. This appendix was written much later taan the treatise. 

Apart from the division on probability, the volume is de- 
voted mainly to geometry. However, there ar2 about seven- 
teen pages of text given to number theory. This work on 
number theory relates mainly to the solution of the equation 
of Pell, and closely related problems. The contributions to 
geometry vary in character from material as elementary as a 
new demonstration of the Pythagorean proposition to the 
determination of surfaces of parabolic and hyperbolic conoids, 
‘the tangents to algebraic curves, and the theory of evolutes. 
Considerable space is given to properties of tae cycloid. In 
this work, Huygens was probably accepting the challenge 
put up by the letter of Pascal (under an assumed name) ad- 
dressed “to all geometers of the universe” in which he pro- 
posed problems about a certain semisegment of the cycloid 
calling for the area, the center of gravity, velume of solids 
generated by revolution about certain lines, end the centers 
of gravity of these solids. Among the geometric contribu- 
tions, we should perhaps mention especially tket this volume 
gives properties of the logarithmic curve, and ‘1e quadrature 
of the hyperbola by the use of logarithms. : 

The division on probability is given both in Dutch and in 
a French translation. The text of the other divisions 13, 
with a few exceptions, in Latin. The valuable footnotes and 
introductions to divisions are‘in French. The volume con- 
tains a table of contents, a name index, and & subject index 
that are very useful. When we consider the preparation 
of the introductions to the various divisions of the work, the 
large number of references, and the many footnote explana- 
tions and comments found throughout the wo-k, it seems to 
the reviewer that this volume represents practically a model 
piece of work from the editorial standpoint as well as a con- 
tribution to the history of Huygens’s mathemazical work. 


E. L. Berg, 
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Dynamics of the Airplane. By K.P. Williams. New York, 

John Wiley and Sons. 136 pages. 

This little volume is number 21 of the series of Mathematical 
Monographs edited by Mansfeld Merriman and R. S. Wood- 
ward. The author states that it is an outgrowth of a set of 
lectures delivered at the University of Paris by Professor 
Marchis for the benefit of the students of the American Army. 

The subject of aeronautics as usually given includes both 
rigid mechanics and fluid mechanics. The latter, however, is 
not of so much importance for elementary considerations and 
has been omitted from the book under consideration. The 
omission does not interfere with the understanding of the 
dynamics of the airplane even when we include Bryan’s 
mathematical theory of stability and Wilson’s treatment of the 
effect of gusts. Almost all mathematical problems of the air- 
plane can be treated with no more fluid mechanics than is 
usually given in a good college course in-physics. 

The more elementary. subjects usually considered in a book- 
of this character are: pressure on a plane and curved surface, 
movement of the center of pressure as the inclination of the 
plane is varied, the relation of the velocity of flight to the 
angle of incidence of the wing, power consumed, ascent, 
descent and circular flight. These subjects are adequately 
and delightfully treated in tie first four chapters, 68 pages. 
The fifth chapter is devoted to the propeller. The principle 
topics discussed are form o? the blade, thrust, power and 
efficiency. The formulas obtained for these are 


R= aV?D, P= 68D’, E= TV/(550 P), 


where n denotes r.p.s., D denctes the diameter of the propeller, 
@ and ß are functions of V/nD. The last part of the chapter 
is devoted to the experimental determination of the functions 
o and 8 and the adaptation of the propeller to the machine, 
Chapter VI, on performance, discusses the highest attainable 
altitude and the radius of aetion together with the effect of 
loading on these. Chapter VII on stability and controlability 
discusses in a general way the meaning of stability and the 
effect of stabilizer, elevator, etc. Chapter VIII treats Bryan’s 
theory of stability. The rigid mechanics necessary is not 
developed here but reference is made to Routh. 

The book is well written, very attractive in appearance, and 
makes a splendid introduction to the subject. 

C. L. E. Moors. 
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The Sumario Compendioso of Brother Juan Diez: The Earliest 

Mathematical Work of the New World. By David Eugene 
` Smith. Boston, Ginn and Company, 1921. vii+ 65 pp. 

To the historian and to the bibliophile the publication of this 
little volume will be an event of importance. But even to 
one who, like the reviewer, can lay no claim to such distinction 
the possession and perusal of the work will be a source of 
genuine interest and pleasure. 

The original was printed in the City of Mexico in 1556 “long 
before the migration of the pilgrims to this continent was 
thought of, a half century before Henry Hudson discovered 
the river that bears his nam2, and nearly two centuries before 
the first mathematical work in English appeared from the pen 
of an American scholar.” The author was onz Juan Diez, a 
priest and companion of Cortez in the conquest of Mexico. 

The greater part of the original consists of an elaborate set 
of tables intended to minimize as far as possible the computa- 
tions arising in the sale of gold and silver. Orly one page of 
these tables is reproduced in the present edition. All of the 
. remainder of the work, however, consisting of a brief textbook 
on arithmetic “suited to the needs of apprentices in the 
counting houses of the New World” and of six pages of algebra 
(devoted largely to the quadratic equation), is reproduced in 
facsimile with an English translation appearing on the opposite 
pages. When it is recalled that only a small number of books 
on algebra had appeared in Europe before 1556 it is indeed 
“remarkable”—as the editor points out—“that an obscure 
writer in Mexico should have produced even six pages on the 
subject in this early period in the development of printed 
scientific literature.” 

The fact that only four ccpies of the original are known to 
exist made it desirable to make a facsimile reproduction of the 
work more generally available. This has been made possible 
through the cooperation of the distinguished editor and trans- 
lator, an anonymous “public spirited gentleman” who sub- 
scribed to the greater part of the limited edition in advance 
of publication, and of a publishing house which has in the past 
given evidence not merely of high proficiency in the art of 
book-making but also of scholarly ideals not unduly influenced 
by the balance-sheet. To them the cordial thanks of the 
scientific fraternity are due. ` 

J. W. Youna. 
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Theoretische Arithmetik. Von Otto Stolz und J. A. Gmeiner. 
Zweite Auflage, bearbeitet von J. Anton Gmeiner. I. Ab- 
teilung, 1911, vi+ 146 pp.; II. Abteilung, 1915, viii + 369 
pp. Leipzig, Teubner. 

Maintaining the same division into “ Abschnitte” as in 
the first edition and largely the same separation of each into 
sections, Gmeiner has given us in the second edition of the 
Theoretische Arithmetik of Stolz and Gmeiner a work larger by 
about twenty-five percent than the first edition of one volume. 
In every Abschnitt one finds numerous modifications and 
extensions, often of a minor character but occasionally of 
considerable extent. Many of the modifications are in the 
direction indicated by Stolz in notes he had made looking 
“orward to a revision of the text. Gmeiner has carefully util- 
-zed these suggestions so as to carry out as far as possible the 
wishes of his teacher in this new edition of their common work. 

The larger changes may be indicated briefly as follows: 
There is a fuller treatment in the second Abschnitt of sub- 
traction of integers, division, powers, and the systematic 
representation of numbers; and there is a new section here 
on zero as a number. In the third Abschnitt the theory of 
the laws of operation has been expounded anew and in fuller 
form, especially that having to do with the distributive law. 
The sections on the fundamental operations with real numbers 
in the seventh Abschnitt and the theory of complex units in 
the tenth Abschnitt appear in a new form. Other changes, 
less important, are to be found throughout the volumes. In 
its new form the book will have an increased usefulness. 

As the*work is now divided the first volume treats the theory 
of rational numbers and the second the theory of real and 
complex numbers together with an introduction to the theory 
of infinite series both with real terms and with complex terms. 

R. D. CARMICHAEL. 


Advanced Lecture Notes on Light. By J. R. Eccles. Cam- 
bridge, University Press,,1919. 141 pp. 

A sequel to the author’s Lecture ‘Notes on Light, 1917, the 
Advanced Lecture Notes treat in sequence Rainbows, Magnify- 
ing Power, Chromatic Aberration, Spherical Aberration, 
Wave Theory of Light, Interference, Diffraction, Polarisation 
of Light. There are really only half the indicated number of 
pages, because the left-hand page is left blank apparently 
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with the intention that the student shall draw thereon the 
figures which are entirely lacking in the text and perhaps make 
certain calculations supplementary to or illustrative of the 
text. A perusal of the work fails to indicate surely whether 
the lectures as given are largely theoretical or are amply 
illustrated by experiment showing the phenomena on a scale 
impressive even to undergraduates. No part of physics lends 
itself so well to treatment by experimental lectures as optics, 
particularly physical as contrasted with geometrical optics. 
It is unnecessary to commend either the excellent care given 
to the treatment or the selection and order of the topics. The 
discussion of geometrical optics can hardly be made so moving 
as that of physical optics, but every pedagogic instinct, except 
that of fascinating or even mystifying the student, is better 
satisfied by commencing with the former, as the author does, 
and so far as the real training of the student in analysis or in 
the things of most use to him is concerned, geometrical optics 
will long remain preferable to physical. It would have been 
desirable, provided the students’ previous training sufficed, to 
lay some small emphasis on the dynamics of wave motion. 
The question of what shall be taught in optics and how it 
shall be taught is like the corresponding questions relative to 
mechanics, electricity, and heat, not only unsolved but as 
yet unstated in a form capable of solution. Eccles’ book 
merits careful consideration by collegiate teachers of physics. 
S E. B. Wrsox. 


Materialien für eine wissenschaftliche Biographie von Gauss. 
Gesammelt von F. Klein, M. Brendel, und L. Sehlesinger 
Heft VIII. Zahlbegrif und Algebra bei Gauss. Von A. 
Fraenkel. Mit einem Anhang von A. Ostrowski: Zum 
ersten und vierten Gaussschen Beweise des Fundamentalsatzes 
der Algebra. Erster Teil. Leipzig, Teubner, 1920. 58 pp. 
The title of this pamphlet is sufficiently explanatory of its 

general character. As it forms only the first part of the eighth 

volume of the series, it is incomplete in some respects. How- 
ever, it does contain an interesting and well rounded discussion 
of Gauss’s part in the development of the concept of number 
and an arithmetization of his first proof of the fundamental 
theorem of algebra. A corresponding treatment of the fourth 

proof, together with detailed criticisms of the two proofs, are . 

apparently to be given in the second part of the volume. 
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As the author remarks, there can be no doubt that Gauss 
recognized the sphere of philosophy in investigating the 
foundations of mathematics, and it is interesting to note that 
he opposed Kant’s view that space is merely a creation of our 
senses, While Gauss’s part in the development of the com- 
plex number was probably of relatively more importance, it 
is pointéd out that he made substantial contributions to the 
modern theory of real numbers. The somewhat controversial 
subject of the priority of different writers with regard to the 
former seems on the whole to be treated impartially, although 
Argand is given less credit than some would doubtless accord 
him 7 


Tt is worth noting that Gauss himself recognized the some- 
what unsatisfactory character of his first proof of the existence 
of roots of an algebraic equation. Any comments on Ostrow- 
ski’s discussion would seem more appropriate in connection 
with Fraenkel’s criticism of the original proof. 

Howard H. Mirror. 


ERRATA. 


Vol. XXVI, p. 292, formula (22): Insteadof D=2(n—1)--- 
read D = — 2(n —1).... | 

—, P. 293, formula (25): The denominator of the last inte- 
gral in the value for z should be së: and, in the value 
for y, ai. 

Vol. XX VII, p. 11, line 6 of $ 1: Instead of the words of all 
functions read of all bounded functions. 

—,, p. 11, formula (2): Add after the formula (a < y < b). 

——, p. 17, line 17: Add after the last sentence the sentence: 
In order to make sure that the integral (1) shall 
belong to the class [f], it is necessary to assume also 
that K(x, y) — Ets, a), considered as a function of 
æ, belongs to that class for every value of y. 

——, p. 326: Professor R. L. Borger desires to withdraw, at 
least tentatively, the theorem he announced on this 
page, on account of a flaw in the proof near the 

e bottom of page 327, which was called to his attention 
by Dr. T. H. Gronwall. 

—, p. 364, line 17: Instead of m = — 9 read m = — OI. 

——., P. 385, last line: Instead of Granier read Garnier. 
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NOTES. 


At the request of the Council of the Society, the Committee 
of Publication has decided to begin the next volume of this 
Buzzerin (vol. XXVIII) with the number to be dated Jan- 
uary, 1921. Hence the usual October, November, December 
numbers will not be issued this fall. Volume XXVIII will 
consist of ten numbers as usual, however, with mere change 
of dates. This change of dates has been contemplated for 
several years; — it will be convenient because the BuLLETIN 
year will hereafter coincide with the calendar year, with the 
fiscal year of the Society, and with the terms of office of the 
editors and other officers. This year the change can be made 
without any real delay, for the printers’ strike has so far 
deferred publication that to date the next number in January 
will only correspond to the actual fact. Subscribers to the 
new volume should notice that they will receive the usual 
number of issues, and that they will actually receive them 
quite as soon as would be possible otherwise. 


The annual meeting of the Society will be held in Toronto 
on December 28-29, in connection with the sessions of the 
American Association for the Advancement cf Science. The 
usual Christmas meeting at Chicago, as well as the annual 
meeting usually held in New York, has been transferred to 
Toronto, and will be merged with the annual meeting. Titles 
and abstracts of papers for this meeting should be sent to the 
Secretary of the Society, R. G. D. Richardson, Brown Uni- 
versity, and must be in his hands not later than December 
10, 1921. 

At one of the sessions of the Toronto meeting, Professor 
R. D. Carmichael will give an address as retiring chairman 
of the Chicago Section. The subject will be Algebraic guides 
to transcendenlal problems: 

The fourteenth regular meeting of the Southwestern Section 
of the Society will be held in St. Louis at Washington Uni- 
versity on Saturday, November 25. Titles and abstracts of 
papers for this meeting must be in the hands of the Secretary 
of the Section, E. B. Stouffer, University of Kansas, not later 
than November 5, 1921. fe 

A list of dates of meetings and other announcements is 
printed on the inside of the back cover. 
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The April number (vol. 22, no. 2) of the TRANSACTIONS OF 
THE AMERICAN MATHEMATICAL Socrety contains the following 
papers: On division algebras, by J. H. M. Wedderburn; 
Oscillation theorems for the real, self-adjoint linear system of 
the second order, by H. J. Ettlinger; New proofs of certain 
finiteness theorems in the theory of modular covariants, by Olive 
C. Hazlett; On the convergence of certain trigonometric and 
polynomial approximations, by Dunham Jackson; Determina- 
tion of all general homogeneous polynomials expressible as 
determinants with linear elements, by L. E. Dickson; Pseudo- 
canonical forms and invariants of systems of partial differential 
equations, by A. L. Nelson; Arithmetical paraphrases (II), by 
E. T. Bell; On the zeros of solutions of homogeneous linear 
differential equations, by C. N. Reynolds, Jk: A generalization 
of the Fourier cosine series, by J. L. Walsh; Polynomials and 
their residue systems, by A. J. Kempner. 

The April number (vol. 43, no. 2) of the AMERICAN JOURNAL 
oF MATHEMATICS contains: Boundary value and expansion 
problems: algebraic basis of the theory, by R. D. Carmichael; 
Algebraic theory of the expressibility of cubic forms as deter- 
minants, with application to diophantine analysis, by L. E. 
Dickson; The impossibility of Einstein fields immersed in flat, 
space of five dimensions, by Edward Kasner; Finite representa- 
tion of the solar gravitational field in flat space of six dimensions, 
by Edward Kasner; On the motion of two spheroids in an 
infinite hquid along their common axis of revolution, by Bib- 
hutibhusan Datta. 


The mathematical seminar of the University of Warsaw 
has founded a new periodical, FUNDAMENTA MATHEMATICS, 
devoted entirely to the theory of assemblages and related 
subjects, such as analysis situs, mathematical logic and theory 
of axioms. Articles offered for publication should be sent to 
the editors, S. Mazurkiewicz and W. Sierpinski, at the Uni- 
versity of Warsaw, and must be written in French, Italian, 
English, or German. Two volumes have already appeared. 

The Society of German Engineers announces that it will 
publish, beginning early in 1921, a new periodical devoted to 
applied mathematics, the ZEITSCHRIFT FUR ANGEWANDTE 
MATHEMATIK UND MECHANIK. The editors are R. von Mises 
(editor in chief), A. Föppl, R. Mollier, H. Miiller-Breslau, 
L. Prandtl, and R. Rüdenberg. 
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Attention is called to the announcement, on one of the fly- 
leaves of this number of the BULLETIN, concerning the JOURNAL 
DE MATHÉMATIQUES PURES ET APPLIQUÉES, often called Liov- 
VILLE’S JOURNAL or JORDAN’S JOURNAL. The success of the 
effort to maintain this important journal is of interest to 
mathematicians everywhere. Gratifying response has been 
received already by friends of the JOURNAL in this country. 


The summer meeting of the British Association for the 
Advancement of Science will be held at Edinburgh, September 
7-14. Professor O. W. Richardson has been appointed presi- 
dent of Section A (mathematics and physics) for this meeting. 


A meeting of the National Academy of Sciences was held 
in Washington, April 25, 26 and 27, 1921. Professor Albert 
Einstein and the Prince of Monaco were guests of honor at 
the annual dinner. Professor G. A. Miller and Professor A. 
E. Kennelly were elected to membership. The following 
mathematical papers were read: by Edward Kasner, A model 
of the solar gravitational field; by G. D. Birkhof, On the problem 
of three or more bodies; by L. E. Dickson, Quaternions and 
their generalizations; by L. E. Dickson, Investigations in 
algebra and number theory; by H. F. Blichfeldt, On the ap- 
proximate solution in integers of a set of linear equations. 

At a meeting of the American Philosophical Society in 
Philadelphia, April 21, 22 and 23, Professor G. D. Birkhoff 
was elected to membership. The following papers were read 
by members of the American Mathematical Society: by L. 
E. Dickson, The atomic theory and ideal numbers; by J. A. 
Miller, Application of the interferometer to the determination of 
stellar parallaxes; by F. R. Moulton, Recent astronomical 
explorations in space and in time; by M. B. Snyder, 1. Uni- 
versal volcanism and the cosmic atomic numbers; 2. Planck’s 
constant “h,” a variable. 

As a result of the preliminary conference Feld in January 
(BULLETIN, p. 336) a committee of the National Research 
Council on the mathematical analysis of statistics has been 
organized, consisting of H. L. Rietz (chairman, J. W. Glover, 
E. V. Huntington, T. L. Kelley, R. Pearl, and W. M. Persons. 

The lectures on the theory of relativity deivered by Pro- 
fessor Albert Einstein at Princeton (BULLETIN, p. 386) will be 
published by the Princeton University Press. Professor Ein- 
stein lectured at the University of Chicago on May 3,4 and 5. 


= 
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Professor Emile Borel has been elected a member of the 
Paris Academy of Sciences in the section of geometry, as 
successor to the late Professor Georges Humbert. Sir George 
Greenhill has been elected correspondent in the section of 
mechanics, as successor to the late Professor W. Voigt. 


Professor Albert Einstein has been elected a foreign member 


. of the Royal Society of London. 


The honorary degree of doctor of science has been conferred 
by the University of Manchester on Dr. Horace Lamb and 
Sir Ernest Rutherford. 


The Royal Society of Edinburgh has awarded the Mac- 
dougall-Brisbane prize for the period 1918-1920 to Professor 
J. H. M. Wedderburn of Princeton, in recognition of his 
investigations on hypercomplex numbers. 


Professor E. Naetsch has been appointed’ professor of 
analytic geometry at the Technical Schoo] at Dresden, not at 
the Technical School at Darmstadt, as was announced in the 
May number of this BULLETIN. 

Dr. G. Bouligand, of the University of Rennes, has been 
appointed professor of rational mechanics at the University 
of Poitiers. 

Sir Asutosh Mookerjee (Mukhopädhyäy), president of the 
Calcutta Mathematical Society, has been appointed vice- 
chancellor of Calcutta University. 

At a general meeting of the members of the Royal Institution 
held Mey 9, Sir J. J. Thomson was elected honorary professor 
of natural philosophy, and Sir Ernest Rutherford professor 
of natural philosophy. 

Mr. T. A. Brown has been appointed senior lecturer in 
mathematics for 1921-1922 at University College, London. 

It is reported that Professor H. Lamb is to be appointed 
to an honorary lectureship to be called the Rayleigh lectureship 
in mathematics, at Cambridge University. 


Arrangements for exchange professorships in engineering 
and applied sciences have recently been completed between 
certtin French and American universities and technical 
schools. Professor A. E. Kennelly, of Harvard University 
and the Massachusetts Institute of Technology, has been 
chosen as the first American representative. 
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One of the recently endowed Sterling professorships at 
Yale University has been assigned to Professor E. W. Brown. 

Assistant Professor P. J. Daniell, of the Rice Institute, has 
been promoted to a full professorship of applied mathematics. 

Assistant Professor H. M. Robert, Jr., of the United States 
Naval Academy, has been promoted to an associate professor- 
ship of mathematics. 

At the University of Alberta, Associate Professor S. D. 
Killam has been promoted to a full professorship and Assistant 
Professor J. W. Campbell to an associate pro-essorship. 

At Cornell University, Professor James McMahon retires 
at the close of the current academic year. The previously 
announced Heckscher Research grant to Mr. H. S. Vandiver 
for the continuation of his investigations on the theory of 
algebraic numbers’has been extended to cover the first term 
of the year 1921-22, and Mr: Vandiver hes been granted 
leave of absence for that period. Mr. Jesse Osborn of Penn- 
sylvania State College and Mr. R. L. Jeffery of Acadia College 
have been appointed instructors. 


At Clark University, Professors W. E. Story, pony Taber 
and Joseph de Perott retired in June. 

At Dartmouth College, Professor C. N. ase has heen 
appointed chairman of the department of mathematics for 
a term of two years. Assistant Professor R. D. Beetle has 
been promoted to a full professorship. Profzssor E. G. Bill 
has been appointed Dean of Freshmen; he retains his profes- 
sorship, but will not give instruction during the açademic 
year 1921-22. Professor J. W. Young returns to the depart- 
ment after two years’ leave of absence during which he has 
served as chairman of the National Committee on Mathe- 
matical Requirements. Assistant Professor F. M. Morgan 
has been granted leave of absence for the second semester of 
the academic year 1921-22. 

Dr. J. F. Ritt, of Columbia University, has been promoted 
to an assistant professorship of mathematics. 

Mr. H. L. Smith, of the University of Wisconsin, has been 
appointed professor of mathematics at the University of the 
Philippines. 

Dean P. C. Porter, of the Baylor College has been appointed 
assistant professor of mathematics at Baylor University. 
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Associate Professor E. D. Grant, of the Michigan College 
of Mines, has been appointed head of the deparment of 
mathematics at Earlham College. 


Mr. J. A. Herrington, of the University of Wisconsin, has 
been appointed associate professor of mathemates and engi- 
neering at Beloit College. 

Mr. T. L. Hamlin, of Union College, has hai appointed 
head of the department of mathematics at the Clarkson 
College of Technology, Potsdam, N. Y., as successor to 
Professor H. M. Royal, resigned. 

At the College of Wooster, Mr. C. O. Williamson has been 
promoted to an assistant professorship of applied mathematics. 

Assistant Professor F. N. Bryant, of the State College of 
Washington, has been appointed assistant professor of mathe- 
matics at Syracuse University. 

At the College of William and Mary, Mr. J. S. Counselman 
has been appointed professor of mathematics and Mr. J. C. 
Lyons assistant professor. 

Professor J. B. Hamilton has been appointed head of the 
department of mathematics at the University of Tennessee. 

Mr. J. P. Beaman has been appointed head of the depart- 
ment of mathematics at the Kentucky Wesleyan College, as 
successor to Professor C. S. Venable, resigned. 

Mr. F. J. Rogers has been appointed head of the department 
of mathematics at Shaw University, Raleigh, N. C. 

Professor'L. S. Dancey has been appointed head of the 
department of mathematics at Carroll College, Waukesha, 
Wis., as successor to Professor S. B. Ray, resigned. 

Mr. L. C. Bagley, of Washburn College, has been appointed 
professor of mathematics at Ottawa University. 

Mr. Thurman Andrew has been promoted to a professorship 
at the West Virginia Wesleyan College, as successor to Pro- 
fessor C. E. White, resigned. 

_ In October, 1920, Mr. F. A. Lewis, of the Texas Agricultural 
and Mechanical College, and Dr. C. G. P. Kuschke were 
appointed assistant professors of mathematics. 

Att The Citadel, the military college of South Carolina, 
‚Major R. G. Thomas, professor of mathematics and engi- 
neering for thirty-one years, has been made professor emeritus. 
He was succeeded by Colonel O. J. Bond. - 
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At Fairmount College, Wichita, Mr. H. G. Titt, of Yankton 
College, has been appointed professor of mathematics and 
dean of the College of Liberal Arts. 

At Villanova College, Reverend J. S. O’Leary has been 
appointed professor of mathematics, as successor to Reverend 
F. A. Driscoll, who has been made president of the college. 
« Mr. E. K. Paxton has been appointed assistant professor 
of mathematics at Washington and Lee University. | 

Professor A. H. Norton, of Elmira College, has been ap- 
pointed president and head of the departmen: of mathematics 
at the Keuka College for Women. 

Professor E. F. Canaday, of the University of South Dakota, 
has been appointed professor of mathematics at Meredith 
College. 

At Central Wesleyan College, Warrenton Mo., Professor 
J. H. Frick, head of the department of matkematics for fifty 
years, has retired. He was succeeded by Mr. H. V. Knorr. 

Dr. V. H. Wells has been appointed assis-ent professor of 
mathematics at Carleton College. 

At the University of Oklahoma, Dr. J. O. Hassler, of the 
Crane Junior College, has been appointed associate professor ` 
of mathematics. Assistant Professor H. ©. Gossard has 
resigned, to enter Y.M.C. A. work Assistant Professor E. 
D. Meacham has been granted leave of absenze for 1921-22. 

Mr. F. H. Murray, of Harvard University, hes been awarded 
one of the American Field Service fellowships for study in 
the French universities. E 

Recent appointments as instructor in mathematics in 
American colleges and universities are as fcllows: Colgate 
University, Mr. Torvald Frederiksen; Columbia University, 
Dr. E. L. Post; Cornell College, Mt. Vernon, Iowa, Mr. G. 
F. Rouse; Denison University, Miss Graze E. Jefferson; 
Ilinois College, Miss Lois Daniels; Lafayette College, Mr. 
R. J. W. Templin; Princeton University, Mr. Philip Franklin; 
Randolph-Macon College, Mr. B. F. Walton; Randolph- 
Macon Woman’s College, Miss Virginia Watts; Ripon College, 
Mr. William Bollenbeck; Shorter College, Miss Jennie D. 
Ehlers; State College of Washington, Miss Gladys H. Freeman 
and Mr. H. H. Irwin; Tufts College, Miss Edith L. Bush 
and Mr. B. A. Hazeltine; University of Maine, Mr. A. I. 
Bless; University of Nébraska, Mr. J. H. Teylor; University 


1921] >` NOTES. 495 


of Oklahoma, Mr. H. G. Lieber, Miss Dora McFarland and 
Miss Ella Mansfeld; University of Pittsburgh, Mr. F. J. 
Burkett; University of Vermont, Mr. F. W. Householder 
and Mr. H. G. Millington. 


From an account of the life and work of Staeckel sent by 
Professor W. Lorey, the following extracts are selected:* 
Paul Staeckel was born at Berlin, August 20, 1862, and died 
December 12, 1919. He studied at the University of Berlin, 
having among his teachers Kronecker, Weierstrass, Helmholtz 
and Fuċhs; he received his doctorate in 1884 and his teacher’s 
certificate in 1885. He taught at the Berlin Wilhelm gym- 
nasium and at the universities and technical schools of Halle, 
Königsberg, Hanover, Karlsruhe and Heidelberg. Among 
his scientific researches are studies on mechanics, arithmetic 
properties of analytic functions and the representation of even 
numbers as sums and differences of primes. He edited the 
fourth volume of the German report of the International 
Commission on the Teaching of Mathematics, translated ` 
Borel’s Eléments de Mathématiques, and exhibited elsewhere 
much interest in pedagogy. His contributions to the history 
of mathematics include editorial service in connection with 
Euler’s collected works and with Ostwald’s mathematical 
classics; a collection of original sources on the theory of 
parallels, in collaboration with Engel; a study of the geometric 
work of Gauss; and numerous articles in Bibliotheca Mathe- 
matica. i 

Professor A. M. G. Floquet, of the University of Nancy, 
died October 7, 1920, at the age of seventy-two years. 
` Colonel Vallier, correspondent of the Paris Academy of 
Sciences in the section of mechanics and well known for his 
work in ballistics, died March 29, 1921. 


Professor Alfred Doolittle, of the Catholic University, 
died February 23, 1921. 

Mr. J. S. Hoffman, instructor in mathematics at Tufts 
College, died June 26, 1920, at the age of twenty-three years. 


*A full account by Professor Lorey appears in the ZEITSCHRIFT FUR 
MATHEMATISCHEN UND NATURWISSENSOHAFTLICHEN UNTERRIOHT ALLER 
SoHULGATTUNGEN, vol. 52, pp. 85-88. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS, 


Berzonarı (L.). Geometria analitice. I: Il metodo delle coordinate. 
2a edizione. (Manuali Hoepli.) Milano, Hoepli, 1920. 16mo. 
14 + 496 pp. i 
BuarracæanyyA (D.). Vector calculus. (Griffith P-ize thesis.) Cal- 
~ cutta, University Press, 1920. 8vo. 00 pp. 
. Bwuorasoa chemieo-mathematica: catalogue of works in many tongues 
on exact and a appini science, with a sub‘ect index. Compiled and 


annotated by itlinger and H. C, 8. London, Sotheran, 1921. 2 
volumes. 8vo. 12 + pp. £ 3 3s. 


Cannot (L.). Réflexions sur la métaphysique du calcul infinitésimal. 
2 volumes. (Les Maîtres de la Pensée Scientifique.) sier Gauthier- 
Villars, 1921. 16mo. 8 + 117 + 106 pp. 3.50 + 3.50 


Cuarnaur (A. C.). Eléments de géométrie. 2 volumes. EC Matires 
de la Pensée Scientifique.) Paris, Gauthier-Villars, 1920. 16mo. 
14 + 95 + 103 pp. Fr. 3.50 + 3.50 


Diez (J.). See Surra (D. E.). 
Enar (F.). See Eure (L.). 
Ever (L.). Opera; omnia. Series I: Opera mathematica. Leipzig 


Teubner. RETETE arithmeticæ. Edidit F. Radis 
volumen 1, 38 + 611 1915. Volumen 2, 38 + 543 3 PP: 1817. 
: Institutiones e i integralis. Ediderunt F. el et L. 
See. Volumen 3, 18 + 508 pp., 1914. XYI- ` Com- 
mentationes analytice ad theoriam integralium entes. Volumen 
1, edidit A. Gutsmer, 8 + 467 “PDs 1915. Volumen 2, ediderunt A. 
Gites. et A. Liapounoff, 12 75 pp., 1920. 


Fuso (G.) e Vivanti (G.). Esercizi di‘ analisi matemazica. (Calcolo in- 
finitesimale. re e Biblioteca Tecnica, No. 18. Torino, Socista 
a itrice Nazionale, 1920. 8vo. 8 + 875 pp. È. 58.00 


ne, Pure mathematics for engineers. With an introduction 
À: Webb 2 volumes. London, Hodder and Bio ton, 1920. 
ie Eien | . + 48. Bd. 

Gurame (A). See Eure (L.). 
` Hann (H.). Theorie der reellen Funktionen. iter Band. Berin, 

, Springer, 1921. Geo, 8 + 600 pp. 
Harme (P. J.) and Sruarr (A. H.). A second course in mathematics for 
vane students. London, University Tutorial Press, 1920. Er 
pp. 


HEFFTER ae Die Grundlagen der Geometrie als Unterbau fur die 
analytische Geometrie. Leipzig, en 1921. &vo. 27 pp. 


H. C. 8. See BIBLIOTHECA. R 

Komrat, (V.) und Kommereus (K.). Allgemeine Theorie der Raum- 
kurven und Flachen. Iter Band! 2ter Band. 3te Auflage. Berlin, 
Vereinigung wissenschaftlicher Verleger (Walter de Gruyter), 1921. 
8 + 184 pp. 2 + 196 pp. $1.75 
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Lecar (M.). Pensées sur la science, la guerre, et sur des sujets très variés. 
Bruxelles, Lamertin, 1919. Royal 8vo. 7 + 478 pp. Fr. 32.00 


Lrapounorr (A.). See Eter (L.). 


Mannina (W. A.). Primitive groups. Part 1. (Stanford University 
Publications, University Series, Mathematics and Astronomy, vol. 1, 
No. 1.) Stanford University, 1921. 8vo. 108 pp. - $1.25 


Mer (A.). a sciensiati italiani dall’ inizio del medio evo ai nostri giorni. 
Diretto da A. Mieli. Volume 1, parte 1. Roma, Ve 1921. 
Sm. to. 8 + 236 pp. 45.00 


Mass (W. P.) and Wastcorr (G: J. B.). en, Part 
2: Trigonometric and logarithmic functions of z, etc. London, Bell, 
1920. 15 + 222 + 24 pp. 


Monpezz (L. J.). Three lectures on Fermat’s last theorem. Cambridge, 
University , 1921. 3 + 31 pp. 


Osaoop (W. F.). Wemantery calculus. New York, Macmillan, eg 
12mo. 9+224pp. $2.40 


Ruoıo (F.). See Euzer (L.). i 
ScHLESINGER (L.). See Eurer (L.). 


SoHnEiper (H.). Meta hysik als exakte Wissenschaft. HAE S G 
heitslehre. Heft Gegliedertheitslehre. Leipzig, 
Buchhandlung, 1919-1920. 4 + 143 + 2 + 189 pp. 


Sure (D. E.). The Sumario compendioso of Brother Juan Dies. The 
earliest mathematical work of the new world. Boston, Ginn, 1921. 
8vo. 65 pp. $4.00 


Sruart (A. Hi See Harme (P. J.). 


Stoyvamrr (M.). Congruences de cubiques gauches. Louvain, Van 
Rysselberghe et Rombaut, 1920. 8vo. 200 pp. Fr, 12.50 


Vivanti (G.). See Fusmı (G.). 


van Wzæz (D. E. W.). De oplossing der trisectie. Leeuwarden, nis 
en Schaafsma, 1919. 23 pp. f 0.60 


WEBB Œ. A.). See Gares (S. B.). 
Westcorr (Q. J. B.). See Munn (W. Pi 
ZEITLINGER, H. See BIBLIOTHECA. 


IL ELEMENTARY MATHEMATICS. 


EDWARDS W. Ei An elementary text-book of trigonometry. Kerg 
don, p, 1921. 18 + 251 pp. 


Hawxes (H. E.), Lusy (W. A.) and Touron (F. C.). Plane Ee 
Boston, Ginn, 1920. 8 + 305 pp. $1.32 


Hunson (J. W.). Solid geometry. London, Blackie, 1920. 7 + 88 pp. 3s. 


Jackson (D.). ecimen answers of college oreo, in Cohn metry 
written at the examinations ue June, 1920. trance 
examination Board, Document No. 99.) New Kg College En- 
trance Examination "Board, 1921. 22 pp. $0.25 


Kurz (G. W. C.) and Lasy (T. H.). Tables of physical and chemical 
constants and some mathematical functions. 4th edition. New 
York, Longmans, 1921. 8vo. 8 + 161 pp. $4.00 
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Lasy (T. H.). See Kaes (G. W. C.). 

Lusr (W. A.). See Hawzes (H. E.). 

Mora (J. A.) and Sampson (C. H.). Practical trade mathematics. New 
York, Wiley, 1920. 9 + 172 pp. $1.50 

Oværman (J. R.). Principles and methods of teaching arithmetic. Shi- 
cago, Lyons and Carnahan, 1920. 6 + 350 pp.- $1.60 

Pıcar (H.). Méthode pratique de règle à calcul type Mannheim. Paris, 
Librairie Desforges, 1921. 8vo. 114 pp. Fr. 7.50 

Basson (C. H.). See Moyær (J. A.). 

Tovrox (F.C.). See Hawxes (H. E.). 
: If. APPLIED MATHEMATIC3. 

Apams (M.). See Garnett (W.) 

ANNUAIRE pour Don 1921 publié par le Bureau des Longitudes. Paris, 
Gauthier-Villars, 1921. 16mo. 7 + 710 + 130 po. Fr. 3.00 


DE Berrescize (H.). Etude de quelques problèmes ce radiotélégraphie. 
Paris, Gauthier-Villara, 1920. 8vo. 8 + 174pp. Fr. 18.00 


BraourpAx (G.). Bibliothèque bibliographique et docimentaire. Section 
des sciences pures et appliquées. 3e partie: Ast-onomie, géodésie et 
géophysique. Paris, Gauthier-Villars, 1920. 8vo. 257 pp. Fr. 20.00 

Boaaro (T.). See Burazi-Fortt (C.). 

Borst (E.). See Enstem (A.). 

BouLvın (J.). Calcul des organes des machines. Pa-is, Gauthier-Villars- 
1920. 8vo. 10 + 516 pp. 

Burau-Forrt (C.) e Boasıo (T.): Meccanica razionale. Torino, Lastes, 
1921. 16mo. 24 + 425 pp. 


CALLENDAR (H. L.). Properties of steam and thermadynamic theory of 
turbines. New York, Longmans, 1921. 8vo. 12 + 531 DD un 


Crexc (L. P.). Applications de la photographie aérienne. (Encyclopédie 
Scientifique.) Paris, Doin, 1920. 6 + 350 + 12pp. Er. 7.50 
Core (R. V.). The practice and theory of perspective as applied to pic- 


tures, with a section dealing with its applicaton to architecture. 
London, Seeley, Service and Company, 1921. 188. 
CuNnNINGHAM (E.). Relativity, the electron theory, end gravitation. 2d 
edition. New York, Longmans, 1921. 8yo. $ + 148 pp. $3.50 
Dare (G. H. C.). Map reading. London, Macmilan, 1921. KC H 
pp. 8. 6d. 
Drrruze (R.). Stereoskopisches Sehen und Messen. Leipzig, Barth, 
1919. 36 pp. M. 3.00 


Ewsren (A.). L’éther et la théorie de la relatives, Traduit de M. 
Solivine. Paris, Gauthier-Villars, 1921. 16 pp. Fr. 2.50 


——. ‚La théorie de la relativité restreinte et générelisée. Traduc-ion 
de Mlle. J. Rouvière. Préface de E. Borel. Pacis, Gauthier-Villars 
1921. 16mo. 22 + 120 pp. Fr. 7.00 
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EssaLsorn (—.). Lehrbuch der Mathematik. Band 1: Algebra; Geom- 
etrie der Ebene und des Raumes; Darstellende Geometrie; Schatten- 
konstruktionen; Perspektive. Band 2: Trigonometrie; Analytische 

` Geometrie; Differential- und Integralrechnung; Mechanik; Festig- 
keitalehre; Baustatik. Leipzig, Engelmann, 1920. 

Eypoux (D.). Hydraulique générale et appliquée. (Encyclopédie du 
Génie civil et des Travaux publics.) Paris, J. B. Baillière, 1921. 8vo. 
512 pp. t Fr. 40.00 

Farru (L.). Les théories d'Einstein. (Une nouvelle figure du monde). 
Paris, Payot, 1921. 16mo. 242 pp. Fr. 7.50 

Garnett (W.) [Mary Adams, pseud.] A little book on map projection. 
New and revised edition. London, G. Philip and Son, 1920. 8+ 
112 pp. | 5s. 6d. 

KANTHACE (R.). See von Romr (M.). 


Lannon (J. W.). Elementary dynamics: a text-book for engineers. 
Cambridge, University Press, 1920. 8 + 246 pp. 10s. 6d. 


Dn LAPLACR (P. 8.). See Lavoısmer (A. L.). 
Larmor (J.). See Maxwezz (J. C.). 


Lavoisıer (A. L.) et pm LAPLACE (P. 8.). Mémorie sur la chaleur. 
Maitres de la Pensée Scientifique.) Paris, Gauthier-Villars, 1920. 
16mo. 78 pp. Fr. 3.00 

Lorra (G.). Storia della geometrie descrittiva dalle origini sino ai giorni 
nostri. (Manuali Hoepli.) Milano, Hoepli, 1921. 16mo. 24 + 584 
Pp. > L. 25.00 

Lovs (A. E. Hi Theoretische Mechanik. Eine einleitende Abhandlung 
über die Prinsipien der Mechanik. Autorisierte deutsche Uebersets- 
ung der zweiten Auflage von Hans Polster. Berlin, Be 1920. 

MaxwezL (J. C.). Matter and motion. Reprinted with notes and ap- 
pendices Ke Joseph Larmor. London, Society for Promoting 
Christian Knowledge, and New York, Macmillan, 1920. 15 + 163 


PP. 58. 
van Mout (J.). Les théories physiques. 2e édition. Malines, H. 
Dierickx-Becke fils, 1921. 8vo. 8 + 360 pp. Fr. 8.00 


Nostuma (F.). Die kosmischen Zahlen der Cheops-Pyramide, der 
mathematische Schlussel zu den Einheits-Gesstzen im Aufbau des 
Weltalls. Stuttgart, E. Schweizerbart’sche Verlagsbuchhandlung, 
1920. 8vo. 181 pp. ` 

Poster (H.). See Love (A. E. H.). 


von Rome (M.). Geometrical investigation of the formation of images in 
optical instruments. (Volume 1 of The theory of optical instruments.) 
ranslated by R. Kanthack. London, published for the Department 

of Scientifio and Industrial Research by His Majesty’s Stationery 
Office, 1920. 23 + 612 pp. 2£ 58. 


Rouvière (J.). See Bar (A.)., 
Sorting (M.). See rare (A.). 


pe Varam (R.). Soaring flight. A simple mechanical solution of the 
problem. London, Spon, 1920. 48 pp. ls. 6d. 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES TO 
THE PLACES OF THEIR PUBLICATION. 


ÅLEXANDER, J. W. ‚ On the equilibrium of a fluid mass at rest. Read 
Feb. 28, 1920.‘ Transactions of the American Mathematical Society, 
vol. 21, No. 4, pp. 446-450; Oct., 1920. 

-Count, N. Sur la Shine & point double. Read April 26, 
1913. Nouvelles Annales de Mathématiques, ser. 4, vol. 20, No. 11, 
pp. 424-435; Nov., 1920. 

‘—— On a pencil of nodal cubics. Second paper. Read April 24, 1920. 
Bulletin the American Mathematical Society, vol. 27, No. 3, pp. 
114-115; , 1920. 

Barnert, I. A. Functionals invariant under one-parameter continuous 
pore or of, re in the space of continuous functions. 

April 1920. Proceedings of the National Academy of Sci- 

ences, Sal. 6, CN 4, pp. 200-204; April, 1920. 
Bau, E.T. Sur les E ropres par quelques formes quadra- 
es de Liouville. cisco) Oct. 26, 1919. Journal de 
athématiques Pures ee EC ser. 8, vol. 2, pp. 249-271; 1919. 

—— Parametric en for a fundamental equation in the General 
theory of relativity, with a note on similar tions in dynamics, 
Read (San Francisco) April 10, 1920. Phtlosop. Magazine, ser. 6, 
vol. 39, No. 231, pp. 285-288; March, 1920. 

<=" Oye certain inversion in: the theory of numbers. Read (San Fran- 
cisco) Oct. 25, 1919. Tóhoku Mathematical Journal, vol. 17, Nos. 3-4, 

pp. 221-231; "May, 1920. 

— On the re resentatinns óf numbers ax Game of à 5, 7, 9, 11 and 13 

squares. (San Francisco) April 5, 1919. American Journal ournal of 
athematics, vol. 42, No. 3, pp. 168-188; July, 1920. 

—— On class number relations and certain remarkable sums relating to 
5 and 7 squares. Read (San Francisco) April 10, 1920. Quarterly 
Journal of Mathematics, vol. 49, No. 1, pp. 45-51; Oct., 1920. 

—— Arithmetical phrases. Rend (San Francisco) Des. 14, 1918. 
Transactions of the American Mathematical Society, vol. 22, GO 1, 
wee 130; Jan., 1921. 

in Toürdimensional lattice space of the theory of the 

Ze eta functions. Read (San Francisco) June 18, 1920. Bul- 
dein En American Mathematical Soctety, vol. 27, No. 4, pp. 153-160; 
an 5 

—— Proof of an arithmetic theorem due to Liouville. Read (San Fran- 
cisco) April 9, 1921. Bulletin of the American Mathematical Society, 
vol. 27, No. 6, pp. 273-275; March, 1921. 

— Arithmetical paraphrases (II). Read (San eine Dec. er 
Transactions d the American Mathematical Society, vol ; 
pp. 198-219; April, 1921. a 

— er a general arithmetic formula of Liouville. Read (San Francisco) 

April 9, 1921. Bulletin of the American Mathemaitcal Society, vol. 27, 
0. 7, pp. 330-832; April, 1921. 
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Benner, A. A. The physical bases of ballistic table computations. 
Read Oct. 25, 1919. War Department Document No. 972. Wash- 
ington, Government Printing ce, 1920. 17 pp. 


—— Continuous matrices, algebraic correspondences, and closure. Read 
Dec. 30, 1919. Annals of: Mathematics, ser. 2, vol. 21, No. 4, pp. 
299-305; June, 1920. 

Birsuorr, G. D. Surface transformations and their en applica- 
tions. Read Sept. 8, 1914, and Sept. 5, 1918. cta Mathematica, 
vol. 43, Nos. 1-2, pp. 1-119; 1920. 

Bordan, R. F. On the Laplace-Poisson mixed equation. Read April 12, 
1018. American Journal of Mathematics, vol. 42, No. 4, pp. 257-277; 

et., 1920. 

Boraxz, R. L. On the Cenahy Cous theorem. Read Dec. 31, 1919. 
Bulletin of the American Mathemahcal Society, vol. 27, No. T, pp. 
325-329; April, 1921. 

Bovwrroux, P. On multiform functions defined by differential equations 
of the first order. Read Dec. 31, 1919, and Feb. 28, 1920. Annals of 
Mathematics, ser. 2, vol. 22, No. 1, pp. 1-10; Sept., 1920. 


Bucxanan, D. Isosceles-triangle solutions of the problem of three bodies. 
Read April 28, 1911. Periodic Orbits, by F. R. Moulton and col- 
laborators, chapter 10, pp. 325-356; Carnegie Institution Publication 
No. 161, Washington, 1920. 

Cason, F. Moritz Cantor, the historian of mathematics. Read (San 
Francisco) June 17, 1920. Bulletin of the American Mathematical 
‚Society, vol. 27, No. 1, pp. 21-28; Oct., 1920. 


—— Augustus De Mor on divergent series. Read (San Francisco) 

ar 10, 1920. B in of the American Mathematical Soctety, vol. 27, 
o. 2, pp. 77-81; Nov., 1920. 

— Euclid of Alexandria and the bust of Euclid of a Read (San 
Francisco) April 9, 1921. Science, new ser., vol. 53, No. 1374, pp. 
414-415; April 20, 1921. 

—— The spread of Newtonian and Leibnizian notations of the calculus. 
Read (San Francisco) April 9, 1921. Bulletin of the American Mathe- 
matical Society, vol. 27, Nos. 9-10, pp. 453-458; June-July; 1921. 


CARMI R. D. Note on the theory of integral functions of the first 
class? Oct. 25, 1919. Téhoku Mathematical Journal, vol. 17, 
Nos. 3-4, pp. 279-285; May, 1920. 

— Note on a transformation of series similar to the principle of inversion | 
in the theory of numbers. Read Oct. 25, 1919. Tohoku Mathematical 
Journal, vol. 17, Nos. 3-4, pp. 286-291; May, 1920. 

— On the a of certain analytic functions in series. Read 
April 10, 1920. Annals of Mathematics, ser. 2, vol. 22, No. 1, pp. 29- 
34; Bept., 1920. 

—— Boun: value and expansion Dee: algebraic basis of the 
theory. April 10, 1920. American Journal of Mathematics, 
vol. 43, No. 2, pp. 69-101; April, 1921. 

Carver, W. B. The failure of the Clifford chain. Read Dec. 27, 1917. 
American Journal of Mathematics, vol. 42, No. 3, pp. 137-167; July, 


Cuirrmenpan, E. W. Note on a generalization of a theorem of Báire. 
` Read Sept. 8, 1920. Bulletin of the American Mathematical Society, 
vol. 27, No. 1, pp. 5-8; Oct., 1920. 
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Costs, A. B. Multiple binary forms with the closure property. Read 
April 9, 1920. American Journal of Mathematics, vol. 43, No. 1, pp. 
1-19; Jan., 1921. 

—— A covariant of three circles. Read (Chicago) April 23, 1921. Bule- 
tin of the American Mathematical Socks y, vol. 27, Nos. 9-10, pp. 
434-437; June-July, 1921. 


Diczson, L. E. La er des polynömes. Read April 23, 1921. 
Comptes Rendus de D Académie des Sciences, vol. 172, No. 11, pp. 636- 

i 640; March 14, 1921. , 
— Determination of all general homogeneous Goen expressible 
as determinants with linear elements. Read Dec. 30, 1920. Trans- 
actions of the American Mathematical Society, vol. 22, No. 2, pp. 167- 

179; April, 1921. A Ss 

—— Fallacies and misconceptions in diophantine analysis. Read March 
26, 1921. Bulletin of the American Mathematical Society, vol. 27, 

No. 7, pp. 312-319; April, 1921. . 


-——A new method in preg rr analvsis. Read March 26, 1921. 
Bulletin of the American Mathematical Society, vol. 27, No. 8, pp. 353- 
365; May, 1921. 


J. Flat-sphere ee fourth paper. Read Sept. 5, 1916. 
Tohoku Mathematical Journal, vol. 17, Nos. 3-4, pp. 292-830; May, 
1920. \ 


Eisenmarr, L. P. The permanent gravitational field in the Einstein 
theory. Read April 24, 1920. ‘Annals of Mathematics, ser. 2, vol. 22, 
No. 2, pp. 86-94; Dec., 1920. Proceedings of the National Academy 
of Sciences, vol. 6, No. 12, pp. 678-682. December, 1920. 

—— The Einstein solar field. Read Apzil 23, 1921. Bulletin of the 
American Mathematical Society, vol. 27, Nos. 9-10, pp. 432-434: 
June-July, 1921. 


Emon, A. On a certain class of rational ruled surfaces. Read Dec. 28, 
1918. American Journal of Mathematizs, vol. 42, No. 8, pp. 189-210; 
July, 1920. 

Errunamr, H. J. Existence theorem for the non-self-adjoint -lineaz 
system of the second order. Read Des. 29, 1917. A of Mathe- 
matics, ser. 2, vol, 21, No. 4, pp. 278-200; June, 1920. | 

— Oscillation theorems for the real, self-adjoint linear system of the 
second order. Read Sept. 5, 1917. Transactions of the American 
Mathematical Society, vol. 22, No. 2, pp. 136-143; April, 1921. 


— — Extension of an existence theorem for a non-self-adjoint linear 
stem. Read Dec. 31, 1019. Bulletin of the American M 7 
ocieiy, vol. 27, No. 7, pp. 322-325; April, 1921. 


Fischer, C. A. Necessary and sufficient conditions that a linear trane- 
formation be completely continuous. Read Dec. 31, 1919. Bulletin 
Sg American Mathematical Society, vol. 27, No. 1, pp. 10-17; Oct., 

Forsrta, C. H. On the generalisation of certain formulas of the mathe- 
matical theory of finance. Read December 29, 1920. Bulletin of ths 
American Mathematical Society, vol. 27, Nos. 9-10, pp. 446-452; 
June-July, 1921. e 

Fry, T. C. The application of modern theories of integration to the 
solution ‘of differential equations. Read April 26, 1919. Annals cf 
Mathematics, ser. 2, vol. 22, No. 3, pp. 182-211; March, 1921. 
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GLENN, O. E. A memoir upon formal invariancy~with re to binary 
modular transformations. Invariants of relativity. April 26 
1919, and Dec: 30, 1919. Transactions of the American Mathematical 
Society, vol. 21, No. 3, pp.-285-312; July, 1920. 

Gronwatt, T. H. On the distortion in conformal mapping when the 


second coefficient in the mapping function has an assigned value. 
Read Feb. 28, 1920. Proceedings of the National Academy of Sciences, 
vol. 6, No. 6, pp. 300-802; June, 1920. 

—— Qualitative Pak gl of the ballistic trajectory. Read April 26 
1919,-and Feb. 28, 1920. Annals of Mathematics, ser. 2, vol. 22, Nos. 
1-2, pp. 44-85; Sept.-Dec., 1920. 

— A uence of ee connected with the nth roots of unity. 
Read t. 8, 1920. Bulletin of the American Mathematical Society, 
vol. 27, No. 6, pp. 276-279; March, 1921. 

—— On the Fourier coefficients of a continuous function. Read Sept. 8, 
1920. Bulletin of the American Mathematical Soctety, vol. 27, No. 7, 
pp. 320-321; April, 1921. 

Harpy, G. H. On the representation of a number as the sum of any 
number of squares, and in partisular of five. Read Feb. 28, 1920. 
Transactions of the American Mathematical Soctely, vol. 21, No. 3, 

+ pp. 255-284; July, 1920. 

Hart, W. L. The pseudo-derivative of a summable function. Read 
Sept. 8, 1920. Bulletin of the American Mathematical Society, vol. 27, 
No. 5, pp. 202-211; Feb., 1921. 

Hazturr, O. C. New proofs of certain finiteness theorems in the theory of 
modular covariants. Read Oct. 25, 1919. Transactions of the Ameri- 
can Mathematical Society, vol. 22, No. 2, pp. 144-157; Aprıl, 1921. 

Jackson, D. On the order of magnitude of the coefficients in trigonometric 
interpolation. Read Dec. 30, 1919. Transactions of the American 
Mathematical Society, vol. 21, No. 3, pp. 321-332; July, 1920. 

Note on a method of proof in the theory of Fourier’s series. Read 

Sept. 7, 1920. Bulletin of the American Mathematical Society, vol. 27, 
INo. 3, pp. 108-110; Dec., 1920. 

—— On functions of closest approximation. Read April 10, 1920. Trans- 
actions of the American Mathematical Society, vol. 22, No. 1, pp. 117- 
128; Jan., 1921. 

—— Note’on the median of a set of numbers. Read Sept. 7, 1920. Bulle- 
tin of the American Mathematical Society, vol. 27, No. 4, pp. 160-164; 
Jan., 1921. 

—— On the conve. ce of certain trigonometric and polynomial approxi- 
mations, Sept. 8, 1920, and Oct. 30, 1920. Transactions of the 

| American Maihematical Society, vol. 22, No. 2, pp. 158-166; April, 1921. 

—— The general theory of approximation by polynomials and trigonomet- 
ric sums. Read ch 25, 1921. Bulletin of the American M athemat- 
ical Society, vol. 27, Nos. 9-10, pp. 415-431; June-July, 1921. 

KASNER, E. Note on Einstein’s theory of gravitation and ae Read 
SEN oh 1920. Science, new ser., vol. 52, No. 1348, pp. 413-414; Oct. 

, 1920. 


—— Einstein’s theory of gravitation: determination of the field by light 
si Read Sept. 8, 1920. American Journal of Mathematics, 
vol. 43, No. 1, pp. 20-28; Jan., 1921. 

—— The Einstein solar field and space of six dimensions. Read Sept. 8, 
oe Science, new ser., vol. 53, No. 1867, pp. 238-239; Marc 11, 
1921. 
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—— The impossibility of Einstein fields immersed in flat m of five 

dimensions. Read Sept. 8, 1921. American Journal of Mathematics, 
. vol. 43, No. 2, pp. 126-129; April, 1921. 

—— Finite representation of the solar ee field in flat space of 
six dimensions. Read Dec. 28, 1920. American Journal of Mathe- 
matics, vol. 43, No. 2, pp. 130-133; April, 192L 

Karroac, O.D. Note on closure of orthogonal sets. Read April 24, 1920. 
Bulletin of the American Mathematical Society, vol. 27, No. 4, pp- 
165-169; Jan., 1921. : 

Kempner, A. J. Polynomials and their residue systems. Read Dac. 29. 
1917, and Dec. 30, 1920. Transactions of the American Mathematical 
Society, vol. 22, No. 2, pp. 240-266; April, 1921. 

Kuma, J. R. On the JEE of simple continuous arcs through plane 
point sets. Read Oct. 27, 1917. Tôhoku Mathematical Journcl, vol. 
18, Nos. 1-2, pp. 116-125; Aug., 1920. 

—— A new proof of a theorem due to Schzenflies. Read Feb. 23, 1918- 
Proceedings of the National Academy of Sciences, vol. 6, No. 9, pp. 
629-531; Sept.,.1920. , 

—— Concerning approachability of simple closed and open curves. Read 
April 27, 1918. Transachons of American Mathematical Society, 
vol. 21, No. 4, pp. 451-458; Oct., 1920. 

Lanz, E. P. Conjugate systems with indeterminate axis curves. Read 
April 12, 1918. American Journal of Mathematics, vol. 48, No. 1, 
pp. 62-68; Jan., 1921. 

LeSrourceow, F. E, Minima of functions of lines. Read Oct. 30, 1920. 
Transactions of the American Mathematical Society, vol. 21, No. 4, 
pp. 357-383; Oct., 1920. 

Lnr, B. Z. On the relation of the rocts and pales of a rational func- 
tion to the roots of its derivative. Read Dec. 30, 1910. Bulletin of 
the American Mathematical Society, vol. 27, No.1, pp. 17-21; Oct., 1920. 

Lrpxa, J. Some geometric investigations on tke general problem of 
dynamics. Read Dec. 30, 1919, and Feb. 28, 1920. Proceedings af 
the American Academy of Arts and Sciences, vol. ER, No. 7, pp. 263-322; 
June, 1920. ) 

—— Note on velocity systems in curved space of n dimensions. Read 
April 24, 1920. Bulletin of the American Mctkematical Secieiy, vol. 

‚No. 2, pp. 71-77; Nov., 1920. E 

—— Motion on a surface for any positional field of force. Read April 
24, 1920, and Oct. 30, 1920. Proceedings of the National A of 
Sciences, vol. 6, No. 10, pp. 621-624; Oct., 1920. Proceedings of the 
American Academy of Arts and Sciences, vol. 56, No. 4, pp. 155-182; 
March, 1921. 

Mannina, W. A. Multiply transitive constituents of the’subgroup that 
fixes one letter of a uniprimitive group. Real (San Francisco) April 
5, 1919. Primitive Groups, Part 1, pp. 83-87; Stanford Un:versity 
Publications, University Series, Mathematics and Astronomy, vol. 1, 
No. 1; 1921. 

—— Primitive groups with transitive subgroups >f lower degree. Read 
San Francisco) Oct. 25, 1919. Primitive Groups, Part 1, pp. 92-108; 
tanford University Publications, University Series, Mathematics and 

Astronomy, vol. 1, No. 1; 1921. 

Mason, T. E. On amicable numbers and their generalizations. Read 
April 9, 1920 and Dec. 30, 1920. American Mathematical Monthly, 
vol. 28, No. 5, pp. 195-200; May, 1921. 
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Mass, G. A. Transitive constituents of the group of isomorphisms of 
any abelian group of order p”. Read April 9, 1920. Messenger of 
Mathematics, vol. 49, No. 12, pp. 180-186; April, 1920. 

—— Properties of the subgroups of an abelian prime power group which 
are conjugate under its group of isomorphisms. Head Dec. 31, 1919. 
Transactions of the American Mathematical Society, vol. 21, No. 3, 
pp. 313-320; July, 1920. 

—— Reciprocal subgroups of an abelian group. Read Sept. 8, 1920. 
Bulletin of the American Mathematical Society, vol. 27, No. 6, pp. 
266-272; March, 1921. 

Moors, C. L. E. Note on minimal varieties in hyperspace. Read Dec. 
29, 1920. Bulletin of the American Mathematical Society, vol. 27, No. 
5, pp. 211-216; Feb., 1921. ` 

Moors, R.L. Concerning simple continuous curves. Read Oct. 26, 1918. 
Transactions of the American Mathematical Soctety, vol. 21, No. 3, 
pp. 333-347; July, 1920. - 

—— Concerning certain equicontinuous systems of curves. Read April 
28, 1917, and Oct. 27, 1917. Transactions of the American Mathe- 
matical Society, vol. 22, No. 1, pp. 41-55; Jan., 1021. 

Mortey, F. Pleasant questions and wonderful effects. Read Dec. 28, 
1920. Bulletin of the American Mathematical Society, vol. 27, No. 7, 
pp. 309-312; April, 1921. 

Morse, H. C. M. Recurrent geodesics on a surface of negative curvature. 
Read Dec. 28, 1920. Transacııons of the American Mathematical 
Society, vol. 22, No. 1, pp. 84-100; Jan., 1921. 

—— A one-to-one representation of geodesics on a surface of negative 
curvature. Dec. 30, 1919. American Journal of Mi 7 
vol. 43, No. 1, pp. 38-51; Jan., 1921. 

Mourton, F. R. Closed arbits of sjection and related periodic orbits. 
Read March 21, 1913. Periodic orbits, by F. R. Moulton and 
collaborators, chapter 15, PP: 457-484; Carnegie Institution Publica- 
tion No. 161, Washington, 1920. , 

—— Fundamental theorems on the solutions of differential equations and 
the logical basis for the numerical integration of differential equations. 
Read . 22, 1016. Photostat publication of the Technical Staff of 
the Ordnance Department, U. S. A., Washington, 1920. 25 pp. 

Narson,*A. L. Pseudo-canonical forms and invariants of systems of 
partial differential equations. Fead Sept. 2, 1919. Transactions of 
the American Mathematical Society, vol. 22, No. 2, pp. 180-197; April, 
1921. 

Pace, L, The principle of general relativity and Einstein’s theory of 
gravitation. Real April 24, 1920. Transactions of the Connecticut 
Academy of Arts and Sciences, vol. 23, No. 7, pp. 383-416; Sept., 1920. 

Reynors, C. N. On the zeros of solutions of homogeneous linear differ- 
ential tions. Read Sept. 4, 1918, and Sept. 2, 1919. Trans- 
actions of the American M ical Society, vol. 22, No. 2, pp. 220- 
229; April, 1921. . 

Rio, L. H. Some determinant expansions. Read Sept. 2, 1919. Amer- 
` tcan Journal of Mathematics, vol. 42, No. 4, pp. 237-242; Oct., 1920. 
Ben, P.R. The minimum area between a curve and its caustic. Read 

ril 10, 1920. Bulletin of the American Mathematical Society, vol. 
27, No. 6, pp. 279-284; March, 1921. 
Ritz, H. L. Urn schemata as a basis for the development of correlation 
theory. Read Sept. 3, 1919, and Dec. 31, 1919. Annals of Mathe- 
matics, ser. 2, vol. 21, No. 4, pp. 306-322; June, 1920. 
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Rrrr, J. F. On the iteration of rational functions. Read Dec. 27, 1917, 
Feb. 23, 1918, and April 27, 1918. Transactions. of the American 
Mathematical Society, vol. 21, No. 3, pp. 348-356; July, 1920.  , 

On weighting factor curves in flat fire. Read April 26, 1919. Journal 

of the United States ‘Artillery, vol. 53, No. 4, op. 404-410; Oct., 1920. 

On the conformal mapping of a region into a part of itself. Read 

April 24, 1920. Annals of Mathematics, ser. Z, vol. 22, No. 3, pp. 
157-160; March, 1921. 

—— Note on equal continuity. Read Feb. 26, -921. Bulletin of the 
A eriei Mathematical Society, vol. 27, No. & pp. 351-353; May, 
1921. g 

SuArpE, F. R. See Droen, V. 

Suaw, J. B. On us orthogonal congruences. Read Dec. 28, 1918. 
Transactions o American Mathematical Society, vol. 21, No. 4, 
pp. 391-408; Oct., 1920. 

Smonps, E. F. Invariants of infinite groups in the plane. Read Oct. 25, 
1919. Transactions of the American Mathemæical Society, vol. 21, 
No. 4, pp. 384-390; Oct., 1920. 

SNYDER, V., and Smarrs, F. R. The construction of algebraic corre- 

ndences between two algebraic curves. Read Sept. 7, 1920. 
ransactions of the; American Mathematical Soctety, vol. 22, No. 1, 
pp. 31-40; Jan., 1921. x . 

Srourrer, E. B. Seminvariants of a general system of linear homogeneous 
differential equations. Read April 9, 1920. >roceedings of the Na- 
tional Academy of Scrences, vol. 6, No. 11, pp. 645-648; Nov., 1920. 

Tarıor, J. 8. A set of lfive postulates for Bcolean algebras in terms of the 
operation exception. Read (San Francisco) April 5, 1919. University 
of California ublications in Mathematics, vol. 1, No. 12, pp. 241-248; 

pril 12, 1920. : 

Vanprver, H. 8. On .Kummer’s memoir of 1857 concerning Fermat’s 
last theorem. Read April 24, 1920. Proceedings of the Nahonai 
Academy of Sciences, vol. 6, No. 5, pp. 286-269 May, 1920. 

—— On the class number of the field Q(e7t/r*)' and the second case of 
Fermat’s last theorem. Read April 26, 1913. Proceedings of the 
National Academy of Sciences, vol. 6, No. 7, pp. 416-421; July, 1920. 

Warsa, J. L. On the location of the roots of the derivative af a poi 
nomial. Read Dec. 31, 1919. Annals af Mathematics, ser. 2, vol. 22, 
No. 2, pp. 128-144; Dec.,1920. 

—— On the location of'the roots of the jacobian of two binary forms, and 
of the derivative of a rational function. Read Dec. 30, 1919. Trans- 
actions of the American Mathematical Society, vel. 22, No. 1, pp. 100- 
116; Jan., 1921. . 

—— À generalization of the Fourier cosine series. Read Sept. 8, 1920. 
Transactions of the American Mathematical Society, ser. 2, vol. 22, 
No. 2, pp. 280-239; April, 1921. 

WADDERBURN, J. H. M. On division algebras. Read Feb. 28, 1920. 
Transactions of the American Mathematical Soctzty, vol. 22, No. 2, pp. 
129-135; April, 1921. 

Warm, H. 8. A property of two (n + 1)-gons inscribed in a norm-curve 
in n-space. Rest Feb. 24, 1917, and April 23, 1919. Transactione 
of the American Mathematical Society, vol. 22, Ho. 1, pp. 80-83; Jan, 
1921. ' 

WEITTEMORE, J. K. Motion in a zeune medu. Read Oct. 25, 1919. 
Annals of Mathematics, ser. 2, vol. 21, No. 4, pr. 291-298; June, 1920. 
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WIENER, N. The mean of a ?unctional of arbitrary elements. Read Dec. 
80, 1919. Annals of Mcthematics, ser. 2, vol. 22, No. 2, pp. 66-72; 
Dec., 1920. 

—— The isomorphisms of ccmplex algebra. Read Dec. 28, 1917. Bul- 
letin of the American Mathemarical Society, vol. 27, Nos. 9-10, pp. 
443-445; June-July, 1921. 

WıLczynskı, Æ. J. A set of' properties characteristic of a class of con- 
an connected with the theory of functions. Read April 9, 1920. 

ansactions of the American Mathematical Society, vol. 21, No. 4, 
pp. 409-445; — 1920. 

— Geometrical significance of isothermal conjugacy of a net of curves. 
Read Dec. 29, 1920. American Journal of Mathematics, vol. 42, No. 4, 
pp. 211-221; Oct., 1920. 

W: A.R. Ona birational transformation connected with a pencil 
of cubics. Read Aug. 3, 1915. Universtiy of California Publications 
in Mathematics, vol. 1, No. 10, pp. 211-222; Feb. 17, 1920. 

Wan, W. L.G. Fundamental of formal modular seminvar- 
iants of the binary cubic. Oct. 30, 1920. Transactions of the 
American Mathematical Society, vol. 22, No. 1, pp. 56-79; Jan., 1921. 

Zen, S. D. On the structure of finite continuous groups with exce 
tional transformations. Read Dec. 31, 1919. Proceedings of the 
National Academy of Sciences, vol. 6, No. 9, pp. 541-543; Bept., 1920. 

—— On the structure of finite continuous groups with a finite number of 
exceptional infinitesimsl transformations. Read Dec. 28, 1920. 
Annals of Mathematics, ser. 2, vol. 22, No. 2, pp. 95-100; Dec., 1920. 
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JOURNAL DE MATHEMATIQUES 
PURES ET APPLIQUEES 


Founded in 1836 by Joseph Liouville 


. EDITED BY 
CAMILLE JORDAN 
WITH THE ASSISTANCE OF 


R. DE MonTEssus DE BALLORE, E. Picarp, H. VILLAT 


This Journal, which has been among the foremost expo- 
nents of mathemhtics for nearly a century, was in danger of 
discontinuance owing to the changed financial situation caused 
by the war. By prompt action of a group œ French mathe- 
maticians, its publication has been assured fcr the immediate 
present. This group contains, in addition to the editors, such 
eminent men as Appell, Borel, Boussinesq, Boutroux, Brillouin, 
Cartan, Drach, Goursat, Guichard, Hadamard, Koenigs, 
Lebesgue, Montel, Painlevé, Vesiot. 


To insure the permanence of the Journel, subscriptions 
are invited. The present price is 90 francs, now equivalent 
to about $6.50. 


Subscriptions should be sent to H. Vilat, 11 rue .de 
Maréchal Pétain, Strasbourg, France. 
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REQUEST FOR BACK NUMBERS 


Owing chiefly to a disastrous fire several years ago, the 
stock of certain volumes of this BULLETIN is seriously depleted. 
Of many volumes there is a sufficient stock for present needs, 
but full sets cannot be made up to fill orders. 

Members are requested to donate back numbers or volumes 
needed, or complete sets, if they do not care to keep them 
permanently; or to will them to the Society at their death. 

The volumes needed particularly are:— 


No stock on hand: vols. 2, 3, New York Math. Soc.; vols. 
I, 2, 3) 4, 5, 9, 10, Amer. Math. Soc. 

Stock only ı copy: vol. 8. (We'have 20 copies of Nos. 2, 3, 
45.) 

Stock only 8 copies: vol. 7. (We have 16 copies of all but 
No. 5.) 

We need also vol. 6, No. 6; vol. 14, No. 3; vol. 17, No. 2. 


There are outstanding orders for complete sets which 
cannot be filled. Members who can supply missing numbers 
will aid the Society in this critical financial period by facilitat- 
ing such sales. 

Committee on Sales of Publications. 


A. B? Cosiz, E. R. Hepricx, W. R. LonGLey (Chairman) 





ADVERTISE YOUR BOOKS IN THE BULLETIN 


Advertising space is available in the BULLETIN at $16 per 
page, $9 per half page, and $5 per quarter page, per issue. 


We easily forget—tell us again in the BULLETIN how good 
they are. 


Address correspondence regarding advertisements to 
H. L. RIETZ, UNIVERSITY OF IOWA, IOWA CITY, IOWA. 
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MATHEMATICS OF FINANCE 


; . by 
H. L. Rıerz, Ph.D., Professor of Mathematics, University of 
Iowa. ` 


A. R. CRATHORNE, Ph.D.. Assistant Professor of Mathema:ics, 
University of Illinois. 


J. C. RIETZ, A.B., Actuary of the Midland Mutual Life In- ` 


surance Company and Assistant Professor of Mathemaïcs, 
Ohio State University. 


It is the main purpose of this book to pr=sent a teachable 
elementare" course in the application of mathematics to a 
broad class of financial problems. In particular the book 
treats the relation of interest to the amortization of debts, 
to the creation of sinking funds, to the treat-nent of deprecia- 
tion, to the valuation of bonds, to the accumulation of funds 
in building and loan associations and to the elements of life 
insurance. 


Three chapters are devoted to the subject of insurance. 
This is not a technical actuarial treatmert, but simply a 
sufficient introduction to the mathematics of insurance to 
give a_proper quantitative knowledge of the subject afıd an 
appreciation of the beautiful system of long time finance in- 
volved in legal reserve life insurance. 


The material of the book has been obtzined from many 
sources and tested in teaching such courses at three large 
universities. For the study of the book 10 mathematical 


preparation, except that usually included im the high-school ` 


course, is absolutely necessary. 





HENRY HOLT AND COMPANY 


New York Boston Chicago San Francisco 


eh, 


Zb 


